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A QUALITATIVE CHARACTERIZATION OF BLASCHKE 
PRODUCTS IN A HALF-PLANE.* * 


By Epwin J. AKUTOWICz. 


1. Introduction. Let a,,a,,--- be a sequence of complex numbers 
with Ima, > 0 for all v, and such that 


(1) EIma,/(1+ | ay |") 


This condition guarantees that the Blaschke product b(z) with the a, as its 
set of zeros converges uniformly in any bounded closed set contained in the 
half-plane Imz=a, where a is any positive number, and independently of 
the order of the factors: 


(2) = +)" (| — 9) (| + + 9) 
X ((2— ay) /(2z—&)), 
where n is a non-negative integer. We make the fixed assumption in Section 1 
and Section 2 that Ima,>0 and that (1) holds. 
It is familiar that | b(z-+-ty)| <1 for y> 0, and that 
for almost all z, —wo0<4<oo, as y—>0-+. We shall prove that 


(3) Jog | 0 as y> 0+. 


(We write z—2-+iy). Furthermore, we shall prove in Section 3 that 
any function F'(z), holomorphic in the half-plane y > 0, satisfying the con- 
ditions | #(z)| <1 and 


ff | F(z)|/(1+27)dr> 0 asy> 0+, 


is necessarily of the form F(z) = e*+éeb(z), where i, c are real constants, 
k=0, and b(z) is the Blaschke product formed with the zeros of F(z). 
Tf one also assumes (1/r) log | F(re##)| as r>co, for some 0,0 <0 <7, 


* Received April 22, 1955; revised May 14, 1956. 
*This research was supported jointly by the Army, Navy, and Air Force under 
contract with the Lincoln Laboratory, Massachusetts Institute of Technology. 
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then k=0. This characterization of b(z) is thus in terms of a combination 
of general properties which have no explicit reference to the formula (2). 


2. Proof of Necessity. The product b(z), given by (2), is convergent 
for y>0 and we can choose a positive real number A, which will be fixed 
once and for all, such that b(tA) 40. Then b(iy) does not vanish for y in 
some closed interval & centered at A. We may take & such that the length of 
& is smaller than A. Let « be positive and such that A—e belongs to & (so that 
and map Imz>0 to |w| <1 by w= (z—i(A—))/(z + (A— 0). 
Then the horizontal line y =e corresponds to the circle C, with center (¢/A, 0) 
and radius (A—e)/A. The line element | dw| on C, is related to the line 
element dx on y=e by the equation | dw | = {2(A—e)/(2?+A?)}dz. Now 


0 <min(1,A?) S (A? + 2)/(14+ 27) max(1,A?) for 


implies that, as y> 0 -+, 


toe | b(z)|/(1 + 2*)dx—0 if and only if | b(z)|/(a? + A?) dx 0. 
Therefore for Imz = we have? f ‘log |b(z)|/(a? dx 
(x? + log —a,)/(z —G,) 


a,)| dx 


(a? + log | (z—a,)/(z 


= (2(A—)) =f. log |{ [é(a —e)(1 + w)/(1 —w)] —a,} 
+ w)/A— — | | do | 
= (2(A—))* log |(t(A — e) + a) /(i(A— — a) | 


log | (w —k,)/(w —k’,)| | dw |}, 

where 
ky == — ((A — e) — a,)/((A— €) + a,), 
k’, = — — e) —4,)/(i(A +-G,). 


Then | k,| <1 and | k’,| > 1, and if k, lies in the interior or on the boundary 
of C, we can use Jensen’s formula [5] to obtain 


* We take n = 0 in (2), which is clearly permissible. 
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| do 


-e)/Xr 


= (2n(A—«)/A) log | (¢(A— — a) /(i(A +6) + a) |. 


If k, lies outside C., log |(w—k,)/(w—k’,)| is harmonic in a neighborhood 
of the closed disk bounded by C, and the Gauss mean value theorem yields 
K’y)| | dw | = )/A) log | ((«/A) — ky) /((«/A) — 
2a((A — «)/A) log |(i(A + €) — ay) (t(A — €) — ay) 
+ + ay)((A— 6) + 


Hence 


-@ 


log | —a,)/(t(A + ifIma,Ze 
log | (i(A + €) —ay)(i(A— — /(U(A + ©) + (H(A —¢) + ay) | 


if Ima, <e ) 
(4) log |(i(A + ay)/(i(A + €) + ay)| 


m ay=e 


+ (x/A) + €) — ay) + €) + 

In order to prove that the first sum in (4), which we shall denote by A, 
tends to 0 as e—> 0 we write b(z) =b,(z)b2(z)bs(z), where the zeros of b,(z) 
lie in the rectangle 0<y<1, |2| <P, those of b.(z) in the half-plane 
y=1, and those of b;(z) in the two infinite strips 0<y<1, |#|=P. 
Here P is at our disposal. 


The zeros of the product b,(z) can be enumerated so that 
22 limy,=0, 


where a,—=a,-+ | ay | i. 

Then the first sum in (4) for b= 6, contains a finite number of summands, 
and so is certainly finite. We now prove that it tends to 0 as e>0-+. 
Essential use is made of (5). We have 


Ai log| (i(A—e) + ay)/(i(A + ay)]. 
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680 EDWIN J. AKUTOWICZ. 
Then, for «yg, q large, 


2a. — Slog ({(A+ Yo)? (A+ Yo + Yq)? + 


— + 40)? + 


times a uniformly bounded factor}, | 


by the mean value theorem, plus the fact that («(A—«) + a,)/((A + €) +4,) 
is bounded away from 0, uniformly for all y and e=A/2. Therefore, 
| 2A, |S Mygd (A? + yr? + + Myg Dy + y? + 2,7)". 
y=1 y=1 


The second sum obviously tends to 0 as goo, and for g > N 


N 
Yq D(A? + ys? + D(A? + ys? + + + + 2,*)". 
yr=1 v-N+ 
For WN sufficiently large the last sum in the preceding line is arbitrarily 
small, and the rest tends to 0 since y,—>0 as g—>oo. Therefore A,—>0 for 
any P>0. 
We now consider b.(z), and take «<< min (1,A/2). For this product 


0<—2A,= log|(t(A+¢€) + a,)/(t(A—e) + a) |? 


yv21 
< 4e 2 (Yo +A)/ + + (A/2))?) 
< 4e(A + 2) >» Yr/ (xy? + y,*). 


yv=1 


Hence A.— 0 as e— 0, since the last sum is finite. 


For b,(z) with P=1 we have 
O<yp<1, Yo/ + Yr") 
and hence if ¢’ > 0 we can fix P at a sufficiently large value, independent of «, 


so that 


p> Yr/ (tr? + yr?) 


Then, writing >’ = > , it follows that 


0 << — 2A; < (yy + + (Yo + (A/2))?} 
S 4e(1 +A) B’1/(2,? + 
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and this proves that A, is arbitrarily small. Therefore A—0 as e—0 for 
any Blaschke product, since A= A, + A, + As. 


Turning now again to (4), it is easy to see that > tends to 0 as 
Imap<e 


«20+ for any Blaschke product. (Here we again use the fact that 
b(ik) 40.) Thus (3) holds for any Blaschke product 6(z). Hence we 


have proved 


THrEorEM 1. Let b(z) be a Blaschke product in the upper half-plane, 
Imz=—Im =y>0. Then 


fa + log|b(z)|dz—>0 as y> 0+. 


Yor any finite real numbers 1, and l, and any 
Blaschke product b(z), 


1g 
f log | b(x + ty) | dz—>0 as y>0-+4+. 
ly 


This has been established by W. Kryloff [2] by a rather complicated 
argument. It is a trivial consequence of Theorem 1 and the inequality 


(1+ {max [22 f log | des Tog |b(2)| de < 0. 


3. Proof of sufficiency. In this section we establish the following 
uniqueness theorem. 


THEOREM 2. Let F(z) be holomorphic for Imz—Im(¢t#+w)=—y>0, 
and such that | F(z)| <1 and 


(6) fia + log | F(z)| as y>0+4. 


Then F(z) = e****i¢h(z), where k and c are real constants, k=0, and b(z) 
is the Blaschke product with the zeros of F(z) as tts set of zeros. 


In the first place we claim that the Blaschke product b(z) formed with 
the zeros of F(z) is convergent. For we can put f(w) = F(i(1 + w)/(1— w)) 
to define a bounded holomorphic function f(w) in |w|<1, w—pe*?, The 
integral of log | f(pe*’)| over 00 < 2m does not decrease when p increases, 
and since f(w) is bounded, it must increase to a finite limit as p>1—. 
Therefore, by a theorem of A. Ostrowski [3]* the Blaschke product‘ in the 


* This result of Ostrowski is much stronger than what is necessary for our purposes. 
‘This is given by w, |/w,) ((w,—w)/(1— ), {w,} being the set of 


zeros of f which are different from 0, and a non-negative integer. 
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unit circle, formed with the zeros of f(w), is convergent in |w| <1, and 
this is equivalent to b(z) formed with the zeros of F(z) being convergent 
iny>0. Let us take the zeros of F(z) in any enumeration: a,,a.,- --. Let 
bm(z) denote the m-th partial product of b(z). In modulus, the factors of 
bm(z) are |(z—a,)/(z—d,)|, v=1,2,- - -,m, and if 7 >0 is given, there 
exists a positive number ¢)(m,7) such that 

| —ay)/(%+ >1—(y/m), for <eo(m,y), 


Therefore, | by (x-+ t)| > (1— (n/m) )™> (1—n), and 
| F(x + te) + te)| << (1—y)* for 0<e<eo(m,n), 
By the maximum principle, 
| F(z) /bm(z)| << (1—7n)* for ImzLe. 
This implies, successively, that 


| F(z)/bm(z)| << | F(2)/b(z)| | S1, 
for Imz>0. 


Therefore, ¢(z) ==F(z)/b(z) is holomorphic, bounded in modulus by 1, 
and nonvanishing in y>0. By (6) and Theorem 1, 


(7) Jia + log | ¢(x-+ iy) |dz 


—f “(1 + log | F(x + ty) | (1 + 2?)- log | b(x+ iy)| dx 0 


as y>0-+-. It is easy to see that log|¢(x-+iy)| can be written in the 
form 


(8) log | + dB (0), 
y>0,k= 0, 


where H(t) is a bounded increasing function on the closed infinite interval 
[—co, 0]. We normalize E(t) to be continuous from the right. This 
follows from a theorem of Herglotz [4] for |w|<1 by the transformation 
2—=t(1—w)/(1+w). The term arises by subtracting a possible 
jump at infinity, so that as and E(t) > E(—wo) as 
t—>—o. Let u(z,y) denote the non-negative harmonic function given by 
the integral on the right hand side of (8). Then, by (7), 
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f “u(2,y)/(1 0 asy> 0+. 
But 


—2f G+ Hany + de 


where the interchange of the order of integration is valid on account of 
positivity. It follows that 


“dE(t) —1(E(00) — E(—o)). 


Therefore, /(t)==constant, and log| iy)|——ky, (2) = etre, 
where c is a real constant. This proves that (z) = 


Remark 1. It is known [1] that for any 4) > 0, log| b(z)|/|z|—-0 
uniformly for 6) < argz as |2|—>0o outside a certain set A= A(6o) 
of finite logarithmic length. Therefore, if in addition to the conditions 
stated in Theorem 2, one imposes the further requirement that for some 
6(0<6<7), (log | F(re*)|)/r—0 as ro, then k =0 and F(z) = e*b(z). 


Remark 2. A propos the unit circle there is the following well-known 
and easily proved result: 


Any holomorphic function f(w) in |w| <1 satisfying the conditions 
(i) | f(w)| <1, 


(ii) ff, | f (re) | as r>1—, 


ts of the form f(w) =etb(w), where c is a real number and b(w) ts the 
Blaschke product formed with the zeros of f(w). 


Our uniqueness theorem is less precise than this in that the factor e‘*- 
can occur. Of course, this difference originates from the fact that (ii) does 
not correspond to (6). 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY. 
* We use here the semi-group property of the kernel c(#; A, 4) = 2A(A? + (@ — y)*)7: 
C(@; Ay, My) C(a oy Me) = Ay + Hr + Ms), » denoting convolution in L(— ©, ©). 
* The logarithmic length of a measurable subset A of (0,0) is defined as j dr/r. 
A 


EDWIN J. AKUTOWICZ. 
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SOLUTIONS OF SOME PROBLEMS OF DIVISION.* + 


Part III. Division in the Spaces, D’, H, Qua, ©. 


By Leon EHRENPREIS. 


1. Introduction. The main division problem is the following: Let D 
be a differential operator with constant coefficients and let T be a distribu- 
tion (see [12]); can we find a distribution S which satisfies 


(1) DS=T? 


If 7’ is a distribution of finite order, that is, if 7 can be written as a finite 
sum of derivatives of continuous functions, then the existence of an 9 
satisfying (1) was proven by the author (see [2]) and, independently, by 
B. Malgrange in his thesis (see [11]). In the present paper we shall give 
the complete solution to the division problem. Moreover, we shall extend 
our results to the case where D is a partial differential-difference operator 
with constant coefficients. This general result is apparently new even in the 
case of ordinary differential-difference equations. 

The question naturally arises: Which spaces of distributions or func- 
tions have the property that f— Df maps the space onto itself? Our main 
result is that the space D’ of all distributions has this property; previously 
we had shown that the space of distributions of finite order, and the space 
of indefinitely differentiable functions have this property. 

For the space & of entire functions (see [4]) even more is true: For 
any We &’, and any f € &, we can find a g € & such that 


(2) Weg—f. 


(This result was discovered independently by Malgrange in his thesis [11]). 
What other spaces have this property in addition to the space 9%? 

We shall see that the solution of the two problems mentioned above can 
be translated into problems concerning the Fourier transform of the dual of 
the space in question. For example, the Fourier transform of the space D 
is the space of all entire functions of exponential type which lie in the space 


* Received August 28, 1955. 
* Work supported by National Science Foundation Grant NSF5-G1010. 
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&3 of Schwartz (see [2], [12]), while the Fourier transform of the space 9’ 
is the space of all entire functions of exponential type. The question arises, 
what is the topology of these spaces of Fourier transforms? Once this 
topology is written down explicitly, it is not difficult to apply our previous 
methods (see [2], [3]) to show that Dh—>h is a continuous linear map 
of DD into D (D®D is the space of all Dh for h€ D with the topology 
induced by D) and that W*U—U is a continuous linear map of W * ’ 
into &’. Once this is established, we can use the Hahn-Banach theorem to 
show that, for any T¢€ D’ or for any f€ #, equations (1) and (2) are 
solvable. 

From the above, we see that there are two important steps in solving 


our main problems for a space A: 


Problem 1. Characterize explicitly the Fourier transform of the dual 


A’ of A and its topology. 


Problem 2. Find a class of convolution maps h>W#h of AA 
which have the property that W*h—h is a continuous map of W+ A’ 
into A’. 


Now, Problem 2 can usually be solved when Problem 1 can be solved 
and when the Fourier transform (’ of A’ is a space of analytic functions. 


There are essentially two cases: 


Case 1. The space (’ consists of functions defined only by regularity 
conditions or by growth conditions in the whole complex space. E.g. the 
space of all entire functions of exponential type, the space of all entire 
functions, the space of all entire functions of finite order. For these spaces 
we can use the minimum modulus results of [4] to show that, in most cases, 
if A’ is a ring under convolution, then for every WE A’, W*h—h isa 
continuous linear map of W* A’—> A’. 


Case 2. The space CZ’ consists of functions defined by growth conditions 
in the whole complex space and additional conditions imposed on the real 
subspace. E.g. the Fourier transform of D or €’ (see [5]), or many of 
the spaces which arise in the theory of infinite derivatives (see [7]). For 
these spaces, in order to prove that W*h—>h is a continuous linear map 
of W*A’— A’, we have to know that the Fourier transform of W does not 
decrease too rapidly on the real subspace. That is why, for these spaces, 
we can usually prove the continuity only for W a differential-difference 


( 
a 
( 
d 
b 
li 
p 
h 
N 
0] 
S¢ 
ti 
t 
0 


PROBLEMS OF DIVISION. PART III. 687 


operator, where we can use the theory of mean-periodic functions (see [3], 
[4]) to get lower bounds on the real subspace.* 

For many of the spaces we encounter, the solution of Problem 1 can 
be obtained by methods which are inspired by results in my paper on the 
theory of infinite derivatives (see [7]). This is not the case with the 
space D; the characterization of the topology of the Fourier transform D 
of D is extremely difficult because the space D cannot be defined by the 
methods of the theory of infinite derivatives. This is the reason why the 
solution of the division problem for D’ was so difficult to obtain. 

Some of the results of this paper regarding the spaces D and # were 
announced in [8]. In addition, we shall show how to solve the division 
problems for the spaces 

. 9, of entire functions of order = A; 

2. © of formal power series ; 

8B of convergent power series ; 


. € of indefinitely differentiable functions. 


Of course, our methods apply to many other spaces (see Section 7 below). 


The notations of this paper will be that of Part I (see [2], Section 2) 
and ‘he results of Parts I and II will be used here in an essential way 


(see [2], [3]). 


2. Solution of the main division problem. As mentioned in the intro- 
duction, the first step in the solution of the division problem for D’ is the 
characterization of the topology of D. Now, the characterization of the 
topology of Dr (see [2]) (for ~»—1) was obtained by means of giving 
bounds on functions of Dy on a sequence of lines parallel to the real axis. 
That we cannot define the topology of D in terms of bounds on horizontal 
lines is a consequence of a Phragmén-Lindeléf theorem (see [2], Lemma 1, 
p. 887) . For, this shows that, if F¢€ D, then a bound on Z/F on any 
horizontal line implies a bound on the real axis. Thus, if a neighborhood 
N of zero in D is to be defined in terms of bounds of Z/F on horizontal lines, 
only a finite number of j can occur. (For otherwise, we could find a GE D 
so that, for noa>0 is a@E€N.) Thus, we can only get neighhorhoods of 
zero in Dr by means of bounds on horizontal lines. 


?'We can even ask the question of finding all W for which W*h—ai is a con- 
tinuous linear map of A’ into A’. In case A=®@’, this question has been solved by 
the author (see “ Completely inversible operators,” Proceedings of the National Academy 
of Science, vol. 41 (1955), pp. 945-946). The case A = € is also handled there. 
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Thus, if a “good” description of the topology of D is possible, it must 
be given in terms of bounds on something else. This “something else” 
which replaces horizontal lines is a sequence of curves: 


THEOREM 1. The topology of D can be described as follows: We choose 
first positive numbers c,n. Next, for each integer 1=0, we choose 


(a) Two non-negative integers a, d; with {a}, {di} strictly increasing 
to infinity, with db = =0, and M1 a+e+1. 


(b) A positive integer b,= 5 such that {bj} 1s monotonically increasing. 
We consider the set N of all G€ D which satisfy, for each 1, 
(3) max | G(z)| Sy, where ze TY 


for s=0,1,2,- j= +,2", kK=1,2,- - -,2", where ts, for 
each k, the set of z such that | &(2;)| Se for all j, and T# for 1>0 are 
defined as follows: For each z€ C, let y, be defined by yo =0 and, for 1>0, 


for 
(4) exp (diyi) -} 1 for 
where (R(z,),R(z2),- and =| that is, 
(5) _§ bilog| for 21 
0 for |¢|S1. 
Then T is the set consisting of all 2€ C* for which 
(6) =; + type, + —c<é<e, j=1,2,- 


AsserTION. The sels N described above form a fundamental system of 


neighborhoods of zero in D. 


Proof. The sets N described above are obviously convex. Let F'€ D; 
then for some 2 >0, F€ D,. Assume at first that J is chosen so large that 
d,=«a. Then, by a generalized Phragmén-Lindeléf theorem (see [2], Lemma 
1, p. 887) for each k we know that exp(id,p,-z)F(z) is bounded for z€ C* 
by the bound M of F on R. It follows that, whenever d,= a, we have 


(7) max | 
2€T,* 
for s=0,1,2,-- -,b, j7=1,2,- and k==1,2,- - -, because on 


| for s=0,1,2,---,b; and for j—1,2,---,n, as 
follows easily from the definitions. 
Next we consider the finite number of 7 for which d; < z. 
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Let 8 be the set of z€ C* of the form z;=£;-+ typx, + tarpx, for all 7; 
then for any /=1, on 8 we have 


(8) | exp(—idip,: z)| Sexp(dim) (1+ 2 |"*). 
From (8) it follows that, on 8,/*, 
(9) | exp(—itap,-z)| Sq(1+ 2 |F*) 


if 8; and q, are chosen sufficiently large. Hence, for any z€ Ty’, if 2’ denotes 
the point on 8/ such that & (z;) = ® (z;) for all 7, we have by (9), 


(10) | exp(—izps-2)| Sexp(a)| 
<= |8) exp(c«e) Sq/(1+ 2; |F) for some qi > 0. 


Now, let 8, be an integer and let M’ be a bound for | 2" F(z)|, | F(z)| 
on R for 7 1,2,---,n. By the Phragmén-Lindelof theorem, M’ is also a 
bound for | exp(iap,-2)2j8" F(z)| and | exp(iap,-2)F(z)| in C*, a fortiori 
in Ty*. Using (10) we deduce that, if B/ is large enough, we can find an 
a>0 so that aF satisfies (3) for this particular 7. Since there are only a 
finite number of 7 for which d, << a, we can even choose a independent of I. 
Summing up what we have done so far, we see: 


(a) For each F€ D we can find an a>0 so that aF EN. 


(b) For each a>0 there exist positive numbers B” and M” so that 
the conditions F'€ D,, 
max|F(z)| max|zé"F(z)| SM” for j—1,2,---,n 
zéeR 


imply Fe N. 


By (a) it follows that the sets N define a locally convex topology A on 
the set of functions in D. By (b) together with Theorem 1 of [2] (see 
p. 887) it follows that for any «> 0 the topology induced by 4 on the set 
of functions of D, is weaker than (or the same as) the topology of the 
space D,; trivial considerations show that this topology is the same as that of 
D,. This proves (see [2]) that the topology A is weaker than (or the 
same as) the topology of D. In order to conclude the proof of Theorem 1, 
we must show that every neighborhood of zero in D contains some N. 
For this purpose, we shall need the following 


Lemma 1. Let 8¢ be the real n-chains defined as above. Then for any 
k, 1, and any € D, we have 


(11) f F(2z)dz 
R 


51% 
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where the integral on the left side of (11) converges absolutely. (We also 
set §.§ == R for all k.) Moreover, for each | we can find a positive number 6, 
which is independent of a, so that for any continuous function H on 0, 
the conditions 

(12) max | 2H (2)|Sa 


for any k, and for j=1,2,---,n, s=0,1,2,- -,2n, amply 


(13) | H(z)|dzS1. 


Let us assume Lemma 1 for the present, and complete the proof of 
Theorem 1. Let Q be any neighborhood of zero in D, and denote by Q the 
set of inverse Fourier transforms of the functions of Q. By well-known 
properties of the topology of D, we may assume that Q is given as follows: 
For each integer r=0, we are given a positive integer u, and a positive 
number v,, where we may assume u, = u,_; and v, = v,-, for all r. 0 consists 
of all f€ D which satisfy 
(14) max |((0*/dx;*)f) St, 


Kyor (ns 


for all r and for j—1,2,- - -,n, s=0,1,2,- - -,u,, and also 
(15) max | (2)| Sv. 

zeR 
for j==1,2,---,n and s=0,1,2,- - -, 


We define the set W as follows: Let c—=7—1; set d;x=1; let b;, = 2n+ wu; 
next choose a4;=1 so that e*'= v6, and so that {a,} is monotonically 
increasing to infinity. 

We claim that N CQ. First, it is clear that for any Gé€ N, the inverse 
Fourier transform g of satisfies (15). Let R, Kieunsy. Let & be 
chosen so that sgn p;,—sgn2z; for 7=1,2,---,n. By Lemma 1 we may 
write, for s’=0,1,2,- - -,a, 7==1,2,-- -,n, 


(16) (x) G(z) exp (ix-2)dz 
e 5,* 
G(z) exp (4(iz-z)) exp (4(tz-z) )dz. 


Since r¢ Kyeuns) (we assume 121), for at least one 7, we have 
|a;|>12(n+1)l. Thus, for z€ This 
means that, for z € 8;*, we have 


(17) |exp($(iz-z))| Se 


W 


by 
be 
( 
( 
Ca 
tl 
<= 
T 
tl 
to 
al 
wi 
CC 


PROBLEMS OF DIVISION. PART III. 691 

On the other hand, for z€ 8;*, if = 0,1,- - -,u,+2n, 
we have 

@(2) exp(4(ie-)) | 

| G(z) exp (3ilp;-z) exp (4 (ix) -2—3ilp;,- z)2,*” |. 
For z€ 8", s” =0,1,2,--- ,u+2n, 7==1,2,- --,n, we have 
| @(2) exp | S1, 
by the definition of N. On the other hand, for t€ Kyeunsr)s for some j, 
| z;|=121(n +1), so that, for z€ 8/, 
| = 61(n +1) (2;)| | &(z;)| > 0 

because, for any point z on and any 7’, | X(z)| =| Thus, 
(18) | 2;°"G(z) exp 


Now, using (16), (17), (18) and Lemma 1, we deduce that, for 


(19) | ( 9) (x) | Sv 
This means that g € Q so that GE Q. This completes the proof that N C Q. 


Proof of Lemma 1. We assume k=1, and we write 8, for $;'; the 
case k 41 is handled similarly. 8, is (for z large) the set of 2€ C’ such 
that X(z;) where y;—constant log |¢|, and where £= (R(z:), 
‘+ +,R(zn)). It follows easily that the element of surface area on 8; is 
< constant df where dg denotes the element of area on F (for | {| large). 
The existence of 6, now results immediately. 

In order to complete the proof of Lemma 1, we must show the following: 
For any y > 0, call Vy the real n-chain in C* consisting of all z€ C* such 
that |¢|=y, and (z,) =I (z.) =: - - =I Sy: for all we want 


to prove that, for any D, Suppose that 
and that y;—=a,-+ plog|¢| for | ¢| large, where p is some constant. Then 
we know that f, dz=p'y""*(logy+a,) for y large, where p’ is another 
constant. ae 


We also know that we can find an M > 0 so that, for all c€ R, j =1, 2, 
‘,n, we have | x,*"+lerl*2(x7)| <= M where [ap] is the greatest integer 
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<p. Thus, by the Phragmén-Lindelof theorem, for all z€ Vy, we have, for 
j= 1,2,- 


| S Mexp (ay) SM’ |p|" 


for some M’. It follows immediately that f, | F(z)|dz—>0 which completes 
y 


the proof of Lemma 1, and hence completes the proof of Theorem 1. 

We have thus completed step (a) for the space D’ as explained in the 
introduction. We shall now pass to step (b). Since the functions of D 
are defined by both growth conditions in all of C and additional conditions 
on FR, we should not expect that every distribution W which satisfies 
W«DC® should also satisfy W*D’=—D’. Indeed, if WED, then 
W«QD’CE, (see [12]) so that certainly, W* D’ 4D’. In this case it is not 
difficult to see that W*E€E (see [11]). From this it follows that 
W*W*D’CW#ESXAE. (We have not been able to prove that W* D’ +46, 
although this seems to be certainly true.) On the other hand, if D is a 
punctual distribution (see [3]), i.e. D is a partial differential difference 
operator, then we can prove that D* D’ = QD’. 


THEOREM 2. Let P be an exponential polynomial, PA0. Then 
PG—G ts a continuous linear map of 


(PD is the space of all PG, Ge D with the topology induced by D. 
The properties of exponential polynomials which we shall use are derived 


in [3].) 


Proof. We shall use induction on the number q of letters which occur 
in P. For g=0, P is a non-zero constant and the result is obvious. Suppose 
q>0 and that the theorem is proven for all exponential polynomials in 
fewer than q letters. Without loss in generality, we may assume that we 
may write 
P(z) = [Po(22,° +, 

P, (22, ° * Zp) Py (225° Zp) Jexp(ta;z;) 

where the P; and the Q; are exponential polynomials (the exponentials which 
occur in the Q; being independent of z,) with P)0, and where a, <4 
<*+*<a. The proof of Theorem 2 will be completed if we can show 


that, for some positive integer d, PG— P,’G is a continuous linear map of 
PD into P,*D. 
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Let L Let - be fixed and denote by P’ the exponen- 
tial polynomial in one variable: 2’— P(2z’,22,- + +,%p). Let I be any interval 
of length 2(2-+-1) in the complex plane which is parallel to the real axis. 
By Lemma 1 of [3] we can find a point z)€ J and constant K depending only 
on P such that | P’(z>)| = K exp(— | Po’ |, where Po’ = Po(22, Zp). 
By Lemma 2 of [3] and the proof of Theorem 1 of [3] (see p. 288), we 
can describe about z a circle of radius 7” with 2(2+1)SrS4(L+1) 
such that, for all z’ on this circle, 


(20) | | | Po’ exp(—a@’ | al (2’)|) 


where B, d’ and K’ are constants which depend only on P, and d’ is a 
positive integer. We set d—d’. 

Let N be a neighborhood of zero in D; let m==3-+-d’|a,|. By Theorem 
1 we may assume that NW is defined by sequences {a;}, {b,}, {d,} and positive 
numbers ¢c, » such that N consists of all Gé€ D which satisfy, for each /, 


(21) max | G(z)| Sn, where z€ 


for k = 1,2,- - -,2", j= 1,2,- - -,n, and for s=0,1,2,- (Theorem 
1 is actually applicable only in case that m is replaced by 3, but it is clear 
from the proof of Theorem 1 that any number = 8 will do.) We may also 
assume that c=8(Z-+1). 

For each /,/, let @* be the region consisting of all z€ C of the form 


(22) aja te, vere, |&|S8(L +1). 
We consider the set N’ of all G¢€ D which satisfy, for each l, 
(23) max | exp(3id,p,-z)2;° G(z)| Sy’, where z€ OF, 


for k= 1,2,- - -,2", 7=1,2,- -,n, s=0,1,2,- - -,b, + [—B] +1, where 
7 =min(n/n, k’n/2n) (1+ 2-8) and where K’, B are as in inequality (20). 
(If B>0, then we can replace [—B]-+1 by 0.) Exactly as in the proof 
of Theorem 1 we can show that NW’ is a neighborhood of zero in D. 

We claim that the conditions G€ D, PGE N’ imply P.’?Ge N. Let k,l 
be chosen ; let z be any point in Ty. Let I be the interval in the complex plane, 
center z,, length 2(Z2+1). We can find a point z.€ JZ and a number 7” 
with 2(2+1)=r=4(£L+1) such that every point 2 on the circle O, 
center z, radius 7” satisfies (20). It is obvious from the definitions that, 
for any 2’€ O, (2’,22,23,°* °,2n) lies in @*. Thus, for any 2’€ 0, if 


s=0,1,2,- - j= we have by (20), 
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(24) | Po’ | 22,° %n) exp (2’, 225 235° 
= (1/K’)| exp (2’, 22, 2n)) 2/* | 


because PG € N’, where we have written z/ ==z, for > 1, and Since 
the point z, is contained in O we also have, by the maximum modulus theorem, 


(25) | P,’ |¢ | 2° G(21, Zn) eXp (midip,:z)| 


This proves that N. 

We have shown that PG— P,’@ is a continuous map of PD— P,“D at 
zero and hence, by linearity, everywhere. Since P,4 is obviously an exponential 
polynomial in fewer than q letters, it follows from our induction assumption 
that PG— G is a continuous linear map of PD into D which is the desired 
result. 

By means of Fourier transform we deduce immediately 


For any partial differential-difference operator 
Dg—g is a continuous linear map of DD into D. 


THEOREM 3. With D as above, for any T€ D’ we can find an S€ QD’ 
such that DS =T. 


Proof. Df—-T-f is a continuous linear function § on DD because it 
is the composition of the two continuous maps Df—>f and f>T-f. By the 
Hahn-Banach theorem, § can be extended to a continuous linear function 
on 9, that is, § can be extended to an S€ DM’. For any f€ D we have 


DS-f =S-Df =8-Df=T-f. 


This shows that DS = T which is the desired result. 

The question naturally arises as to what is the class of We €’ which 
have the property that W*D’—QM’. Theorem 3 shows that any punctual 
distribution has this property. By reasoning in a slightly more complicated 
manner than that used in the proof of Theorem 2, we can deduce 

THEOREM 2’. Let W be any distribution in €’ of the form W=D-+h 
where D is a non-zero punctual distribution and h is a function of compact 
carrier which ts sufficiently often differentiable.*? Then W*g—g is a con- 
tinuous linear map of W* 


THEOREM 3’. With W as above, given any T€ D’ we can find an 
S€QD’ which satisfies Wx S=T. 


* We have not determined the best possible result. 
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3. Division in the space €. We showed in a previous paper (see [13]) 
that every partial diiferential-difference operator maps € onto €. We want 
to give a proof of this fact which is in keeping with the outline proposed in 
the introduction. For this purpose we must compute explicity the topology 
of the space E’ (see [5]) which is the Fourier transform of the space €’ 
of Schwartz; the characterization of this topology is itself of interest. (We 


write | z | —max(| 2; |.) 


THroreM 4. Let H be any continuous positive function on C such 
that, for any k =1,2,- - -,2" and for any t>0 


(26) (1+ |z|*) exp (—itp,-z) =O(H(z)). 


Let N be the set of F€ E’ such that, for any z€ C, 
(27) | F(z)| S H(z). 
Then the sels N form a fundamental system of neighborhoods of zero in E’. 


Proof. et B be a bounded set in E’. It is proven in [5] that we can 
find a positive number ?#’ such that every F'€ B satisfies 


| F(2)| SU (A+ | 2 |") exp (—it’pe- 2) 


for 2€ C*, k =1,2,- --,2". Thus, given any set N as described in the 
statement of Theorem 4, we can find a positive number a such that aB C N, 
that is, N swallows every bounded set in E’ (see [5]). Since the space E’ 
is bornologic (see [7]) it follows that N is a neighborhood of zero in E’. 

Conversely, let Q be any neighborhood of zero in E’. Now, (see [5]) 
the topology of E’ can be described as follows: We consider each element of 
E’ as defining, by multiplication, a continuous linear map of Dr into Dr; 
then the topology of E’ is that obtained by giving this set of maps the compact- 
open topology. We want to produce a neighborhood of zero N in E’ of the 
type described in the statement of Theorem 4 such that NCQ. By the 
above, it is sufficient to show that, if B is any bounded set in D, and if M 
is a neighborhood of zero in Dr, we can find a neighborhood of zero N in 
E’. as above, such that the conditions F€ B, Ge N imply PFGE M. 

Now. JJ may be described as follows (see [7]: the result may also be 
deduced without much difficulty from Theorem 7 of [2], p. 893): Let A, 
be a continuous function on R with the property: For each ¢ > 0, exp(é| |) 
=0O(H,(x)); let m be a given integer. Then M contains in the set of all 
Fe Dy for which 
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(28) max | F'(z)| = H,(y), where 


(21) = 91, = = Yn, 
with 9 = (91, - for s==0,1,- --,m and for j—1,2,- - -,n. 


B may be described as follows (the proof is essentially the same as the 
sroof of Theorem 1 of [2], p. 887): For each integer s we are given a positive 
I g 5 
number A,=s!; we are also given a positive number A. B is contained in 
the set of all /' € Dr which are of exponential type = A and satisfy, for all s, 
(29) max | 2° F(xr)| = A,; 

Now, any /’€ B satisfies (29) and so also satisfies, by the Phragmén- 


Lindelof theorem, 


(30) max | z;* F(z) exp (iAp,-z)| SA, 
for j= 1,2,-.- -,n, k==1,2,- - -,2*, and all s. 


Define the function H, on R by 
(31) H.(2) => >| 2; 
r=0 j=1 
Since A,=r!, this series converges for all r. Then (31) and (29) imply 
that, for any 7€ R, F'€ B, we have | F(x)H.(x)| 1. We set 
(32) H(z) = H.(x)H,(y)| exp (iAp,-2)|/(1 + 2 |”) 
for any z€ C*, k=—1,2,- - -,2*, where 
(2 (21),° (Zn) ); (X(21).° +, (z,)). 
It is clear from (30), (31), and (32) that, for any z€ C, for any j =1,2,---n, 
and for any F’€ B, we have 
(33) | H(z) F(z) |< Hi(y) 
for s=0,1,:--,m. Using (33) we deduce that the set N of G€ Dr which 
satisfy | @(z)| = H(z) for all z€ C has the property that NBE M. Since 


H clearly satisfies the relation (26), this completes the proof of Theorem 4. 


THEOREM 5. Let WE €’ be of the form W=D-+f where D is a non- 
zero partial differential-difference operator with constant coefficients (punctual 
distribution) and f€ Es a sufficiently often differentiable function.t Then 
W*xU-U is a continuous linear map of W*€’ into €’. 


‘The same remarks apply as in footnote 2. 


PROBLEMS OF DIVISION. PART III. 697 


The proof of Theorem 5 proceeds along essentially the same lines as the 
proof of Theorem 2 (and is, in fact, somewhat easier) ; we shall omit the 
details. 

By the methods of proof of Theorem 3 we can now deduce (see [3]) 


THEOREM 6. With W as above, for any f€ EF there is a g€ E such 
that W* 9g =f. 


4, Division in the space H. By & we denote the space of entire func- 
tions on C with its usual topology (see [4]). Each element of 9’ can be 
represented as a distribution of compact carrier on C. The Fourier transform 
H’ of %’ is the space of all entire functions of exponential type on C with 
no extra conditions on R. As mentioned in the introduction, we should 
therefore expect that every WE &’ has the property that W*U—-U is a 
continuous linear map of W*&’ into &’. That this is actually the case 
will be seen later (see the corollary to Theorem 8 below). First we shall 
have to describe the topology of H’ explictly: 


THroreM 7. Let H be any continuous positive function on C such 
that, for any t>0, 


(34) exp(¢|z|) —O(H(z)). 


We consider the set N of F€ H’ such that | F(z)| S H(z). Then these sets 
N form a fundamental system of neighborhoods of zero in H’. 


Proof. First, let N be a set satisfying the hypotheses of Theorem 7. 
Then N is clearly convex. If B is any bounded set in H’ then (the proof 
is similar to that of Proposition 2 of [4], p. 296) we can find positive 
numbers b, c so that all FEB satisfy | Sbexp(c|z|). Thus, by 
(34), we can find an a>0 such that aB CN, that is, N swallows every 
bounded set in H’ (see [5]). Now, H’ is bornologic (see [9]); this means 
that V is a neighborhood of zero in H’. 

(We can also prove that N is a neighborhood of zero in H’ by using 
the method of proof of Theorem 14 below, without using the results of 
Grothendieck. This method is of use when we do not know in advance that 
the space in question is bornologic. Actually, we could deduce in this 
manner that H’ is bornologic.) 

Conversely, let I be a neighborhood of zero in H’; we want to produce 
a neighborhood of zero N of the type described in the statement of Theorem 7 
such that V C M. Call Q the set of inverse Fourier transforms of the func- 
tions of If (see [4]). By the definition of the topology of a dual space, we 
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can find a bounded set K in & so that the conditions U € #’, | U-f | <1 for 
all fe K imply VE Q. 
Now (see [4], Proposition 1 and Equation (1) on p. 296), if we write 
Gé€H’ in the form 


and if we write f€ in the form f(z) =} then 
we have 
(35) F(G- f => Kn 
Since K is bounded in &, for each system of positive integers / we can 


find a positive number ¢;,,-.-;, such that every f € K satisfies 


(36) max | f(z) |S where | 2. | - -,| 
From (36) and Cauchy’s formula we deduce that the inequality 
(37) | kn | = 1,/ 


holds for all f€ K and for all integers h,,h2,- We 
may clearly assume that ¢,,...;—=1 and that ¢,,--1,S ¢yn--1, if 


n 


Let {y;} be a strictly increasing sequence of numbers with y. =0. 
Let {d;} be a sequence of non-negative numbers with d. = 0, d; > 0 for 7 > 0. 
We require further that 
(a) dj + yjSyia 
for any j. We call «;,;,...;, the region consisting of all y€C for which 
di, + Yn S| | 

= exp[$((j:—1)| | + (jz—1)| yo | (in —1)| yn |)], 


whenever 1,j221,- +,jn=1, and whenever | | = d;,+ y;, for all k. 


(c) There is no point of the form //m in the interval y;= 2S y,;-+ d; for 
any j, Where m, | are integers and m=2(j+1). 
The existence of the sequences {y;}, {d;} is obvious. Moreover, it is 
clear that the regions aj, ;,,..-.;, do not overlap. 


We set 


(38) just A(z) =exp(4(j | 21 | + | 22 


+: jn | 
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and H is defined so as to be continuous and monotonic (i.e. H(z) S H(z’) 
if |z;|S|2/| for j—1,2,---.n). It is obvious from (38) and (b) 
above that H satisfies (34). 

Denote by N the set of all Ge H’ for which | G(z)| = H(z) for all 
2€C. Let GEN and let (kik: + -,hn) be an n-tuple of non-negative 
integers. It is not difficult to see by (c) that we can find an n-tuple of 
integers - and an n-tuple of positive numbers (a1, @2,° *,@n) 


such that 
(39) +1, 

ke/le = A. = kn/ln = kn/|n 1 
and such that the n-chain = in C defined by | | Zn! 


=, lies IN 


n° 


By Cauchy’s formula we may write® 


Now, on =, we have ‘ 
| G(z)| SH (2) =exp (9 (Gili + dole + nln) ) 

by (38). Thus, on making use of (39) we find 

Shy tho!» + he ++ + (L + + (ly + 
By Stirling’s formula, we can find a constant # such that 


<6 exp(— + + hn) + + 1) 1). 


Using (35), (37), and (40) it is obvious that we can find a @’ >0 such that 
every satisfies 


(41) for all fe K. 


This proves that (1/6’)N C M which completes the proof of Theorem 7. 


THEOREM 8. Let J€ H’, J40; then JG—>G is a continuous linear 
map of JH’ into H’. 


* We normalize the measure in such a manner that the usual factor (27)* does not 
appear. 


\ 
= 
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Proof. The idea of the proof is to use the following minimum modulus 
theorem for entire functions of exponential type (see [4], Theorem 5, p. 317): 
Suppose & is an entire function of exponential type of one complex variable 
and that |&(z)| = Mexp(A|z|) for all z Then for any r>0 there is 
an 7” with rr S 2r such that 


(42) min | k(z)| = | &(0)|¢exp (B log M+ cA7’) 
lzl=r’ 


where B and ¢ are certain constants and d is a positive integer. 

We shall prove Theorem 8 by induction on the number q of variables 
on which J depends. For g=0, J is a non-zero constant and the result is 
obvious; we assume g > 0 and that the result is known for entire functions 
of exponential type in fewer than q variables. We may clearly assume that 
J depends on For any complex numbers - set 
J, (Z2,° * =JS(0,2:,° It is sufficient to show that JG—J,'G 
is a continuous linear map of JH’—>J,‘H’. 

By linearity, we must show the following: Given any neighborhood of 
zero N in H’ there exists a neighborhood of zero N, in H’ such that the 
conditions Gé H’, JGé N, imply J,4Ge N. By Theorem 6 we may assume 
that consists of all H’ for which | F(z)| = H(z) for all z€ C, where 
H is a function satisfying (34). We may clearly assume that H is mono- 
tonic, i.e. 

(43) =H (2) if | 2.’ | 2] 2: |, | 22’ | S| +, | | 

Now, we can clearly find positive numbers A, M such that | J(z) 
<= Mexp(A|z!) for all z€C. We define the function H, on C by 


(44) H,(2z) = M* exp (2cA | z,|-+ BA | | 2q|)H 22,° %) 


where B and ¢ are the constants that appear in (42). It is clear that H, 
satisfies (34). Denote by N, the neighborhood of zero in H’ consisting of 
all Ge H’ for which |@(z)|=H,(z) for all z€C. We claim that the 
conditions JGE N, implies N. 

For, given any z€ C, we can find by (42) a number 7?’ with |z,| <7 


and 


min J (2,’,22,° *,Zq) 


+, exp(cAr’ + BA | Zo | +:--4+ BA z,!). 


2’ — 


er 
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Therefore, if | z,’|—7’, and JG€ N,, we have 


| Js (22° ° %q)|*| Sn) | 
<= M-8 exp(—cAr’ — BA | 2.|—- - -— BA » 
< M-8 exp(—cAr’—BA | -—BA | 225" 
Since | z,| 7’ S2]|2,| we have, by the maximum modulus theorem, 
<= exp(—2cA | z,|—BA|z.|—- - -—BA | 2q|) 


because (see (43) and (44)) H, is monotonic, and c<0. This completes 
the proof of Theorem 8. 
By taking the Fourier transform we deduce 


For any WE #’, W400, W* UU 1s a continuous linear 
map of into 


THEOREM 9. For any We f>W«f maps onto continuously. 
y : ] i y 


Theorem 9 follows from the corollary to Theorem 8 exactly in the 
same manner as Theorem 3 is deduced from the Corollary to Theorem 2. 


5. Entire functions of finite order. Let f be an entire function, and 
let A421. We say that f is of order = A if, for every « > 0, we have 


(45) f(z) =O (exp | z |4**). 


The greatest lower bound of A for which (45) holds is called the order of f. 
By 2, we denote the space of all entire functions of order = A; it is clear 
that 2, is a ring under multiplication. We define a topology in Q4 by 


means of the semi-norms 

(46) ve(f) = sup exp(— | z |4**)| f(z)| 

for any f€ Q4. 


Proposition 1. Q4 is a complete metrizable locally convex topological 
vector space, i.e. 24 is a Frechet space. Q4 is not a Banach space. Qa is 
a Montel space, so that Qa is reflexive. Q4 is also a Schwartz space.® 


° The theory of Schwartz spaces has been developed by Grothendieck in [9]. 
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Proof. It is obvious that 2,4 is a locally convex topological vector space. 
Moreover, we may clearly define the topology of 24 by means of the semi- 
Norms V1;/m for m integral; thus, 24 is metrizable. In order to show 
completeness, we may therefore restrict ourselves to sequences. If {f;} is a 
Cauchy sequence in 24, we know, from the fact that # is a Frechet space 
(see [4]), that {f;} converges to a function g€ # on the topology of &. 
It is clear that, for every « > 0, g(z) =O(exp(|z|4**) so that g€ Qu. It is 
readily verified that {f;} converges to g in the topology of Qu. It is clear 
that no neighborhood of zero in 24 is bounded, so 24 is not a Banach space. 

We shall show now that 2,4 is a Montel space, that is, the closed bounded 
sets of 2,4 are compact. We shall show even more: For each e>0 the 
set N. of f€ Q4 which satisfy v.(f) <1 is precompact for the topology 
induced by ve whenever ¢’ >; this implies that 24 is a Schwartz space. 
Let {f;} be a sequence in V,; we can extract a subsequence {f;} which con- 
verges in &, say f;, > f in #, because & is a Montel space and J, is clearly 
bounded in &; it is obvious that fe N,.. Since each f;,€ NV. we deduce 
immediately that ve (f;,—f) 0. This completes the proof of Proposition 1. 


Proposition 2. For any f€ &, write f(z) =D 
Then f€ Qa if and only if 
(47) lim inf log(1/| i |) log (ee log (en log = 1/A. 


In case n=1 this Proposition is well-known (see [13], p. 253); the 
proof for n> 1 can be accomplished by a similar method. 

By 24’ we denote the dual of 2,4 with the topology of uniform con- 
vergence on the compact (bounded) sets of 24. For any Ue 9,4’ and any 
integers we set 


It is not difficult to show 


Proprosition 3. For any f€ Qa, DS converges 
to f in the topology of 24. Thus, for any UE Q4’, 
(49) U f = kn en 


where the series on the right side of (49) converges absolutely. 


For any U€ Q4’, we can find an e>0 so that U is bounded on the 
set of f€ 24 for which v,.(f) 1. By the Hahn-Banach theorem, U can 


* For each j, Z; is the function on C: 2 2;. 
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be extended to a continuous linear function on the space Vay,_ of all con- 
tinuous functions on C which are o(exp(|z|4**). Thus, we have 


Proposition 4. For each UE Q4’ we can find an e>0 so that U can 
be represented by a measure which we again denote by U which falls off 
like exp(—| z |4**), that is, 

(50) f d | U(z)| =O(exp(—r4*)). 
|z|Sr 
If B is a bounded set in 24’, then the « and symbol “O” in (50) can be 
chosen uniformly for UE B. 
For any U € Q4, we define the Fourier transform of U as the function 


on CU: 
(51) f—U-exp(iz-) exp(iz-t)dU (t) = (F(U)) (2). 


It follows immediately from Proposition 4 that F(U) is an entire function. 
We define A’ by 1/A + 1/A’ =1, that is, A’ is the conjugate exponent 
of A (see [15]). We wish to recall Holder’s inequality (see [13], p. 383 
inequality (5)): For any complex numbers 2, y we have 
(52) | |4/A + | y|4°/A’ = | |. 
Using the fact that for any z, t€ C we have |z-¢|=|z||t|, we deduce 
from (52) 
(52’) |}z|A/A +] jz-t| for any C. 
Provosition 5. For any U € 24’, we can find an & >0 such that F(U) 
is an entire function of order = A’—eé’® If B is a bounded set in Q4’ 
we can choose ¢’ uniformly for UE B. We may write: 


Proof. We apply Proposition 3 to equation (51), using the fact that 


and we deduce (53) immediately. The first part of Proposition 5 can now 
be deduced from the fact that the numbers U;,,,,.-.%, render the right side 
of (49) convergent whenever f€ 2,4 if and only if, for some ¢’ > 0, 


SIn case A = 1, A’ = ©, and A’ —e’ is to be interpreted as some (finite) number. 
A similar convention is to be employed throughout the rest of this paper. 


= 
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defines an entire function of order = A’—e’. (This fact can be proved by 
the methods of [7].) The part of Proposition 5 referring to the bounded 
set B can be handled similarly. 

Another proof of the first part of Proposition 5 can be obtained from 
Hoélder’s inequality (52’), and Proposition 4. Thus, if ¢ is determined 
by the condition 1/(A +-«) + 1/(A’—&’) —1, then we have, for any z€ (, 


(54) (F(U)) (2) exp(iz-t)dU(t) Ff exp(|z-t/ 
= exp(z4-€/(A’ — ¢’)) f exp (¢4*«/(A + e))d | U(t)| = O(exp(z4~)). 


Similarly, if U lies in a bounded set 6 in 2,4’, the symbol “O” in (54) can 
be chosen uniformly for U¢ B. This completes the proof of Proposition 5. 


By means of Holder’s inequality (52’) we can also establish easily 


Proposition 6. For each 0 there exists a constant ce > 0 such that, 
for all z€C, 
(55) Ve(exp(iz-)) 2 


where, 1/(A +e) + (A’—e) = 1. 


Remark. Proposition 6 furnishes us with another proof of the first part 


of Proposition 5. 


We now want to derive the converse of Proposition 5, that is, 
Q.’ =F(24’) consists of all entire functions of order <A’. We also want 
to describe completely the topology of Qu’ in order to study the division 
problem in the space 24. (Qu.’ is given the topology to make F a topological 
isomorphism. ) 


Proposition 7. Let B be a set in Qa’; then B is bounded in Q,’ if and 
only wf, for some & >0 we can find an M>0 such that 
| 


| G(z)| S Mexp(|z for all z€C, GE B. 


Proof. 'The necessity of the condition was established in Proposition 4. 
Suppose then that B satisfies the stated condition; let « be defined by 
1/(A +.) +1/(A’—e’) =1. (We assume, as we may, that A’ >1.) 
We claim that, for some M’>0, |F?°G-f|<1 for all f€ Ney. This is, 
in fact, an easy consequence of Proposition 3 and Cauchy’s formula. 


ra 


wm 
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Proposition 8. Let {Gi} be a sequence in Qa’. A necessary and 
sufficient condition that Gi—0 in Q4’ is that there exist an ¢& >0 such that 
(56) max exp(— | z Gi(z)) > 0. 

z€C 
For each j, denote by Ui the inverse Fourier transform of Gi. Then 1f (56) 
is satisfied, we even have Ui-f—>0 uniformly on the set of f€ Nevo. 


Proof. Suppose first that Gi>0 in Q,4’. Then it follows from 
Proposition 1 that, for some «¢, >0, U-f—0 uniformly for fEN.. (See 
[9]; see also [12], vol. I, p. 91, where a similar result is proven for the 
space € of Schwartz.) By use of Proposition 6 we can now deduce (54). 


The converse is established by the method of proof of Proposition 7. 
From Proposition 8 we deduce immediately 


Corotuary. Let {G4} be a sequence in Qa’ and let M, ¢' be positive 
numbers such that, for all j, 


(57) | Gi(z)| Sbexp(|z|4-«’) for any z€ C. 
Suppose also that Gi-—>0 in the topology of H. Then also Gi—0 in the 
topology of 


THEOREM 10. Q,’ consists of all entire functions of order < A’. 


Proof. The fact that every function in Q4’ is an entire function of 
order < A’ was established in Proposition 5, so we proceed to the converse. 
Denote by K the vector space of all entire functions of order < A’; we have 
Q.’ C K, and we want to show Q4’—K. Clearly, every polynomial lies 
in Q4’; we shall show that, for any GE K we can find a sequence of poly- 
nomials Gi which converges to G in the topology of Qu’. Since the space 
Q,’ is known to be complete, this will show that G€ Quy’. 

Let us write G(z) = Then we set 


It is clear that Gi—G@G in the topology of #. Moreover, it follows from 
the Corollary to Proposition 8 that {@4} is a Cauchy sequence in Q4’; thus, 
we can find a G,€ Q4’ such that G/— G, in the topology of Qu’. Now, for 
each z€ C, and each j, 


(z) = F*(G!) -exp(iz-) F"(G,) -exp(tz-) = G,(z). 
Thus, G; = G which completes the proof of Theorem 10. 


For any f€ 24, z€C, we denote by 7,f the function on C: (7-f) (t) 
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= f(t—z); it is clear that 7,f€Q2,4. For any 94, UE we define 
the convolution U*f by (U*f)(z) =U-7tf for any z€C. According to 
Proposition 4 we may write 


(58) = f 


where, for some «>0, the measure U falls off like exp(—|t|4**). It 
follows easily from (58) that U*f€ Qa. 


Prorosition 9. If B is any bounded set in Qu, then U>U +f are, 
for f € B, equicontinuous linear maps of Q24’>Qa4. If K is any bounded 
set in Q4’, then f>U*f are, for UE K, equicontinuous linear maps of 


9.42 


Proof. By bilinearity, we need verify continuity only at zero. Let m 
be a fixed positive integer; since B is bounded in 2,4, for each integer 7 = m 
we can find a positive number I/; such that v,,;(f) SM; for all fe B. 
Call B’ the set of f€ Q4 such that v4,/;(f) =M/ for all 72m, where 
Mj = M;exp(24*”/™). Let N be the neighborhood of zero in Q4’ con- 
sisting of all U€ Q,4’ such that | U-f| <1 for all f € B’; we claim that, for 
Ue N, fe B, we have Nyym. 

Let us note that t— ¢4*!/™ is a convex function on C. Thus, for any 


t,z€ C, any f€ B, and any 7 > 0, we have 


(59) | (raf) (| 
M; exp (| 2 + | 


Thus, exp(—|z|4*”9) (7_.f) (¢) S Mj exp(|t|4/4), which implies that 
exp (— | z B’ for all z€C. Hence, for all VEN, fe B, z€C, 
we have 

|(U *f) (z)| =| U- rf | Sexp(| 2 


that is, U*f€ Nim. This completes the proof of the first part of 
Proposition 9. 

Let « > 0 be fixed. Let N’ be the set of all f€ 24 such that |U-f|<1 
for all U € K; by the reflexivity of 24 (Proposition 1), N’ is a neighborhood 
of zero in 2,4. Thus, we can find an ¢, > 0 and an a> 0 such that N’ C aN,,3 
call es=min(e,e,). We claim that, for f€ exp(—24**)aN,,, UE K, we 
have U*fe N,. 

As in (59) above, if z,t€ C, f€ exp(—24**)aN,,, 


| (t)| Saexp(lz | t | 
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so that N’; a fortiori, exp(—|z|4**)7f € 
Thus, for any U€ K, f € exp(—24*#)aN,,, we have U*f€ N, which com- 
pletes the proof of Proposition 9. 

For any U,V€Q4’, the convolution U*V is defined by U*V-f 
—U-V«f for any f€Q4. U*V is in 24’ by Proposition 9. 

From Proposition 9 above and the method of proof of Propositions 7 
and 8 and Theorem 2 of [4] (see pp. 300-302), we can deduce 


Proposition 10. (U,V)->U*V is a continuous bilinear map of 
Qa’. Moreover, V=V*U. 


Proposition 11. Forany U € 24’, f € Qa, and any integers ky, . 
we have 


where the sum on the right is extended over all integers 1,,l2,- - -,ln and 
where the series on the right converges absolutely. 


Proposition 12. For any U,VE Q4’, 
(61) F(U*V) =F(U)F(V). 
For U,V,WEQ4’, that 18, 


convolution ts associative. 


We are now in a position to study the division problem in the space 
9,. Since Q,’ is defined by growth conditions in C only (with no additional 
conditions on R) we should expect that for every WE Qu’, W*Q4—Qs. 
That this is actually the case will be seen later (Theorem 13 below). First, 
we shall characterize completely the topology of the space Qu’. 


THEOREM 11. Let H be a continuous function on C such that, for 
every & <0, 
(62) exp(|z|4-*’) =O(H(z)). 


Call N the set of G€ Q4’ such that | G(z)| = H(z) for all z€C. Then these 
sets N form a fundamental system of neighborhoods of zero in Qy’. 


Proof. Let N be a set satisfying the above hypotheses. By Proposition 
+ and (62), if B is any bounded set in Q4’ we can find a positive number b 
such that bB C N, that is, N swallows every bounded set in Qu’. It follows 
from Proposition 1 and the results of [9] that Q4’ is bornologic. Thus, since 
V is clearly convex, N is a neighborhood of zero in Q,’. 

A direct proof of the fact that N is a neighborhood of zero in Qu,’ 
(without using the fact that Q.4’ is bornologic) may also be obtained by the 
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same methods as those used in the proof of Theorem 14 below; this method 
also provides us with another proof that Qu’ is bornologic. 

Conversely, let M be a neighborhood of zero in Q4’ and denote by M the 
set uf inverse Fourier transforms of the functions in M. By the definition 
of the topology of 2.4’, we may assume that there is a bounded set K in Q, 
such that M consists of all We 24’ with |W-f|<1 for all fe K. Since 
K is bounded in 24, for each n-tuple of integers (1,,12,- - -,J,) we can find 
a positive number ¢;,,,-...;, such that every f€ K satisfies 


Using Cauchy’s formula we can deduce easily that every f € K satisfies 


S expl + + + 1/2) +° 
+ (k,/(A + ) | 


for all integers ky, hn, (We may clearly assume that 
Coo---o = 1 and that ty’ UE - ‘shy Sly.) 


Let {y;} be a strictly increasing sequence of numbers with y. —0; let 
{d;} be a sequence of numbers with d. =0, d; >0 for; >0. We require that 


(a) dj + yj Syier for any j. 
as the region consisting of all y¢€ C with 


dj, + Vix | Yk | = 


We define j 


n 


for all k. We require further that 
exp ( | 4. | Yo + | Yn 


whenever | y;,| = d;,-+y;, for all & and whenever j,;=1,- -,jn=1, where 
for any integer 1, A’ —I’ is defined by 


(65) 1/(A+1/l)) +1/(4’ 
where d < 0 will be chosen later. 
(c) There is no point of the form [1/(A’ —m’) |-4@-™) 


in the interval y,S2y;+d; for any 7, where m, J are integers and 
m= 2(j+1). 
The existences of sequences {y;}, {d;} satisfying (a), (b), and (c) i 
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not difficult to see. Moreover, it is clear that the regions @;,j...;, do not 
overlap. 

We set 


for z in @;,j,---;,- The definition of H is completed by requiring that H be 
continuous and monotonic, i.e. H(z) = H(z’) if | 21 | =| | = | |. 
It is obvious from (66) and (b) above that H satisfies (62). 

Call N the set of all Ge€ Qu,’ for which | G(z)| = H(z) for all z€C; 
we claim C M for some 6>0. Let GEN and let (hi, -,kn) be 
an n-tuple of non-negative integers. It is not difficult to see that we can 
find an n-tuple of integers (1,,12,- - -,J,) and an J-tuple of positive numbers 
(a,,@2,° *,@,) such that, for h==1,---,n, 

and such that the n-chain = on C' defined by 


| | = Mh, | 22 | == 42," * | Zn | = An lies in Ine 


By Cauchy’s formula we have® 


Now. on = we have 
| @(2)| SH (2) exp | [4H | ta 
because of (66). Using (67) we find 

<= - exp (k,/(A’ — ly’) ++ —ly’)). 

By Stirling’s formula and (65) we can find a constant 6 > 0 such that 


= (—h,/(A + 1/11) + 1/2) /(A + 1/In)) 
x kh (A+1/1,) « 


Now, use (49), (64), (65) and (68); it is clear that we can find d<0 
so small that, for some 6’, for all Gé€ N, we have 
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(69) for all fe XK. 
This proves that (1/6’)N C M which is the desired result. 


We can now use the method of proof of Theorem 8 (except that we 
use Theorem 2 of [4], p. 323 in place of Theorem 5, p. 317) to deduce 


THEOREM 12. Let J € Qi’, J 40; then JG—G ts a continuous linear 
map of JQs’> 


From this we deduce easily 


Corotuary. For any WE 24’, V40, W* UT is a continuous linear 
map of W*Q4’ into 


THeEoreM 13. For any WE Q4’, W# 


Remark. Theorem 13 can also be derived from Theorem 4 of [4], p. 323 
by use of certain onto theorems for Frechet spaces (see [1]). However, this 
method uses strongly the fact that 24 is metrizable and so does not apply 


to more general situations. 


6. The ring of formal power series. Let © denote the ring of formal 
power series in » variables; that is, each f€ © may be written in the form 
D *Znin. The topology of © is that of convergence of each 
coefficient. It is readily verified that © is a complete, Montel, bornologic, 
reflexive, topological vector space which is metrizable, but © is not a Schwartz 
space. The dual ¢Y of © (with the topology of uniform convergence on the 
bounded sets of ©) may be identified with the space of partial differential 


operators; for each U € © we write 

(finite sum). Then we have 


The convolutions U«f, U*W for U, WEO’, f€ © are defined by 
requiring that the analog of Proposition 11 should hold for ©; we have 
continuity properties similar to those in Propositions 9, 10 above. 

The Fourier transform on ( is defined as for the spaces #’, 24’. 
O’ = FO may be identified with the space of polynomials in n variables. 


For any U € ©, we have 


re 


C 
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The topology of O’ is of interest because it is a “natural” topology 
for the space of polynomials. 

THroreM 14. Let H be any continuous function on C such that, for 
any j, p, we have 
(72) | |" O(H(2)). 

Call N the set of polynomials P such that | P(z)|S H(z) for all z€C; 
the sets N form a fundamental system of neighborhoods of zero in O. 


Proof. Let H and WN satisfy the hypotheses of Theorem 14; we want 
to show that NV is a neighborhood of zero in O’. For each n-tuple of non- 


negative integers (hy, h2,- -,kn), let be any positive number such 
that 
(73) | Ze + | < F(z) Q-m 


for all z€ C. Let B be the set of all f€ © for which 


(74) | | SS en 
for all -,k,. Call M the set of U€ © for which =1 for 
all f€ B; we claim that U€ M implies F(U) € N. 
For, given any ky, -,kn, we have 
kg)? B; 80 that | tn | SS kn 


or, for any z€ C, 


| U(z)| = | O Ken | | a4 | 22 | Zn 


Thus, F(U) € N which proves that NV is a neighborhood of zero in O’. 

Call A the topology induced by the sets N satisfying the hypotheses of 
Theorem 14 on the set of functions of O’. Then it is clear that A is a 
locally convex topology; by the above, A is weaker than the topology of O’. 
Now, it is readily verified that the bounded sets of \ and O’ are the same, 
namely, the sets B of polynomials for which we can find a constant A >0 
such that every P€ B satisfies | P(z)| = A(1+]z|4) for all z€C. Thus, 
in order to show that the topology A is the same as that of O’, it is sufficient 
to show that A defines a bornologic space. (Because it is clear that, among 


all locally convex topologies that can be assigned to a given vector space 
such that a given family of sets shall be the bounded sets, the bornologic 
topology is the strongest. ) 

Let Jf be any convex set in O’ which swallows every bounded set in 
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; we have to show that WM is a neighborhood of zero for A. For each 
+, ky, the set 


oO’ 
ky, ke, 
is bounded in O’; thus, we can find a D,,x,---%, > 0 with 


Let us define the function H on C as follows: We choose a strictly 
increasing sequence #;, of non-negative numbers, with 8B. —0, and a sequence 
of non-negative numbers d;, such that d. —0, d, > 0 for k > 0, dk + Bi < Brn 
for all k, and 


whenever | y;|=d;+ 8; for all 7. We call aj,x,---x, the region defined by 
the relations 


(78) ten? S | 21 | S Ben din S | 2n | S 
Next, set 


The definition of H is completed by requiring that H be continuous and 
monotonic. 

It is clear from (77) and (78) that H satisfies (72). Thus, the set 
N of P€O’ for which | P(z)| = H(z) is a neighborhood of zero for ; 
we claim NC WM. For, write P€ N in the form 


Given any n-tuple of non-negative integers (1,,1.,---,l,), we can find 
positive numbers 4,,4),° °°, such that the n-chain = defined by: 


| | = | Z2 | | Zn | = MQ, lies in Ins 


nm 


By Cauchy’s formula 


we may write® 


ly J P (2) /2; lett. dy, 


Thus, since | P(z)| = H(z) for all z, 


by (79). Thus, by (75) and (76), we have 


0 


( 

f 

t 

0 

( 

| 

0 
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Since M is convex, we have P€ M; thus, N C M which shows that A is 


bornologic. 
In the course of the proof of Theorem 14 we have shown 


Proposition 13. O is bornologic. 


By the method of proof of Theorem 8 (except that we use Lemma 3 
of [2], p. 890 instead of Theorem 5 of [4], p. 317) we deduce 


THEOREM 15. For any polynomial P, PG—>G is a continuous linear 
map of PO’ onto O’. 


We obtain easily 


Corottary. For each WE ©’, W*U-—U is a continuous linear map 
of W* onto 


THEOREM 16. For any 


Remark. Theorem 16 may also be derived easily from Theorem 1 of 
[4], p. 322 by use of certain onto-theorems for Frechet spaces (see [1]). 


7. General remarks. 


1. The methods used in Section 5 may be extended to other spaces 
for which the Fourier transform gives rise to entire functions. Suppose 
that A is a set and, for each X€ A we are given a pair of functions gy, y 
which are conjugate in the sense of Young (see [15]). Then, under suitable 
conditions, if we define the space 2 as consisting of all entire functions f 
on C such that 


(81) f(z) =O[exp(¢,(z))] for all AEA 

with the topology defined by means of the semi-norms 

(82) ox(f) sap | exp(— (s)) 

then we find that the space of all entire functions G on C such that 
(83) G(z) =Ol[exp(y(z))] for some AE A 


turns out to be the space Qs’ which is the Fourier transform of the dual 
of Qe’. The topology of Qs’ may be studied by means of the methods of 
Sections 4, 5, and 6, and we may also study the division problem in Qs. 
The methods of Sections 4, 5, 6 may also be extended to other kinds 
of spaces, e.g. the space @ of functions analytic at the origin. (The topology 
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of @ is defined in a natural manner in [7].) In this case, the Fourier 
transform B’ of the dual space is the space of all entire functions G@ such 
that 

(84) G(z) =Ol[exp(e|z|)] for every «> 0. 


We can establish the analog of the theorems of Sections 4, 5, 6 for B. 

By taking other subspaces of ©) we obtain interesting classes of spaces 
of entire functions of order =1. These spaces are, in general, not Frechet 
spaces, so we cannot use the onto-theorems of [1] to prove the analog of 
Theorems 9, 13, and 16, but we must use the methods of proof of these 


theorems as given in this paper. 


2. The results of Sections 2 and 3 can also be extended to other spaces, 
For example, the space Dy which is the space of continuous linear maps 
of D’ into D with the compact-open topology (see my paper, “On the 
theory of kernels of Schwartz,” to appear in Proceedings of the American 
Mathematical Society). The elements of Dy are the indefinitely differen- 
tiable functions of compact carrier on R X R; the topology of Dy is described 
as follows: For each integer 1=0 we choose a finite sequence of differential 


operators Q,',Q2',- - -,Q4, on & and a number b;>0. Then we consider 
the set N of all f€ Dy such that, if (7, y)E RXR, |x| Zh, |y| Zh, 
(85) | (x,y) S bib, 

for k ~1,2,- - -,1,;, k’ =1,2,- - -,1.;, where means that the operator 


Q;' operates on x, and Q,-,2"2 is defined similarly for y. 

The topology of the Fourier transform Dy of Dy may be described in 
a manner similar to that in Theorem 1, except that the regions T' which 
appeared there have to be replaced by regions of the form Tt x Ty’. 


3. The question remains as to what is the most general distrilution 
of compact carrier W for which W* D’ =D’, or We E=€E. We are led to 
a class of distributions whose Fourier transform is “slowly decreasing.” 
This question will be dealt with in a future paper. (See ‘ Completely 
inversible operators,” Proceedings of the National Academy of Science, vol. 41 
(1955), pp. 945-946.) 


4. We have, in this paper, been concerned solely with complex-valued 
functions. It is also possible to define analogues of the spaces considered in 
this paper for vector-valued functions. The Fourier transform is defined 
as in [5]. There is no essential difficulty in describing the Fourier transform 
of the dual spaces in any case except for the analog of the space D. A 
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description of the Fourier transform of this space in general, and even in 


certain particular cases seems to be extremely difficult. 


5. The question naturally arises as to what extent the results of this 
paper can be extended to an arbitrary Lie group @ in place of & or CGC. if 
G is compact, the results are very simple to obtain. The next “attackable” 
case is for G semi-simple. The methods of the author and F. I. Mautner 
(see “ Some properties of the Fourier transform on semi-simple Lie groups I,” 
Annals of Mathematics, vol. 61 (1955), pp. 406-439; see also the sequel to 
that paper which is forthcoming) together with the methods of this paper 
apply to certain semi-simple Lie groups. The case of the general. or solvable, 
Lie group seems to be very difficult. 
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CHARACTERISTIC LINEAR SYSTEMS OF COMPLETE 
CONTINUOUS SYSTEMS.* 


By K. Koparra.t 


Let V be a non-singular projective variety and let 9 be a complete 
continuous system i.e, a maximal algebraic system of effective divisors D 
on V. Then, letting M be the parameter variety of 9, we have a one-to-one 
algebraic correspondence A> DD, between M and 9. Suppose that a 
member C =D, of %n is a non-singular prime divisor and that the corre- 
sponding point o is a simple point of M. Then the characteristic linear 
system of 9m on C can be defined in a well known manner.’ Roughly speaking. 
the characteristic linear system of 9m on C is the set of all divisors D,-C on 
C cut out by divisors D, belonging to 9m which are infinitely near to C = D,. 
The main purpose of the present paper is to establish the completeness of the 
characteristic linear system? of In on C under an additional restriction ° 
on C. Let Q(C) be the sheaf over V of germs of meromorphic functions 
which are multiples of —C and denote by H'(V,Q(C)) the first cohomology 
group of V with coefficients in Q(C’). Then our main results can be stated 
as follows: 


THEOREM.’ Let C be a non-singular prime divisor belonging to a com- 
plete continuous system In of effective divisors on a non-singular projective 
variety V. If C satisfies the condition 


(a) H*(V,9(C)) =0, 


* Received February 14, 1956. 

7 This work was supported by a research project at Princeton University sponsored 
by the Office of Ordnance Research, U. S. Army. 

1See Zariski [19], p. 78. 

* For classical results concerning complete continuous systems of curves on algebraic 
surfaces, see Zariski [19], Chap. V. 

’ Zappa has exhibited an example of a complete continuous system of curves on an 
algebraic surface whose characteristic linear system on its general member is incomplete. 
It is therefore necessary to impose some additional restrictions on C in order to exclude 
such exceptional cases. See Zappa [20]. 

*In case V is an algebraic surface, this theorem reduces to a special case of a 
theorem of Severi to the effect that the characteristic linear system of 9p on C is 


complete if | C| is “semi-regular.” See Severi [17]. 
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then C corresponds to a simple point of the canonical parameter variety M 
of In and the characteristic linear system of In on C ts complete. Moreover, 
the complete continuous system In containing C is uniquely determined by C. 


Let K be the canonical divisor on V. Then it can be shown that C 
satisfies the condition (a) tf 


(c’) |m(C—K)| is ample® for sufficiently large integer m. 


Hence it is a corollary of the above theorem that the characteristic linear 
system of the complete continuous system 9% on its member C is complete 
if C belongs to the adjoint system | K + Z| of a system | #| whose multiple 
|mE| is ample for a sufficiently large integer® m. 

We note that we are concerned with the classical case i.e. the case in 
which the varieties are defined over the field of complex numbers. In case 
the ground field is of characteristic p40, the theorem of the completeness 
of the characteristic linear systems of complete continuous systems is false, 


as was shown recently by J. Igusa-? 


1. Preliminaries.* Let V be a non-singular algebraic variety of com- 
plex dimension » imbedded in a projective space. By a complex line bundle 
F over V we shall mean an analytic fibre bundle over V whose fibre is a 
complex line € and whose structure group is the multiplicative group C* of 
complex numbers acting on C. The bundle /’ may be described as follows: 
Let {U;} be a sufficiently fine finite covering of V and let a be the canonical 
projection of F onto V. Then the inverse image 21*(U;) has a prod- 
uct structure: m?(U;) =U;XC, and (2,¢;)€U;XC is identical with 
(2.0) € € if and only if 6; -&, where fj,(z) is a non-vanishing 
holomorphic function defined in U;M U;. Under these circumstances, we 
say that the bundle F is defined by the system {fj} of the transition functions 
fin: =fix(z), and we call ¢; the fibre coordinate of the point (2,¢;) on F over 
the neighborhood U;. We identify two complex line bundles which are 


* We say that a complete linear system | Z| on V is ample if | #| coincides with 
the system of section of V cut out by hyperplanes in one of its ambient projective spaces, 

° This special case of our main theorem has been announced by the author at the 
International Congress of Mathematicians 1954. Under the stronger assumption that 
|C'| is sufficiently ample, the author has proved the completeness of 9p, on C by means 
of the theory of harmonic integrals. See Kodaira [8], § 11. 

*TIgusa [7a]. 

*In this Section we give a brief summary of some known results concerning complex 
line bundles and analytic sheaves. Cf. Kodaira [9], [10], Kodaira and Spencer [12], 
[13]. 
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analytically equivalent. For any pair of bundles HZ, F' determined respec- 
tively by {ej}, {fix}, we define the sum H+ F to be the bundle determined 
by {ej:-fix}. Then the set §—{F} of all complex line bundles over V 
forms an additive group. 

For any divisor D on V defined in each U; by a local meromorphic 
function R;(D) = R;(z;D), we denote by [D] the line bundle over V defined 
by the system {f,(D)} of the functions fj,(D) =R;(D)/R,(D). It is 
obvious that [D] coincides with [D’] if and only if D is linearly equivalent 
to D’. Given a bundle F€ %, the set of all effective divisors D satisfying 
[D|] =F forms therefore a complete linear system on V. We denote this 
complete linear system by the symbol |F'|. Obviously |[D]| coincides 
with |D|. In view of this, we write moreover |D+F'| for |[D] + F|. 

We denote by ['(F) the linear space consisting of all holomorphic 
sections of F over V. A holomorphic section ¢€T(F) is, by definition, a 
holomorphic mapping z—>¢(z) of V into F satisfying 7¢(z) =z. Letting 
$;(z) be the fibre coordinate of ¢(z) over U;, we infer from ¢;(z) = fjx.(z)¢x(2) 
that the divisor (¢;) of the holomorphic function ¢;(z) coincides with the 
divisor (¢,) of ¢.(z) in U;N U;. Hence we may define the divisor (¢) of 
the section » by setting (¢) = (¢;) on each U;, provided that ¢~0. As 
one readily infers, the complete linear system | F'| consists of all divisors 
D=(¢), ¢€T(F): 

(1.1) |= {(¢)| ¢€T(F), 4}. 


Obviously (y) coincides with (¢) if and only if p=c-¢, c€C*. Conse- 
quently we obtain 
(1. 2) dim | F | =dimT(F) —1. 


By the characteristic class c(F) of a complex line bundle F' over V 
we shall mean the characteristic class of the principal bundle associated 
with F. The characteristic class c(/’) is an element of the second cohomology 
group H*(V,Z) of V with coefficients in the integers Z. Let R be the 
reals. For any element c€ H*(V,Z) we denote by cz the element of H77(V,R) 
corresponding to ¢ under the homomorphism H?(V,Z)— H?(V,R) induced 
by the inclusion map Z—>R. In view of deRham’s theorem, cr can be 


regarded as a class of closed real 2-forms on V. 


THEOREM 1.1.° Let F be the complex line bundle over V defined by 
a system {fj} of transition functions fy, with respect to a covering {Uj}, 


® Kodaira [10], p. 1271, Lemma. 
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and let {a;} be a system of positive functions a; defined respectively on Uj; 
satisfying fix im Uy. Then y= (+)00loga; is a closed real 
(1,1)-form on V belonging to the characteristic class cr(F) of the bundle F. 


We say that a real (1,1)-form y=1} yog(2, Z)dzadig on V is positive 
and write y>0O if the Hermitian form 3 yeg(z,2Z)uUetig in n variables 
Uy," °°, Un is positive definite at each point z on V. Moreover, we say that 
a cohomology class c€ H*(V,Z) is positive and write c>0 if cr contains 
a closed real (1,1)-form y>0. By the canonical bundle K over V we 
shall mean the complex line bundle of (n,0)-forms over V, where n is the 
dimension of V. Now we denote by Q(F) the sheaf of germs of holomorphic 
sections of the bundle F’. Then we have 


THEOREM 1.2.1° The cohomology group H4(V,Q(F)) vanishes for q=1 
if the characteristic class c(F —K) of F—K 1s positive. 


We say that a complete linear system | D| on V is ample if there exists 
an ambient projective space G of V such that | D| coincides with the system 
of all sections of V cut out by the hyperplanes in G- 


THEOREM 1.3.71 There exists on V a real (1,1)-form yo such that the 
complete linear system | F'| is ample for any complex line bundle F whose 
characteristic class cr(F) contains a closed real (1,1)-form y > yo. 


Combining this with the obvious fact that c(F) is positive if | F'| is 
ample, we infer that the characteristic class c(F) of F ts positive 1f and only 
if the complete linear system |mF| is ample for sufficiently large positive 
integer m. 

Let %{ be the linear space over C consisting of all simple differentials 
of the first kind on V. The first cohomology group H*(V,2Z) is free abelian. 
Let {b,,- - Beg} be a base of H1(V,Z). Then, for each there 
exists one and only one element 6, of % such that 


(1.3) (Br—Br) 


for any integral 1-cycle Z on V. Clearly {B1,- *,Beq} forms a 
base of {{ with respect to the reals R. We denote by 6 the discrete subgroup 
of % generated by Now let be the subgroup of % 


1° Kodaira [11], Theorem 3. 
11 Kodaira [11], Theorem 3. 
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consisting of all complex lines bundles P with c(P) 0. Then we have 


the exact sequence *” 
(1.4) 0+ —> 


where « denotes the inclusion map. The homomorphism p is described 
explicitly as follows: For @€ %, the image P—p(d) is the complex line 
bundle over V defined with respect to the covering {Uj} by the system {xj} 
of the constants 


2(k) 
(1.5) kj, = a, 
. . . z(k) 
where z(j) is a point in U; and denotes the integral along a smooth 


curve in U;U U;, combining z(j) with z(&). The canonical complex struc- 
ture on $8 is obtained by identifying 8 with the complex torus 2/5 by means 
of the isomorphism %/) = 8 induced by p. The complex manifold $ = %/5 
is called the Picard variety attached to V. It is well known that the Picard 
variety B is an algebraic variety imbedded in a projective space-1* 


2. Construction of a complex line bundle. We form the product variety 
V X 8 and denote for any point P¢€ 8 the mapping z— (z,P) of V into 
V X88 by rp. In this Section we construct a complex line bundle = over 
V X% such that, for each complex line bundle P€ %, the bundle rp*(=) 
over V induced by the mapping rp coincides with P: rp*(Z) =P. 

Let M be a compact complex manifold, WM the universal covering of M, 
and let A be the covering transformation group of M with respect to M. 
Moreover, let f(2,7), 2€ Jf, r€ A, be a non-vanishing complex-valued func- 
tion which is holomorphic in Z and satisfies 


(2.1) f(2,0r) = f(r2.0) -f(Z,7), o, TEA. 
Then, defining for each r€ A an analytic automorphism T(r) of the product 
variety MXC by 
(2.2 T(r): (2,6) (72, f(4,7)€), 
we infer readily that T (or!) = for o,7€ A. Thus 

T (A) ={T(r)|7€ A} 


12 Kodaira and Spencer [12], p. 871. 
13 Lefschetz [15], pp. 364-370; see also Kodaira [11], p. 40. 
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forms a discontinuous group of analytic automorphisms of M XC which is 
isomorphic to A, and the factor space F —M X C/T(A) is a complex mani- 
fold (without singularities). Obviously each automorphism 7'(r) commutes 
with the canonical projection 7: (2,¢)>2 of MXC onto M. Hence x 
induces a holomorphic mapping z of F onto M — M/A, and moreover, for a 
sufficiently small open subset UC M, the inverse image w*(U) has a 
canonical product structure +1(U) =U XC. Thus we infer that F is a 
complex line bundle** over M. 

We remark that a system {f;,} of transition functions defining the bundle 
F can be obtained in the following manner: Denote by @ the canonical pro- 
jection of M onto M. Letting {U;} be a finite covering of M by sufficiently 
small “spherical” neighborhoods U;, we take, for each U;, a spherical neigh- 
borhood 0; on M which is mapped by @w homeomorphically onto U;, and 
denote by @; the restriction of @ to U; Then, for each pair (j,4) such 
that U; U;, is not empty, the mapping defined on 1(U;j) 
coincides with an element rj, of A: 


Dj Wr = Tjky on U;, Nn ( U;) 
Now, setting 
(2.3) fix (2) = tx), for z€ U;, 


we infer readily that {fj,(z)} is a system of transition functions defining 
the complex line bundle F=MXC/T(A). In fact, denote by [2,¢] the 
point on F’ corresponding to (2,£) € MXC. Then each point y on the fibre 
m1(z), 2€ U;, can be written uniquely in the form »—[@;7(z),¢;]. Thus 
we may use ¢; as the fibre coordinate of » over U;- Now, in view of (2.2), 
we have 


(2), = (2), f (z), Se] 
and therefore, by (2.3), 
(2), fx] fin(z) Lc] for z€ U; Ux. 


This proves that the law of transition of fibre coordinates is given by 


Ci = fin (2) 
LemMA 2.1. Let a(Z) bea positive function of class C® on M satisfying 


(2. 4) a(r2) =| f(4,r) |? -a(2), TEA. 


** For the general theory of invariant complex line bundles over complex manifolds 
with discontinuous groups of analytic automorphisms, see Baily [1], [2]. 
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Then the closed real (1,1)-form y= (+) 40 log a(2) is invariant under A. 
Moreover, considered as a closed real (1, 1) -form on M=M/a, y belongs to 
the characteristic class cr(F) of the bundle F. 


Proof. It is obvious that y is invariant under A. Now setting 
a;(z) =a(@j*(z)), z€ U;, 
we infer from (2.3) and (2.4) that 
a;(z) =| fix (2) |? ax (2), 2€U;N Ui, 


while we have y= (£)00 log a;(z). Hence, by Theorem 1.1, y belongs to 
Cr(F), q.e.d. 

In order to construct the complex line bundle =, we apply the above 
procedure to the product manifold JJ —V x. Denote by V the universal 
covering of V, by @ the covering transformation group of V with respect to 
V, and by @ the canonical projection of V onto V. Then, since $$ = 9/9, the 
universal covering M of M=V is given by M =V and the covering 
transformation group A of M is given by A=@ Ob. Letting 6 be a point 
on V fixed once and for all and denoting by C(6,2) an oriented continuous 
curve combining 6 with 2, where Zz is a point on V, we associate with each 
element g€ G the closed continuous curve C(g) = @C(6,g6) on V. As is 
well known, g-—>C(g) induces an isomorphism of G onto the fundamental 
group of V. Now we set 


1(,439,8) expt (¢-+8) + f° 


where (2,a%) € (9; s)eG~x b=A and where w*8 is the holo- 
morphic 1-form on V induced by 8=8. The non-vanishing function 
f(2,%39,8) is obviously holomorphic in (2,4). Moreover f (2, &39,8) satisfies 
the relation (2.1). In fact, we have 


f(h2,% +; 9,8) (2, 45h, €) 
—exp( ( (@+243 *§ Ke 
foo +f (a+ +f, we) 


where hE G, €€ b, while, since § has the form => m,8,, m,€ Z, we get, 
using (1.3), 


\. 
0 
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(5—8) — (Br — Br) = 2ni m,b,[C (h) 
(h) 2 C(h) C(h) 
where S&m,b,[C(h)] is a rational integer. Hence we obtain 
(2, 2) =f (4,45 gh,3 +2). 


Letting 7'(g,8) be the analytic automorphism of C defined 
by 


T (9,8) : (4, £) > (92,4 +8, f (4, 39,8) 8), 


we infer therefore that 7(@ = {T (9,8) | g€ G, d} is a discontinuous 
group of analytic automorphisms of VX %XC and that the factor space 


==—V XC/T(G xX >) 
is a complex line bundle over V X $= vx 1/4 x d. 


In order to show that the induced bundle rp*(=) over V coincides with 
P, we take an element such that p(@) =P. Then we have 


rp*(H) =V X&XC/T(GX0). 
sy the canonical identification V V <C, each automorphism 


T (9,0) is reduced to 


T(g): (92,f(49) 


where f (2,9) =f (2,439, 0) = exp Tog Thus the bundle rp*(=) is repre- 
9 

sented in the form rp*(=) =V XC/T(G). Now take a finite covering {U;} 

of V by sufficiently small spherical neighborhoods U;. To find a system 

{fix(z)} of transition functions defining the bundle rp*(Z) with respect to 

{U;}, we apply the formula (2.3) to rp*(Z), Then, letting w; have the 

same meaning as in (2.3), we get 


C(94x) 


Where g),= @;!@, on @,1(U;). Take a point z(j) in each Uj; and set 
:(j]) =@,1(z(j)). Then we have 


om { + + f+ }o*a. 
 C(95K) hg 1{2) 2(k) 


) 
| 
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Setting «x; exp we obtain therefore 
é 


(k) 


(2.5) fin (2) = * exp 


Comparing this with (1.5), we infer that the complex line bundle rp*(z) 
coincides with P (up to an analytic equivalence). 

The characteristic class of the complex line bundle = can be easily 
obtained with the help of the above Lemma 2.1. Letting {4,d,-- ,d,} 
be a base of 9 with respect to C, we write & in the form 


and use (t,,t.,- - -,t,) as the “local coordinate” of the point P =p(2). 
Setting 
a(Z,%) (a+), 


we get by a simple computation 
- qd 
00 log a(z,%) = > {a, A di,— 4, A dt,}, 
p=1 


while, since the positive function a(2,@) satisfies 
a(g2,4+8) =| f (2,45 9,8) |?a(2, 4), 
we infer from the above Lemma 2.1 that (£) 40 log a(Z,@) belongs to cr(=). 


Thus, the characteristic class cr(=) of = is represented by the closed real 
(1, 1)-form 


(2.6) (4) S{a, A dl, A dt,}. 


3. Complete continuous systems. Let 3d —{D} be a set of effective 
divisors D on V and let A be a non-singular projective variety. A map 
A— D, of A onto & is called analytic’ if there exists on V X A an effective 
divisor D which cuts out on each subvariety V XA the divisor D, X X: 


D-(V KA) XA. 


Clearly the image 3 of A by an analytic map is an irreducible alegbraic 
system, i.e., a continuous system in the sense of Italian geometers. Now, 


if there exists a one-to-one analytic map A—> D, of A onto 3, then we say 
that the algebraic system 3 is parametrized*® by A and moreover we call 


15 Chow [4], p. 897. 
16 Weil [18], p. 881. 
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A the parameter variety of 3. We note that the parameter variety A of 3 
is determined uniquely up to a bi-regular equivalence. In fact, given another 
non-singular projective variety A’ and a one-to-one analytic map ’—> Dy; 
of A’ onto 3, we observe the one-to-one correspondence A>’ between A 
and A’ defined by D, =D). As was shown by A. Weil,’ this correspondence 
j—> is analytic in the sense that the graph of the mapping A—>1’ is an 
analytic subvariety of the product variety A X A’, while any one-to-one analytic 
correspondence between two non-singular varieties is a bi-regular mapping.*® 
Thus, we infer that A’ is bi-regularly equivalent to’® A. 

Given a divisor D, on V, such that | D,.| is not empty, we consider the 
set 6={D|D~D,,D > 0} consisting of all effective divisors D~ D, on 
V, where ~ denotes the homology with coefficients in the integers Z. In 
this Section we shall prove that, in case the characteristic class c([D.]— XK) 
of [Do] —X is positive, K being the canonical bundle over V, the set @ 
is an algebraic system parametrized by a non-singular projective variety. 

We set # —[D,]. Since the characteristic class c([D]) of [D] is equal 
to the dual of the homology class of the (2n— 2)-cycle D on V, the homology 
D~ D, holds if and only if [D] —F€ §, while, setting [D] —H =P, D is 
E+ P|. We infer therefore that 


effective if and only if D belongs to 
(3.1) 6=U|E£E+P|. 


Since $8 is a non-singular algebraic variety imbedded in a projective 
space, there exists a complex line bundle ©, over §$ such that cr(€;) 
contains a closed positive (1,1)-form wo. Let G€—m€,, where m is a 
sufficiently large positive integer. € and H induce complex line bundles 
over V X $ in an obvious manner which will be denoted by the same symbols 
€ and FL, respectively. Letting = be the complex line bundle over V KX $ 
defined in Section 2, we form the sum 


(3. 2) F=EH+2=+6, on VX &. 


17 Weil [18], p. 883. 

*® For the foundations of algebroid geometry, see Chow [6]. 

1° This can be verified also in the following manner: Let #(D)) be the Chow coordi- 
nate of the divisor D,. w(D)) may be taken as a point in a projective space ¥ and 
4 2(D)) is a one-to-one mapping of A into ¥. Moreover the mapping \—> #(D)) is 
regular (see Chow [4], p. 897). It follows that the mapping \—> 2’ is regular except 
possibly a bunch of proper subvarieties of A, while \— 2’ is obviously continuous. 
Hence, by a theorem of Bochner and Martin, the mapping \— 0’ is everywhere regular 
on A (see Bochner and Martin [3], p. 173). 
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Then the bundle rp*(F') over V induced by the mapping rp: z— (z, P) of 
V into V * $ has the form 


(3.3) rp*(F) =E +P, 


since rp*(=) is equal to P. It follows that rp induces a homomorphism rp* 
of into P) in a canonical manner. 


Lemma 3.1. The homomorphism rp* maps T(F) onto T( H+ P): 
(3.4) rpe*T(F) =T(#+P). 


Proof. We form the quadratic transform B= op(P) of %, where op 
denotes the quadratic transformation *® with the center P. We note that 
S=op(P) is (bi-regularly equivalent to) a projective space of dimension 
q—1, 7 being the dimension of %, and that op is a regular map of ¥ onto 
% which is bi-regular between %—S and S—P. We denote by Np the 
regular map of V X % onto V X $ induced by op in a canonical manner. 
Obviously Np is the “monoidal transformation” defined by 


Nep*: (2,0) > (2, or(Q)), 


where Q denotes a “variable” point on %. Now let 7 be the inclusion map 
of VS into V X $ and let I be the canonical projection of V * S onto 
V. Then we have the commutative diagram 


V 


t tT 
(3.5) Np Il 


VX 
Let # = Np*(F) be the induced bundle over V X and let Fyxg = i* (F) 
be the restriction of F to VS. Then, since rp*(F) =H+P by (3.3), 
we infer from (3.5) that 
(3.6) + P) = Fyxs. 
Moreover we obtain the commutative diagram 


rp* 


T(E +P) 


(3. 7) Np* | | 


———> (Fyxs), 


2° For elementary properties of quadratic transformations, see Kodaira [11], §2: 
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on 
sa 
isc 
sh 
(3 
W 
TI 
fo 
Sl 
to 
fo 
in 
he 
ca 
bu 
th 
= 
(: 
wl 
in 


CHARACTERISTIC LINEAR SYSTEMS. (27 


where Np*, Il*, i* denote the homomorphisms induced by Np, II, 1, respec- 
tively. In this diagram (3.7), Np* and II* are both tsomorphisms onto. 
In fact, it is obvious by (3.6) that II* maps '(#-+ P) isomorphically onto 
r(Frxs)- Np* is clearly an isomorphism of into T(F). Take an arbi- 
trary section y€ T'(F'). Then, since Vp is a biregular map of VK B—V XS 
onto VX 8—VXP, there exists a holomorphic section ¢’ of F over 
VX%—V XP such that Np*¢’=y on V X By virtue of a 
theorem of Hartogs, ¢’ can be extended to ¢€T(F). This extension ¢ 
satisfies obviously Np*¢—=y on VX. Thus we see that Np* maps T'(F) 
isomorhpically onto T(F). To prove our lemma, it is therefore sufficient to 
show that 

(3.8) i*T(F) =T(Fyxs). 


We observe the exact sequence 
0(F —[V X 8]) 3 0(F) > 0. 


The exact cohomology sequence corresponding to this can be written in the 
form 
— (Frxs) > K $,0(F—[V X8]))>::- 


since the homomorphism r*yxg: > (Fyxs) coincides with i*. In order 
to show (3.8), it is therefore sufficient to prove that 


(3.9) H(V X Xx 8])) =0. 


For simplicity’s sake we use the following abbreviations: Let M, N be 
complex manifolds. Given a complex line bundle B [or a form y] on M, 
we denote by the same symbol B [or y] simultaneously the bundle [or the 
form] on the product space M X WN induced by B [or y] in an obvious manner. 
For example we mean by the bundle K over V X § the bundle over V XK $ 
induced by the canonical bundle K over V. Now we prove (3.9) with the 
help of Theorem 1.2. Since the canonical bundle over $8 is trivial, the 
canonical bundle over is equal? to (¢q—1)[S]. Hence the canonical 
bundle R over VX is given by R=K+(q—1)[VXS]. We have 
therefore 


(3.10) F—[V X 8] €—d[V x8], 


where = — Vp*(=). = Np*(E). Setting m=—m’+m”, we decompose 


in the right hand side of (3.10) into two parts: 


** Kodaira [11], p. 31. 
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By hypothesis crg(/—K) contains a closed positive (1,1)-form y on J, 
We have therefore 
©’) 3y+é+ on V X§, 


where € is the form defined by (2.6) belonging to cr(Z). Clearly the 
restriction yxq of € to V XQ vanishes for each point Q€ $, while o is 
positive on $$. Hence we get 


yté+tm’o> 0. on VX §, 


provided that m’ is sufficiently large. On the other hand, ce(€” —gq[S]) 
contains a closed positive (1,1)-form*? p” on %, provided that m” is sufi 
ciently large, where ©” = op(&”) is the bundle over induced by ©” = 
Setting p=y+é-+m’o on V X §, we therefore infer from (3.10) that 


cr(F—[V X 8] > pte", on VX§, 


where p=Np*(p). To show that p+ p” is positive on V X %, we observe 
that 
v: (2,9) (z,2,@), =op*(Q), 


is a bi-regular map of VX into VX® XM, where (z,Q) denotes a 


“variable” point on V Since p or p” is positive on V X or the 
sum p-+p” is positive on VX BX, while p+ p”—W*(p+p”). Conse- 
quently p-+p” is positive on V X98. Thus we see that 


cr(F—[V X 8] —&)>0, on 


and therefore, by using Theorem 1.2, we obtain (3.9), q.e.d. 


LEMMA 3.2.78 Let B be an arbitrary complex line bundle over V and 
let Q be a member of %. Then we have 


(3.11) lim sup dim’(B+ P) =dimr(B+@Q) as 


€ 


where P is a “variable” member of &. 


Proof. Take a sufficiently fine covering {U;} of V. Then the complex 
line bundle P is defined by the system {xj} of the constants 


Kj]; == exp 
2(j) 


*? Kodaira [11], p. 31, Lemma 1. 

°° This lemma is reduced to a special case of a theorem of Kodaira and Spencer 
concerning semi-continuity of the dimensions of cohomologies. See Kodaira and Spencer 
[14], p- 15. We give here a simplified version of their proof for this special case. 
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where & is an element of % such that p(@) =P (see (1.5)). The system 
{xx} defines an analytically trivial bundle, since 


— 2)/fe(2), where f,(s) f 


Hence we may replace by the system of constants = Kj,/xjx With 
\0;,|= 1. Now let {bj,(z)} be the system of transition functions defining 
the bundle B and let {a;(z)} be the system of functions a;(z)>0 of class 
on U; such that a;(z) =| bj. (z)|?ax(z) in U;N Uy. For any section 
$:2—>(z) belonging to T(B+P), the fibre coordinates ¢;(z) of $(z) 
satisfy 

= (2) Ox (2), in U;N Ux, 


and therefore a;(z)~? | ¢;(z)!* = axz(z) | Hence we may define the 


inner product 
(8,8) ay(2)*4/ (2) 47, for +P), 
where dV denotes the invariant volume element on V. Now let 
as P>Q. 


Then there exists a sequence P;,P2,---+,Pm,:-°- with limP,z—@Q such 
that dimr(B+P,,)=1 for m=1,2,---. We take with 
p(am) = Pm, p(&.) in such a way that 4, for m—>o, and denote 
by Oj." the 6; corresponding to %». Moreover we form a base 


of each T(B+ P,,) satisfying (4), 8), We have 


| (z) |? dV = (py), dy) 1. 


4 


There exists therefore a subsequence ** of +, -} which 
converges uniformly on each compact subset of U;. Consequently, by a suit- 
able choice of the sequence {P,}, we may assume that, as m—>oo, the limit 
= lim (z) exists and represents a holomorphic function on Uj. 
Since 

(2) = (2) Oj box (2), in Ui, 
we have 

prj (2) = (2) (Z), in U;N Ui, 


*4 Bochner and Martin [3], pp. 116-118. 
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where = lim is the corresponding to This shows that 
$yj(z) represents the fibre coordinate over U; of a section ¢,€T(B+(Q), 
Moreover we have 


(dr, dy) = lim 


m-> 


Thus we infer that [(B+Q) contains / linearly independent elements 
$i," and therefore we obtain (3.11). 


LemMA 3.3. The dimension of T(H+P) ws independent of PE, 
provided that c(E —K) is positive on V. 


Proof. Take an arbitrary point Q€ and set dimr(#+Q) =d+1. 
We readily infer from the above Lemma 3.1 that 


(3. 12) lim inf dimt(#+ P)=d+1 as 


In fact, since every element ¢ of T(#+@Q) can be written in the form 
yET(F), there exist d+ 1 elements of such 
that re* Wo, are linearly independent. It follows that d+ 1 
elements rp* Wo, °°, of T(H+P) are linearly independent if 
P lies in a sufficiently small neighborhood of Q. Hence we obtain the 
inequality (3.12). Now, comparing (3.12) with (3.11), we infer imme- 
diately that the integer-valued function dimf(#+P) in P reduces to a 
constant, q.e. d. 

By means of the above Lemmas 3.1 and 3.3 we define an analytic bundle 
structure on the set sie dea ak in the following manner: First we 

€ 


define the projection 7: by r(¢)=—P for ¢€T(L+P). Given 
a point we take d+1 elements such that 
re* Wo; Te*W1,° form a base of where 
This is possible because of Lemma 3.1. Obviously rp*yo,- - -, rpe* € +P) 
are linearly independent if 7 lies in a sufficiently small neighborhood U(Q) 
of Q, while, by Lemma 3.3, dim’(#-++ P) =d+1. Hence rp*y,- -,rp*ya 
form a base of T(#+P) for each PEU(Q). An arbitrary element 
o€ w*(ll(Q)) can therefore be written in the form 


d 
y-0 
In case  € r1(11(Q)N U(Q’)), we have two representations 


d ad 
p=0 p-0 
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where are elements of such that form 
a base of T(# + Q’). Obviously we have 


d 
(3. 14) rey = (LP) 
and therefore 
d 
(3.15) by’ == 
p=0 


where the coefficients ®,,(P) are holomorphic functions of P€ U(Q)N U(Q’) 
and det (@,,(P))~0. Now we define the bundle structure on @ by 
assigning, for each Q € $8, the product structure on + *(11(Q)) induced by the 


one-to-one correspondence 


d 
Gate *s fa) o=> by rp* Wy 


between 11(Q) & Ca. and w1(U(Q)). It follows from (3.13) and (3.15) 
that the bundle @ thus defined is an analytic fibre bundle over $8 whose fibre 
is the complex vector space Cy,, and whose structure group is the general 
linear group GL(d+1,C). 

Now replacing each fibre Ca,, of @ by the corresponding projective space 
Si, we derive from @ a projective bundle A over $8. More precisely, we first 
from the product space U(Q) X Ga for each point Q€ $%, and then we derive 
the bundle A from the collection of the product spaces 1(Q)XK Ga, QE, 
by identifying (P,£) €1(Q) X Ga with (P, € 11(Q’) Ga if and only if 


d 
(3. 16) = Our (P) by, k~0, 


Where -,fa) and - -,fa’) denote the homogeneous coordinates 
of £ and &’, respectively. The projective bundle A over $ is a non-singular 
projective variety,** since the base space $$ is a non-singular projective variety. 
Let B* be the subspace of @ obtained by deleting the origin (0,- - -,0) of 
each fibre C;,, of @. Then we have the canonical mapping 


of B* onto A, where ¢ is the point in Gq with the homogeneous coordinate 
Since the divisor D=(¢) of 6=D&rp*y, is determined 
uniquely by A(¢) = (P,¢), we set 


(3.17) D, (¢), for A=A(¢). 


°° Kodaira [11], p. 42, Theorem 8. 
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In view of (3.1), the mapping ¢—> D = (¢) maps onto U |£+P|, 

and moreover we have (¢’) = (#) if and only if A(¢’) =A(¢). Consequently 

\— Dy gives a one-to-one correspondence between A and @. Moreover the 

correspondence A> D) is algebraic, i.e., there exists an effective divisor 9 

on the product variety V X A such that 


(3.18) Dy, XA=—(V KA) for all AE A. 


This can be verified as follows: For any section y: (z,P) >y(z,P) belonging 
to I'(F), we denote by yje(z, P) the fibre coordinate of y(z,P) over U; XK U(Q). 
Moreover we denote by {fjgze(z, P)} the system of transition functions defining 
the bundle F' with respect to the covering {U; K U(Q)} of VX $B. We note 
that, for PE U(Q), the induced bundle # + P=rp*F over V is defined by 
the system {fjqxq(z,P)} with respect to the covering {U;} and that the 
mapping y—>rp*y is simply given by 


(3. 19) (re*y);(z) =Yio(z, P). 

Therefore it follows from (3.14) that 

(3. 20) via (2, P) = Our (P)W'ujo (2, P). 


Now let ©, be the open subset {| £,0} of Ga. Then 
(3. 21) (2; 2) (£,/fu) (Zz, P) where (P,£), 
is a holomorphic function of (z,A) defined on the open set 
Ujou = U0; XK U(Q)K OD, CVX A. 
Moreover, since, by (3.20), 
(2, P) = (2, P) 2 Ow (2, P) 
for 2€ U;N Ux, PE N W(Q’), we infer from (3.16) that 


(3. 22) A) = fjexe(z,P) Or (P) 
in Ujoun 


The right hand side of (3.22) is obviously a non-vanishing holomorphic 
function on Ujou 1 Uxo'y. Hence we can define an effective divisor D on 
"XA by 


D = (Ryo, ). on each Ujgu- 


GB 
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Clearly the fibre coordinate ¢;(z) of ¢6= Xf, rp*y is written in the form 
v 


= (2, A), for A= (P,£) € U(Q) X Dp. 


Hence the divisor D,=(¢) is given by D,= (Rjgu( ,A)), on Uj. This 
proves (3.18). Thus we obtain the following 


THEOREM 3.1. Let Dy be a divisor on V such that | Do| is not empty 
and let @ be the set consisting of all effective dwisors D~ Dy on V, where 
~ denotes the homology with coefficients in the integers. Assume that 


(c) —K)>0, on V, 


where K is the canonical bundle over V. Then the set @ forms an irreducible 
algebraic system of effective divisors parametrized by a non-singular pro- 
jective vairety A in the sense that there exists a one-to-one analytic map 
A> Dy, of A onto @. The parameter variety A of @ ts an analytic fibre 
bundle over the Picard variety % attached to V whose fibre is a projective 
space Sq of dimension d=dim|D,| and whose structure group is the 
projective transformation group acting on Gq. Moreover the canonical pro- 
jection p of A onto $8 ts gwen by 


p: A> p(A) = [D,— Di]. 
We note that the condition (c) in the above theorem is equivalent to 
(c’) |m(Do—X)| is ample for sufficiently large integer m. 


The complex line bundle [D] over V X A associated with the divisor D 
can be interpreted in the following manner: The subspace @* of B. is 
obviously a principal bundle over A whose structure group is C*. By replacing 
each fibre C* of B* by C, we obtain from @* a complex line bundle B 
over A. B is defined with respect to the covering {U(Q) K Oy} of A by 
the system {boue(A)} of the functions 


beue'r(A) bu/ Orr (P) Er, A= 


fence it follows from (3.22) that 
(3. 23) [D>] —=F—B, 


Where F in the right hand side denotes the complex line bundle over V K A 
induced by the bundle F over V X § in a canonical manner. 

sy a continuous system of divisors on V we shall mean an ¢trreducible 
algebraic system of effective divisors on V. We say that two effective divisors 


= 
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D and D’ on V are algebraically equivalent in the restricted sense** and 
write D ||| D’ if D and D’ belong to the same continuous system. Moreover, 
for two (not necessarily effective) divisors D, D’, we say that D and D’ 
are algebraically equivalent if there exists a divisor X on V such that 
D+X\||D’+X. It is not difficult to show that D ||| D’ implies D~ D’. 
Conversely, if D~ D’, then the strict algebraic equivalence D+ X ||| D’ +X 
holds for any divisor X with sufficiently positive characteristic class ¢(X), 
as one readily infers from Theorem 3.1. Thus we obtain a well known 
theorem *? to the effect that the algebraic equivalence for divisors on a non- 
singular projective variety coincides with the homology equivalence. A con- 
tinuous system is said to be complete if it is not contained in a larger 
continuous system. A given effective divisor does not always determine 
uniquely the complete continuous system containing it. The continuous 
system @ introduced in Theorem 3.1 is obviously complete. Moreover, @ 
is the only complete continuous system containing the given divisor D,. 


4, Characteristic linear systems of complete continuous systems. Let 
C be an effective divisor on V and let 9% be the set of all effective divisors 
X~C on V. A “canonical parametrization” of this set 9% can be intro- 
duced in the following manner**: Take a general hypersurface section L 
of V (in one of its ambient projective spaces) such that 


(4.1) c([(C-+L]—K)>0. 


Then, by Theorem 3.1, the set @ of all effective divisors D~C+L on V 
forms a complete continuous system parametrized by a projective bundle A 
over the Picard variety ¥ attached to V: 


B= {D,|A€ A}, 
where the canonical projection p of A onto $ is given by 
p: A> p(aA) = [D,— Dol, Do=C+L. 
Now, letting | > L}, we set Cy for »X€ M. Then we 


infer readily that 


(4. 2) Mm = {C, |] rA€ M}, 
while MV is a (possibly reducible) algebraic subvariety of A. Thus the one- 
*6 Zariski [19], p. 79. 


°7 Lefschetz [16], Chap. IV; see also Igusa [7], p. 16. 
°8 Weil [18], p. 887. 


Ez 
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to-one mapping AC) of M onto In gives a parametrization of 9, which 
we call the canonical parametrization of In. In what follows we denote a 
point on M by p» instead of and write p=p(X) if X—C,. 
| Lemma 4.1. Jf C,, 0o€ M, satisfies the condition 

(a) H'(V,a(C,)) 

then o=p(C,) is a simple point of M. Moreover, for a sufficiently small 
neighborhood ll of p(o) on $B, MOA p*(U) ts an analytic sub-bundle of 
AN p (UU) in the sense that, for PEU, MN p*(P) is a linear sub-variety 
of the fibre S©a—=p'(P) depending holomorphically on P. The dimension 
h of the fibre MO p*(P) is equal to dim | C,|. 


Proof. Letting B=[C,] and E=[D,|], D,x=C.+L, we observe the 
exact sequence 


0>0(B + P)>0(E +P) —>0((B+P)z) 


where P € $$ and r;, denotes the restriction map to L. From the corresponding 
exact cohomology sequence 


it follows that 
P)+ dimr((# + —d—1 dim H1(V,a(B + P)), 
where d+-1—dimT(#+P). By hypothesis dim H1(V,Q(B)) =0, while d 


is independent of P. Hence we get 


dim + P) + dim + P);) = dim + dim T'(£;). 
On the other hand, diml(B-+ P) and dim + are both upper semi- 


continuous functions in P, as Lemma 3.2 shows. Consequently, letting 
h=dim|C,|, we infer that there exists a neighborhood 1 of 0=p(o) on 
% such that 

(4.3) dim|C,+P|=h, for Pe Ul. 

It follows from (3.13) and (3.17) that, for any point 


A= (P,f) € p? =U K Se, 


the divisor D, is given by D,=(¢), ¢6= where y,(P) = 1r*pyy. 


For each point P € 11, we have therefore 


MN p*(P) = | (P,0), = 0}, 


736 K. KODAIRA. 


where y,(P),, denotes the restriction of y,(P) to L. Since 
P= Do] = [Ch — Co], for pe M, 


we have |C,+P|={C,|»¢€ MO p?(P)}. Combined with (4.3) this 
shows that dim [1 p?(P?)]—h, for P€ U. Therefore we may assume that 
are linearly independent and that 


for P€U, provided that U is sufficiently small. It follows that the linear 


d 
equation > fw,(P)1—0 is equivalent to the simultaneous equations 
y=0 
h 
y=0 
Consequently is the subset of p?*(U) =U XS, consisting of 
all points of the form 
h 
(4.5) p== (P,f), =— D Apr (P)E, Pe ii, 
v=0 
while it is easy to see that the coefficients A,r(P) determined by (4.4) are 
holomorphic functions of P. Thus MN p-(11) is an analytic sub-bundle of 
p* (Ul), q.e.d. 
The canonical parametrization of IN ts unique, i.e., it is independent 
of the choice of the auxiliary hypersurface section Z of V. In fact, take any 


general hypersurface section L* (in an arbitrary ambient projective space 
of V) satisfying (4.1) and construct the corresponding parametrization 


M {Cys | € M*}, M* C A*. 
Then the one-to-one mapping 
> Xe M 


of M onto M* is bi-regular in the sense that there exists a non-singular 
algebraic variety = and bi-regular mappings 


of A, A* into such that = XE This fact can 
be verified as follows: Consider the complete continuous system 


— {D** | D**~C +L +4 L*, D** > 0}. 


is 


nv 
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Since, by hypothesis, >c((C+L]—K)>0, the 
system @** is parametrized by a non-singular algebraic variety 3: 


6** = {Do** | € 3}. 


Letting o(D**) =o for D** =D o**, we define a one-to-one mapping ® 
of A into & by 
®: A> (A) =0(D, + L*). 


Clearly we have (A) = {o| Do** > L*}. Moreover, for each o—®(A), 
D, = Do** —L* satisfies c([D,] —K) =c([C+L]—K)>0, and there- 
fore, by Theorem 1.2, H1(V,Q(D,)) =0. Hence we infer from the above 
Lemma 4.1 that (A) is a non-singular subvariety of 3. On the other hand, 
the one-to-one mapping ® of A onto ®(A)C & is analytic.*® Consequently 
® is a bi-regular mapping *° of A into &. Similarly the mapping 


O*(A*) =o + L) 
is a bi-regular mapping of A* into 3. Moreover we have 
=o(X + L* + L) = for X€ I. 
We decompose the parameter variety M into the sum 


of irreducible components M’,M”,- - - and set MM = {C, | pe MM}. Ob- 
viously we have the corresponding decomposition 


Each component 77 is a complete continuous system, i.e., an irreducible 
algebraic system parametrized by M“™. By the dimension of the complete 
continuous system 9‘ we mean the dimension of the parameter variety M“. 

Suppose that C=C, is a non-singular prime divisor belonging to 9n’ 
and that o—,p(C) is a simple point of M’. Then the one-to-one mapping 
uC, is analytic in a neighborhood U,’ of o on M’ in the sense that there 
exists a divisor D’ on the open manifold V K VU,’ such that 


(4.6) (V Xp, Us’. 
In fact, letting {U;} be a sufficiently fine finite covering of V and letting U, 


be a neighborhood of o on A, we denote by R;(z,A) the holomorphic function 
on U;X WU, defining the divisor D which determines the mapping A—> Dy 


*° Weil [18], p. 883. 
30 See footnotes 18 and 19. 
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of A onto @. Moreover, let w;(z) be the holomorphic function on U, 
defining the divisor Z. Then, using the fact that LZ is a non-singular prime 
divisor, we infer readily that 


(4.7) Sj (2, = Bj(z, 


is a holomorphic function on U; K and that /Sx(z, 
is a non-vanishing holomorphic function on U; XK U,.’N Ui. XK WU)’, provided 
that C Hence D’ = (S;(z,)) is a well defined divisor on V X VU,’ 
Moreover (4.7) shows that for each »€ U,’, the function S;(z,) in z has 
the divisor D, —-L=C,. Consequently we obtain (4.6). We note that the 
parameter variety VU,’ of the subset {C, | w€ WU.'} of IM’ is unique in the 
following sense: Let %U* be an open complex manifold and let u*—> Cy» bea 
one-to-one analytic map of U* onto Then p*>p—p(C,s) 
is a bi-regular map of VU* onto U,’. This is an immediate consequence of 
the fact that the one-to-one mapping p*>p—p(C,y+) of U* onto VU,’ is 
analytic.** 

Now the characteristic linear system of the complete continuous system 
In’ on C may be defined as follows: We denote by (1, p2,° * *,pm) a system 
of local coordinates on M’ with the center o and, for any “tangent vector” 
U == (Uy, *,Um) Of M’ at o, we set 


m 
Iu = Uy (0/dpy). 
p=1 
Since the functions S;(z,0) vanish on C—C,, we have 


(0,8; (2, 0) de — (2, (OuS% (2, 0) Jes 


where ( )¢ denotes restriction to C. On the other hand, the complex line 
bundle B=[C]—[C,] is defined by the system {bj,(z,0)}. Hence 


du: 2—> bu(z) = (2, 


is a holomorphic section of the complex line bundle Bg over C, where 
0,S8;(z,0)c¢ stands for (0,8;(z,0))c. Obviously we have 


Li Where $,(z) = (08;(z,0) /dp»)c) 


thus ¢, depends linearly on u. We associate with each tangent vector wu such 
that ¢,40 the effective divisor C,—(¢,) on C. Then the set {C,} con- 
sisting of all such divisors C, forms a linear system contained in | Bo |. This 


31 See footnotes 18 and 19. 
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linear system {C,} is called the characteristic linear system * of IM’ on C. 
The characteristic linear system {C,} is uniquely determined by %’ and C. 
In fact, it is obvious that {C,} is uniquely determined by the divisor D’ and 
is independent of the choice of the system of local coordinates (y1,° * *,#m) 
and of the system {S;(z,u)}, while D’ is determined uniquely by the mapping 
pC, of VU,’ into I’. Hence the uniqueness of {C,} follows from the 
uniqueness of the parameter variety ©U,’ mentioned above. 


THEOREM 4.1. Let C be an effective divisor on V satisfying 
(a) H'(V,a(C)) =0. 


Then C belongs to only one complete continuous system IM’ = {C, | pe M’} 
and p(C) is a simple point of the canonical parameter variety M’ of IM’. 
The dimension of the complete continuous system IM’ is given by 


(4.8) dim In’ = dim | C | + q, 


where q is the dimension of the Picard variety % attached to V. The system 
Mn’ contains all effective divisors X ~C on V satisfying H1(V,Q(X)) =0. 
If, moreover, C is a non-singular prime divisor, then the characteristic linear 
system of In’ on C is complete. 


Proof. Let @, A, p, IM, M have the same meaning as above and let 
C=C,, o—p(C). By Lemma 4.1, there exists a neighborhood U of p(o) 
on $ such that JJM p*(U) is an analytic sub-bundle of p*(U) whose fibre 
is a linear variety of dimension h—dim|C|. It follows that there exists 
only one irreducible component, say M’ of M which meets with p-*(U) and 
that 
(4.9) p?(U) = MN p*(U). 


Hence C=C, is contained in 9n’ but not in NM, 1= 2, and o—4p»(C) is a 
simple point of M’. Moreover M’/M p*(11) is an open manifold of dimension 
h-+q and therefore we obtain (4.8). Clearly the projection p(M™) of 
each component M is an algebraic subvariety of %. Hence it follows from 
(4.9) that p(M’) = and that p(M™), 1= 2, are proper subvarieties of . 
Now, given an effective divisor X¥ ~ C satisfying H1(V,Q(X)) =0, we write 
XY=C,, ~€M. The above argument shows that the component M 3, has 
the projection p(MM) Hence coincides with M’ and therefore 
XE M’. 

** It is easy to see that our definition of characteristic linear systems coincides with 
the classical one. See Zariski [19], p. 78 
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Now, assuming that C is a non-singular prime divisor satisfying (a), 
we prove that the dimension of the characterstic linear system {C,} of 9’ 
on C is given by 
(4. 10) dim{C,,} =h + q—1, h=dim 


Obviously we may assume that 
o=p(C) = (0,1,0,- -,0) 


in p*(U) =U X Sa, where U—U(0), O—p(o). It follows from (4.5) 
that a point pE VU,’ C M’N U, is written in the form 


where 
h 
nr = — Aor(P) —S Aor (P)m, (r=h + 1,- 
y=1 


Letting for PE U, we use 


as the system of local coordinates on the neighborhood %,’ of o on M’. 
The fibre coordinate y,;(z,P) of the section y¥,(P) —rp*y, is given by 
(2, P) =Wrjo(z,P), as (3.19) shows. Letting have the same 
meaning as in Section 3, we have therefore 


(4.11) (2, P) = (2, P) (2, P). 
We infer from (4.4) that, for each y—0,1,-- -,h, 


Xo) = 2) — P)} 


is a holomorphic function on U; x U. Moreover it follows from (4.11) that 


(4.12) (2, P) == P) (2, P), 
where 
(4.13) bx (2,P) = fioxo(z, P) - wx (2) /w;(z). 


Thus, for each P€ 1, 
Xy(P): (2, y==0,1,---,h 


are holomorphic sections of B+ P; obviously these sections Xo, X1,° * *,Xn are 
linearly independent and therefore form a base of the linear space '(B + P) 
of dimension h+1. Now, using the explicit form (3.21) of the functions 
R;(z,), we obtain 
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h 
(4.14) = Bij (z, =Xoj(4,P) + 2 (2, P). 


Clearly we have S;(%,n) =bjx(z,P)-Sx(z,~). For an arbitrary tangent 
vector U== (1,° Ug, Of M’ at o, we get, by (4.14), 


h 

(4. 15) (2, 0) = (2,9) (2, 0) 
p=1 

where 


q 
(2; 0) Ux [ 8X0; (2, t=0. 
=1 
In order to prove (4.10) it is sufficient to show that the holomorphic section 


hu: 2—> du(z) = (2, OuS;(z, 0) c) 


of Be vanishes only if w=0. Assume that 0,9;(z,0)¢c—=0. Then, since C 
is the divisor of S;(z,0) on Uj, each ratio 


8;(z) (2, 0) /S;(2, 0) 


is a holomorphic function on U;. On the other hand, it follows from (4.12) 
that 


h 
(4.16) fu(z) 2 (2, 0) /Xoj(2, 0) 


is a well defined meromorphic function on V. Dividing (4.15) by S;(z, 0) 
=X;(2,0), we get therefore 


(4.17) 8;(z) — 90, log Xo; (2,9) = fu(z), in Uj. 
Applying (2.3) to the function f(2,4;g,8) defining the bundle =, we infer, 
in the same manner as in the proof of (2.5), that 
fioxo (2; P) = Cin (2) “exp a, 
where {e,(z)} is the system of transition functions defining the bundle 
E=B+4+ and where 
Kj == exp 
6 


Inserting this into (4.13), we obtain 


2(k) 
bin (z, = Dj, (2, 0) exp 
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Using (4.12) we get therefore 


z(k) 
Ou log Xoj (2, 0) — dy log Xox (2, 0) == lj — lx ++ 
4 
where & >) and where y= Combining this with (4.17) 
k=1 6 
we obtain 
s;(s) —y— hy = 8, (2) 
2(j) a(k) 
Thus p(z) =s;(z) —y— d, is a well defined function of class C® on V 


and dp(z) =ds;(z) —@,. This implies that ds; = ds, is a well defined holo- 


morphic 1-form on V. Consequently, we have ds;(z) =0 and a,—0. The 
equality ¢&,—0O implies that Hence we get 
0, log Xo;(z,0) and therefore, by (4.17), dfy(z) ds;(z) =0. Thus 
fu(Z) =o is a constant on V and consequently by (4.16), 


h 
CoXoj (2; 0) + >> (2, 0) = 0. 
y=1 


This implies that = Ugig =" = Ugsn = 0. Thus we see that ¢, vanishes 
only if w=0. This completes the proof of (4.10). 

The characteristic linear system {C,} of 9’ on C is a subsystem of the 
complete linear system | Bc|. In order to prove that {C,} coincides with 


| Bc |, we observe the exact sequence 
ro 
0>2>2(B) —> > 0. 


The corresponding exact cohomology sequence 
T(Bc) 
shows that 
dim | Be | S dim | B | dim H'(V,Q), 


while we have H#(V,Q) =%, and so dim =dim=q. Conse- 
quently we obtain the inequality 
(4. 18) dim | By | Sdim|C|+q—1. 
Comparing this with (4.10), we infer immediately that {C,} =| Bc |. Thus 
the characteristic linear system {C,} of 9’ on C is complete. 

We note that a divisor C on V satisfies the above condition (a) if 
(c) 
holds. This is an immediate consequence of Theorem 1.2. Moreover it 
follows from a remark in Section 1 that the condition (c) is equivalent to 


he 
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(c’) |m(C—K)| is ample for sufficiently large integer m. 


Another remark is that the condition (a) is actually weaker than (c). This 
can be easily seen by observing the simplest case where V is an algebraic curve 
of genus p. In fact, a general effective divisor C of degree d=p on V 
satisfies (a), while (c) holds for C if and only if d > 2p—2. 


TuEorEM 4.2. Let IM’={C, | M’} be a complete continuous system 
canonically parametrized by M’. Assume that 


H*(V,9(C,)) =0, for all C,€ M’. 


Then the parameter variety M’ is an analytic fibre bundle over the Picard 
variety 8 of V whose fibre is the projective space S, of dimension h=dim|C,| 
and whose structure group ts the projective transformation group. The 
canonical projection of M’ onto 8 ts given by 


p: p> p(n) Co], o€ M’. 
Moreover In’ consists of all effective divisors X ~Cy, Co€ M’, on V. 


Proof. Let @, A, p, M, M have the same meaning as above. We infer 
from Lemma 4.1 that, for each point P=p(p), »€ M’, there exists a 
neighborhood U(P) of P on B such that IN p*(U(P)) is an analytic sub- 
bundle of p-*(1l(7’)) whose fibre is a linear variety of dimension h = dim | C;, |. 
It follows that 

p?(U(P)) =MN pr (U(P)) 


and therefore p(W’)D U(P), P€ p(M’), while p(M’ is a compact subset 
of $$. Hence p(M’) coincides with $8 and consequently M’ is an analytic 
fibre bundle over $8 whose fibre is G, and whose structure group is the pro- 
jective transformation group. Moreover M’ coincides with M and therefore 
M’ coincides with 9n, q.e.d. 

In the special case where V is an algebraic curve of genus p, the index 
of speciality i| C, | dim H*(V,Q9(C,)) vanishes if the degree of the divisor 
C,, is greater than 2p—2. Therefore our result reduces in this case to a 
theorem of Chow ** to the effect that the continuous system of all effective 
divisors of degree d > 2p —2 on the curve V is a projective bundle over the 
Jacobian variety attached to V. Thus our Theorem 4.2 may be regarded as 
a generalization of the above theorem of Chow to higher dimensional varieties. 


PRINCETON UNIVERSITY AND THE INSTITUTE FOR ADVANCED STUDY. 


*3 Chow [5]. 
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FIBRE SYSTEMS OF JACOBIAN VARIETIES.* + 


(II. Local Monodromy Groups of Fibre Systems) 


By Jun-icHt Ieusa. 


1. Introduction. In our previous paper [2], we studied a fibre system 


‘ 


of Jacobian varieties which is associated with a “general linear pencil” on a 
non-singular algebraic surface. The main result, there, was the compatibility 
of Chow’s construction of Jacobian varieties and specialization of curves. 
In other words, degenerate fibres were shown to be completions of the 
generalized Jacobian varieties of the singular members of the pencil. In this 
paper, we shall investigate the “behavior of fibres along degenerate fibres.” 
Speaking in the classical case, this can be explained as follows: Let {Jy} 
be a fibre system of Jacobian varieties which is associated with a general 
linear pencil {C,} on the surface. If we take out “bad points” from the 
parameter sphere, we get a pointed sphere with non-trivial Poincaré group. 
This group operates on the fibre, and, in particular, we get a representation 
of the Poincaré group on the one-dimensional integer homology group of the 
fibre. This integer matric group we call the monodromy group of the fibre 
system. 'The monodromy group is a subgroup of the homogeneous modular 
group, and has many properties. In particular, it completely determines the 
integer homology groups of the surface [3]. In addition, if we take a suffi- 
ciently small neighborhood of one of the bad points, we can consider, so-to- 
speak, a local monodromy group of the fibre system. Now, if | is any prime 
number, the /-adic completions of these monodromy groups can be defined 
by a purely algebraic procedure. Furthermore, the same procedure, applied 
to the abstract case, gives rise what we call abstract monodromy groups. 
The main purpose of this paper is to determine the structure of the abstract 
local monodromy group of the fibre system for 7 different from the charac- 
teristic of the universal domain. An attentive reader will find an algebraic 
reproduction of the local theory of “normal functions,” which were introduced 
by Poincaré, and fully investigated by Lefschetz (cf. [7], Chapters 6-7). 


* Received February 27, 1956. 
* This work was partially supported by a research grant of the National Science 
Foundation. 
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In fact, this paper is a preliminary step for the corresponding global theory, 


which we will present in our later papers. 


2. Invariant and vanishing points. Let V be a non-singular algebraic 
surface in a projective space which is defined over an algebraically closed 
field &k. Let {C} be a linear pencil on V which is also defined over k. Let 
u be a generic point over & of the parameter straight line, say D, and let ( 
be the corresponding member of the pencil. Let a be a point of D. We 
note, once for all, that any rational cycle over k(w) in a projective space 
has a unique specialization over the specialization w—a with reference to k. 
Let C’ be the specialization of C over the specialization wa with reference 
to k. We assume that both C and C’ are irreducible, and also that C is non- 
singular and C’ has one and only one ordinary double point, say Q. In 
addition, we assume that Q is not a base point of the pencil, and that the 
pencil does have a base point, say A. We note that the points a, Q and A 
are all rational over k. 

Now, let g be the genus of (. Then, g is equal to the arithmetic 
genus of C’ [8]. Moreover, the true genus of (’, i.e., the genus of the 
normalization C* of C’ over k is equal to g—1. We fix an integer d greater 
than 2g—2 as a reference integer, and we construct the Jacobian variety J 
of C by Chow’s method in a projective space, say PN [1]. Then, the 
specialization J’ of J over the specialization C—C”’ with reference to k& is an 
irreducible variety, and contains the generalized Jacobian variety (J’), of (” 
which is constructed by Chow’s method for the same d [2]. We can introduce 
group laws in J and in (J’),» by taking d-A as reference divisor, and then, 
the laws are compatible with specialization. If J* is the Jacobian variety 
of C*, then, (J’),> is an extension by J* of the multiplicative group G,, of 
the universal domain [4]. Moreover, J’—(J’), is exactly the singular 
locus of J’, and it is biregularly equivalent with J*. We shall consider 
another group laws in J and in (J’), which are also compatible with specializa- 
tion; we start by proving the following theorem: 


THEOREM 1. Let t be a rational point of J over k(u). Then, the 
specialization, say t’, of t over the specialization ua with reference to k 


ws a simple point of J’. 


Proof. If a is a divisor of degree d on C, we say that a point s of J 
corresponds to a, and vice versa, if s is the Chow point of the variety ol 
the complete linear system |a| on C; similarly for C’. We note that this 
correspondence has nothing to do with group laws in J and in (/’),. In 


~ 
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addition, the correspondence is compatible with specialization [2]. Since C 
contains a rational point over &, we can find a positive divisor m of degree d 
which is rational over k(uw), and which corresponds to ¢ [1]. Let mt be 
the fixed part of m, i.e., the partial sum of im of base points of the linear 
pencil; put m—mo-+ my. Then, m, is a rational cycle of V over k(w), 
and hence there exists a rational cycle X over k of the product DK V such 
that f-(ux.V)—u Xm. Here, the intersection-product is taken on D X V 
[5, p. 204]. Since ¥ and pr.() correspond biregularly except the base 
points of the pencil, by a simple calculus of cycles we get pr2(X)-C =m. 
Here, the intersection-product is taken on V. Since Q is simple on V, we 
ean replace pr2(X) by a rational divisor Y of V over k which is linearly 
equivalent to pr2(X), and which does not pass through Q. Then, mo+Y-C 
is a rational divisor of C over &(u) which is linearly equivalent to m on C. 
Moreover, Y-C’ is the unique specialization of mo>+Y-C over the 
specialization w—>a with reference to k. Since m,-+ Y-C corresponds to ¢, 
we see that m, + corresponds to ¢’. Here, is free from Q. 
q.e. d. 

As the above proof shows, for any rational point ¢ of J over k(uw), we 
can find a rational divisor a of C of degree d over k(u) which corresponds: 
to t, and such that if a,— «a, is the reduced expression of a as a difference: 
of positive divisors, the specializations of a) and a, over the specialization 
u—a with reference to k are both free from Y. In this connection, we state 
here the following assertion : 


SuppLEMENT. Let t be a rational and positive divisor of C over k(u): 
such that the specialization, say t’, of t over the specialization u—>a with 
reference to k is free from Q. Then, if m is a sufficiently large wteger, t is: 
a partial intersection by a hypersurface F of order m in the ambient space 
of C which is rational over k, and which does not pass through Q. 


Let t—t,-+t, be the decomposition of t into the fixed and variable 
parts; let t,” be the specialization of t, over the specialization u—>a with 
reference to k. We represent t, as an intersection-product of C and a positive 
divisor Y of V which is rational over &. Then, by the uniqueness of the 
specialization we get ¥-C’=t,’. Since f—t,+t,’ is free from Q, we see 
that XY does not pass through Q. Now, by the method of projecting cones 
we can represent Y as a partial intersection of V by a hypersurface F, which 
is rational over k. In addition, we can take F, so that it does not pass 
through Q. Let F, be a hypersurface which is rational over k, and which 
passes through t, but net through Q. If m is at least equal to the order 
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of F,-+ F,, we have only to add a suitable hypersurface to Ff, + F, so that 
we get a hypersurface F of order m. 

Now, coming back to our original problem, we shall prove the following 
assertion : 


Lemma 1. Let G be a commutative group variety which is defined, 
together with its group law, over a field K; let t be a point of G. Then, 
v-y=ac+y+t is a group law in G over K tf and only af t ts rational 
over K. Moreover, if G is an Abelian variety, every group law in G over K 
can be so obtained. 

Proof. The first assertion is trivial. Assume that G is an Abelian 
variety over K. Let ¢ be a new group law in G over K. Then, we can 
find an automorphism A of G over K with respect to the old group law in G, 
and a rational point ¢ of G over K such that ¢(2,y) =A(z+y) +¢ forz 
and y on G [6, p. 34]. The associativity of the law implies A? =A, whence 
A= 8g, the identity automorphism of G. q.e.d. 

We pick an arbitrary rational point ¢ of J over k(u); let ?’ be the 
specialization of ¢ over the specialization w—a with reference to k. Then, 
by Theorem 1 and by Lemma 1 we can introduce group laws in J and in 
(J’), over k(w) and over k, respectively, such that —¢ and —t?’ become 
new neutral elements. Henceforth, we shall denote —?¢ by 0 and —?’ by 0. 
We note that the group laws are compatible with specialization [2]. 

Let 1 be a positive integer which is not divisible by the characteristic p 
of the universal domain. Then, 8 being the identity automorphism of J, 
we denote by T the graph of n-6 in the product J X J. As we know, if zis 
an arbitrary point of J, the cycle inverse (n-8)-?(x) =pri[T- (J X 2) ] is 
defined, and consists of n*# distinct points. In fact, this is a general theorem 
which holds for any Abelian variety [5, p. 127]. Similarly, let & be the 
identity automorphism of (J’)o, and let (7”’)o be the graph of n-& in 
(J’)o X (J’)o. With these notations, we shall prove the following lemma: 


LemMa 2. As an abstract group (J’)o splits over Gm, i.e. (J’)o 

= Gm X ((J’)o/Gm). Moreover, the cycle inverse 

is defined for every point x of (J’)o, and consists of n?9-" distinct points. 

Proof. The first assertion is a consequence of a general theorem on 
Abelian groups, because G,, is “infinitely divisible.”* Then, the facts that 

* A precise statement of the theorem is the following: Let @ be an Abelian group, 
and let H be it subgroup which is infinitely divisible. Then, the extension G of H 


splits over H. 
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the cycle inverse (n-8’)-*(a) is defined for every point x of (J’),) and that 
the number of distinct points in it is equal to n?9-1 follow from the corre- 
sponding properties of the factors of (J’),. It is, therefore, sufficient to 
show that the homomorphism n-& is separable. A usual proof of this for 
any commutative group variety G, and for its n-times the identity auto- 
morphism $¢ is the following: We know that the ring of endomorphisms of 
G has a representation on th space of forms of Maurer-Cartan. The endo- 
morphism n-S¢ is represented by the n-times the unit matrix, and none of 
the forms of Maurer-Cartan becomes zero by multiplication of n. Since 
these forms generate the space of linear differential forms over the function- 
field. if « is a generic point of G over one of its fields of definition, say K, 
there is no derivation of K(x) over K(n-x) except, of course, the trivial 
one. Hence K(a) is separably algebraic over K(n-x). q.e.d. 

Now, let 7” be the closure of (7”’), with respect to the Zariski topology. 
Then. from Lemma 2 we get pr.(7’) =n79-1-J’. On the other hand, by 
our previous remark we have pr.(7’) =n7%-J. Therefore, if we specialize T’ 
over the specialization w—>a with reference to k, we get T’ and something 
more. The next lemma concerns about this: 


LemMA 3. The specialization, say T, of T over the specialization u—>a 
with reference to k is of the form T=T’+T”. Here, T” ts a positive cycle 
of the product PN & PN each component of which has a singular subvariety 
of J’ as its projection on the first factor. 


Proof. Let x X y’ be a generic point over k of some component, say W, 
of 7. Then, we can find a generic point « & n-a of T over k(u) such that 
y’ is a specialization of over the specialization u—>a with 
reference to k. If 2’ is a simple point of J’, since the group laws are com- 
patible with specialization, we have y’=n-2’. In other words, if the pro- 
jection of W on the first factor is not contained in the singular locus of J’, 
then, 1’ coincides with 7’. Since pr,(Z7”) J’ is the specialization of 
pri(7’) =J over the specialization u—>a with reference to k, we see that T 
does contain 7’, and in fact only once. q.e.d. 

It is a simple matter to determine all components of 7”. We get just 
what is expected. However, since we shall not make use of such information, 
we do not discuss it here. 

Now, let r be a rational point of J over &(w), and let 7” be the specializa- 
tion of r over the specialization w— a with reference to k. Then, by Theorem 
1 the point 7” is simple on J’. We shall denote the 0-cycles (n-8)-*(r) and 
(n-8’)-*(77) by w and w’. We remark that w is rational over &(u), hence 
it has a unique specialization over the specialization w—> a with reference to k. 
With this in mind, we shall prove the following theorem: 
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TueorEeM 2. The specialization, say 0, of w over the specialization 
u—>a with reference to k is of the form ®=—w’+w”. Here, w” is a 
positive cycle of PN each component of which 1s a multiple point of J’. 


Proof. We first note that w and w’ are defined, respectively, as 
pril (J r)] and pri[(T7’)o- ((J’)o X 7”) ]. Let s’ be an arbitrary simple 
point of J’. Then, x’ <7 is not contained in any component of 7” of 
Lemma 3. Since (7’+T7”,J’,7”) is the specialization of (T,J,r) over the 
specialization w—>a with reference to k, by the “principle of conservation 
of number 1” appears in and in (J’ X 7’) exactly the same 
number of times. However, we have T”’- (J’ K 1”) = (T’)o: ((J’)o X17”), the 
intersection-products being taken on J’ K J’ and on (J’)o X (J’)o. = This is 
nothing but w’ X71”. q.e.d. 

Let k[[u—a]] be the completion of the specialization-ring of a in k(u), 
and let k((w—a)) be its quotient-field. We note that k[[w—a]] is a ring 
of formal power-series in one letter over &. In the following, we consider 
k(uw) as a subfield of the “abstract field” k((w—a)). Let I be an iso- 
morphism over k(w) of the algebraic closure of k(w) into some, but fixed, 
algebraic closure of k((w—a)). Let (w) be an ordered set of points in », 
and let J(w) be the transform of (w) by JZ. Then, the specialization of 
I(w) at the center of k[[w—a]] is an ordered set of points in #, because 
it is a specialization of (w) over the specialiaztion u— a with reference to k. 
In particular, (w) contains n?9-* points, say (81,52,-° +), such that the 
specialization of I(s,,s2,- - -) at the center of k[[w—a]] is an ordered set 
of points of w’. Then, by generalized “ Hensel’s lemma” each J(s;) is rational 
over k((w—a)) (cf. [5], Theorem 2, p. 57). We note that the set (81, s2,--°) 
is uniquely determined up to a permutation of elements by J. Now, assume 
that r and 7” are the neutral elements 0 and 0’ of J and (J’)o. Then, the 
points s,,s2,- - - form an Abelian group, which is a direct product of 2g —1 
cyclic groups of order n. We call it the group of invariant points of order n 
along I. In fact, each I(s;) is “invariant” by any automorphism of the 
algebraic closure of k((w—a)) over k((w—a)). On the other hand, this 
group contains a particular set of » points, say ¢,,/.,- - -, such that J(¢;) is 
specialized to a point of G,, at the center of k[[uw—a]]. We note that the 


* This famous principle has various formulations. Here, it is used with the fol- 
lowing content: Let X and Y be two positive cycles on a variety V in a projective space 
such that dim(X) + dim(Y) = dim(V) ; let (V’, X’, Y’) be a specialization of (V, X,Y) 
over a field k, and assume that V’ is a variety. If the intersection-products X- Y aid 
X’: Y’ are defined on V and on V’, a simple point P’ of V’ appears i(X’- Y’, P’; V’)- 
times in any specialization of X- Y over the specialization (V,X,Y) > (V’, X’, Y’) with 


reference to k. 
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points ¢,,¢2,: - - form a cyclic group of order n, and we call it the group of 
vanishing points of order n along I. In fact, Gm is the set of those points 
of (J’)o which “vanish” by projection to the Jacobian variety J*! 


3. Non-invariant points. In the previous section, we introduced invar- 
iant and vanishing points. We shall now examine “non-invariant” points; 


the following is our main theorem: 


THEorREM 3. Let r be a rational point of J over k(u); let x and y be 
two points of J such that n-x—=n-y=r, and such that I(x) and I(y) are 
conjugate over k((w—a)). Then, x—y is a vanishing point of order n 


along I. 


Proof. Since the theorem is trivial for x= y, we shall exclude this case 
from the beginning. Then, by Theorem 2 the specialization, say 2’, of I(x) 
at the center of k[[w—a]] is a multiple point of J’. Also, by Hensel’s 
lemma (2’, x’) is the specialization of (7(x),Z(y)) at the center of k[ [w—a]]. 
Now, take an integer m such that the trace &, on C of the complete linear 
system of hypersurfaces of order m in the ambient space is complete, and of 
dimension equal to r= ord(C):m—g. We also assume that the trace nm’ 
on C’ of the same linear system of hypersurfaces is of dimension r [8]. If 
m satisfies these conditions, we call it to be sufficiently large. We pick rational 
divisors a and $ of C of degree d over k(u) which correspond to 0 and r as 
remarked next to Theorem 1; put a=a)—a, and = 8 8. We then take 
a hypersurface of a sufficiently large order, say m, for 35+ (n—1)-a as 
stated in the Supplement of Theorem 1. If r, is the sum of 8, -+ (n—1)-a, 
and the residual intersection on C, then, r, is rational over k(w), and the 
specialization, say r;’, of r,; over the specialization u—>a with reference to k 
is free from @. Consider the residual linear system 2,,—r,. The set of 
positive divisors of degree d on C' such that their n-times belong to 2n—1r1 
splits into n®9 distinct complete linear systems on C, and these linear systems 
correspond in a one-to-one way to points of J such as x and y. Let |m| be 
the complete linear system which corresponds to 7. We may assume that m 
is algebraic over k(u), and such that the specializations of m over the 
specialization (u, «) — (a,2’) with reference to & contain Q once and only 
once. In fact, let Mt and Mi’ be the varieties which have x and 2’ as their 
Chow points. Then, we can find a subspace of co-dimension d—g, in the 
ambient space of 9 and M’, which intersects properly with Mt and M’. In 
addition, we can assume that the subspace is defined over k, and also that it 
does not intersect with the closed subset of 2%’ whose points represent those 
cycles which contain Q at least twice [2]. If m is one of the divisors of C 
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which correspond to the intersection of Yt and the subspace, m satisfies our 
requirements. Now, there are many hypersurfaces of order m which inter. 
sect C at n-m-+r,. However, since ( and C’ have the same arithmetic 
genus, we can pick one, say F,, which is algebraic over &(w), and such that 
F, has a unique specialization over any specialization (u,m)— (a,m’) with 
reference to k, and such that this specialization does not contain C’. In fact, 
the complete linear system of hypersurfaces of order m in the ambient space 
of C and C’ gives rise a regular rational map of this projective space into 
another projective space, say P. Let P" and P’" be the smallest subspaces of 
P which contain the images of C and C’, respectively. Take a subspace P' 
of P of co-dimension r+ 1 which spans P with P’, and also with P’’. Since 
P is defined over the prime field, we can assume P# to be algebraic over the 
prime field. On the other hand, since n-m-+1r, is rational over k(u,m), 
the hyperplane P’-? of P", which corresponds to n-m- 1, is purely insepar- 
able over k(u,m). If F is the hypersurface of the original projective space 
which is represented by the join of P’-? and P*, then, F satisfies our demands. 
Let F’ be the specialization of J(F,) at the center of k[[w—a]]. We note 
that J(/',) has a meaning, because F; is algebraic over k(u). Let (I(y), in, F,) 
be a conjugate of (I(r),I(m),I(F,)) over k((u—a)). Then, we can find 
a positive divisor 1 of degree d on C and a hypersurface F’, of order m such 
that it—T(n) and F,—I(F.). Since (n,F2) is a conjugate of (m, F,) 
over k(u), we see that F, intersects C at n-n+1r,. Since (y,1) is a con- 
jugate of (z,m) over k(u), we see that n corresponds to y. Also, by Hensel’s 
lemma (1m’,m’), say, and (F’,F’)are the specializations of (J(m),J(n)) 
and (I(F,),I(F.)) at the center of k[[w—a]]. This will become a key 
point in our later argument. Now, take a hypersurface, say G,, of a sufli- 
ciently large order m’, which passes through m-+ ao. We take G, to be 
algebraic over k(w), and such that the specialization, say G,’, of I(G,) at 
the center of k[[w—a]] does not contain C’. Also, we assume that (, 
contains Q only twice. In fact, these can be managed, more or less, by similar 
considerations as before. Let r. be the sum of a, and the residual inter- 
section of G, on C. Then, the residual linear system &,,— (n+ 1.) exists, 
and it is the complete linear system which corresponds to x—y. We shall 
show that the specialization, say (*—y)’, of I(x—vy) at the center of 
k[[w—a]] is a simple point of J’. Otherwise, we can pick p from 
LVnr—(n+r.) such that p is algebraic over k(w), and such that the 
specialization p’ of I(p) at the center of k[[w—a]] contains Q once and 
only once. Let G, be a hypersurface of order m’ which is algebraic over 
k(u), and which intersects C at p+u-+re. We may assume that the 
specialization, say @.’, of I(G@.) at the center of k[[w—a]] does not contain 
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(’. Finally, let H, be a hypersurface of a sufficiently large order, say m”, 
for n-@) as stated in the Supplement of Theorem 1. If rz is the sum of 
na, and the residual intersection on C, then, rz is rational over k(w), and 
the specialization, say rz’, of rs over the specialization w—>a with reference 
tok is free from Q. Let H, be a hypersurface of order m” which is algebraic 
over k(w), and which intersects C at n-p+r;. We may assume that the 
specialization, say H,’, of I(H,) at the center of k[[uw—a]] does not con- 
tain OC’. Then, by our construction two hypersurfaces F,-+-n-G,-+ H, and 
F,+n-G,-+ H, have the same intersection with C. Therefore, the specializa- 
tions F’+n-G.’+H, and F’+ n-G,’+H.’ have the same intersection 
with C’. More precisely, if C* is the normalization of C’ over k, and if 
f is the corresponding regular rational map of C* into the ambient space 
of C’, we have =f? (F’+7n:G,'+ H.’), and hence 
n-f2 (Ge!) (Hi) (Gy!) + Let and Q.* be the 
points of C* which correspond to QY. Let c, and c. be the coefficients of 
Q,* and Q.* in the reduced expression of the divisor of C* just obtained. 
Since H, does not pass through Q, if we use the first expression, we conclude 
that both c, and c, are multiples of n. On the other hand, H,’ intersects C’ 
at n-p’-+ r.’, and p’ contains Q once and only once, while r,;’ is free from Q. 
Since f-?(H.’) must contain both Q,* and Q.*, we conclude from the second 
expression that neither c, nor ¢z is divisible by n. Thus, we get a contra- 
diction, and this contradiction is derived from the assumption that (~t¢—y)’ 
is a multiple point of J’. In other words, we have shown that (x—y)’ is a 
simple point of J’. Then, our previous argument goes through under the 
modification that p’ is free from Q. Since m’ contains Q only once and G, 
does only twice, we conclude that f*(G.’) —f*(G,’) =p*—a*. Here, 
p* and a* correspond to p’ and the specialization, say a’ of a over the 
specialization u—> a with reference to k. Since the left side is linearly equi- 
valent to zero on C*, so is also the right side, i.e., (x—y)’ belongs to Gm. 
Therefore, by definition «—y is a vanishing point of order n along I. q.e.d. 


Remark. If the linear equivalence class of Q,* —@Q.* on C* is of order 
at least equal to n, we can prove the following assertion: Let x and y be two 
points of J such that n-w—=n-y=r, and such that (2’,2’), say, is a 
specialization of (x,y) over the specialization u->a with reference to k. 
Then, any specialization of x—y over this specialization is a point of Gm. 
A proof of this assertion can be extracted from the proof we gave for 
Theorem 3. 


4. A bilinear relation. In this section, we shall show that invariant 
points and vanishing points are connected by a bilinear relation. Let U be, 
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for a moment, an arbitrary complete curve. Then, for any numerical function 

f on U, we can define a divisor (f), and a divisor in the sense of valuation 

theory. The latter is defined as the regular image on U of the divisor of 

the function induced by f on the non-singular model of U. On the other 

hand, if SSag-Pa is a reduced expression of a divisor a on U, and if (f) 
a 


does not contain any P,, we define f(a) by J] f(Pa)*. If, moreover, f(b) is 


defined for a divisor 6 of U, then, f(a+b6) is defined, and we have 
f(a+b) =f (a)-f(6). These being remarked, we shall prove the following 


lemma: 


Lemma 4. Let f and h be two functions on U such that their divisors 
in the sense of valuation theory coincide, respectively, with (f) and (h). If, 
moreover, either f((h)) or h((f)) is defined, so is the other, and they are 


equal. 


Proof. We first note that nothing is changed by passing to the non- 
singular model of UV. Therefore, we can assume from the beginning that U 
is non-singular. Also, the first assertion of the lemma is trivial. Let A be 
a field over which U, f and h are defined; let ¢ be a variable over K. We 
shall denote by Ty the graph of f in the product U XD; similarly for 
T,. Here, D is, of course, a projective straight line. We define (h); bj 
X(t)) = (h)t X(t), and then (A); is prime rational over K(t). 
Hence, f((h);+) is rational over K(¢), and we can find a function @ on D, 
which is defined over K, such that f((h)+) =6(t). Then, the divisor of 9 
is given by (6) —pro[T,- ((f)* D)] [5, p. 231]. More explicitly, if we 
write (f) in the form Pa, we get (0) = Saq:h(P.). Therefore, 


is of the form c-[] (t—h(P,))% with a certain element c in K, not equal 


to 0. If we specialize ¢ to 0 and o, we get f((h)o) =c-h((f)) and 
f((h)2) =c, hence f((h)) =h((f)). q.e.d. 

Now, let a and 6 be two divisors on the non-singular curve C’ such that 
n-a and n-b are, respectively, divisors of functions f and h on C. Then, 
if either f(b) or h(a) is defined, so is the other, and the expression. 


(a,b;n) =h(a)-f(b)* 


is an n-th root of unity by Lemma 4. Furthermore, the same lemma implies 
that (a,b;n) depends only on the linear equivalence classes of a and 6 on C. 
Since any linear equivalence class contains a divisor whose components are 
all generic over a given field, (a.6;n) induces a multiplication of the group 
of divisor classes of order n on C with itself. 

On the other hand. let @ be a canonical function of C which is defined 


a 
a a 
a 
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over k(u). Let ¢ be an arbitrary point of the Jacobian variety J of C, 
and let M,,- --,M/,. be independent generic points of C over k(u,t). 


Then, @; is defined as the locus over k(u,t) of the point >} ¢(M;) +#, and 
@, is denoted simply by ©. Also, if b= > bg: Qg is an arbitrary divisor of C, 
B 
the point bg: ¢(Qg) of J is denoted by S[¢(b)]. Put t—S[¢(b)]. Then, 
B 


we have n-t=0 if and only if n-b is linearly equivalent to zero on C. In 
this case, if X is a divisor of J which is linearly equivalent to ®;—®, we 
can find a function ¢ on J such that (¢) =n-X. Moreover, if x is a generic 
point of J over a field of definition K of ¢, there exists a function y on J, 
which is defined over K, such that ¢(n-x) =y(a)” [6, p. 150]. Now, let 
s be another point of J of order n. Then, y(x+s)-y(x)-! is an n-th root 
of unity, which is denoted by en(s, ¢) : 

As we can see, é,(s,t) is independent of the choice of X in the linear equi- 
valence class of ®;,—-®. The two n-th roots of unity so obtained are related 


as follows: 


Proposition (Weil). Let a and 6 be two divisors of C, and put 
s=S[d(a)] and t—S[¢(b)]. If both s and t are of order n, and tf 
(a,b;n) ts defined, we have (a,6;n) —en(s, ft). 

Proof.* Since n-6 is linearly equivalent to zero on C, we can find a 
function h on C such that (hk) =n-b. Pick a divisor mp, of degree g on C 
which has no point in common with 6. We take an extension K of k(u) 
over which 6, m, and s are all rational. Let M,,- - -,M, be independent 


9 
generic points of C over K, and put m,=—>M; and «—S[¢(m,—m)) J. 
4=1 
Then, h(m,—m,) is defined, and it is rational over K(m,) —K(xz). There- 


fore, we can find a function ¢ on J, which is defined over K, such that 
$(z) =h(m,—m,). If Sbg-Qg is the reduced expression of 6, and if we 
B 


put .Y bg-@g we have —=n-X (cf. [6], pp. 115-116). More- 
B 


over, X is linearly equivalent to ®;—® [6, pp. 105-106]. On the other hand, 
by Riemann-Roch theorem the linear equivalence class of mo + n° (1m — Mo) 
contains at least one positive divisor, say m,. Since S[¢(m,—nw)] —n-z 
is a generic point of J over K, we conclude that the components of my, are 


‘This proof was communicated to us by Professor André Weil on February 6, 1956. 
The proposition is interesting, and it simplifies the proof of Theorem 4. In fact, our 
original proof was direct, and it was much longer than the present one. 
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g independent generic points of C over K. In particular, m, is unique, and 
hence it is rational over K(x). Therefore, we can find a function F on (, 
which is defined over K(x), such that =m,—m)—n- mo). Let 
(m,’, 7’) be the transform of (m,,/) by the automorphism of K(z) over 
K(n-x) mapping x to -+-s. Then, we have ie, 
S{¢(m,’—m,)]=—s. In other words, m,’—m, is linearly equivalent to a. 
Moreover, we have (F’) =m,— (m,’— Therefore, if we define 
a function f on C by f=F-[F’]-*, it is defined over K(x), and we have 
(f) =n: (m,’—m,). Furthermore, ¢(x) =h(m;— mp) is transformed into 
o(x-+s) =h(m,’—m,). Similarly, if we consider the generic specialization 
(mt,, 2) > (Mn, n° x) over K, we get d(n-z)=h(m,— Now, — mo) 
can be written as h(n-(m,—mp))-h((F)), and this is equal to (¢(a) - F'(b))" 
by Lemma 4. Since F'(6) is an element of K(x), there exists a function y 
on J, which is defined over K, such that y(x)=—¢(2r)-F(b). Then, 
can be written as (F’(6) -F(6)*), 
and this is equal to h(m,’—m,)-f(6)-?. However, y(a-+s)-y(z)* is 
nothing but e,(s.¢), while h(m,’—m,)-f(6)- is equal to (m,’—m,,6;n) 
=(a,b;n). q.e.d. 

With these preparations, the proof of the following theorem is a matter 


of technique: 


THeorEM 4. Let s and t be, respectively, invariant point and vanishing 
point of order n along I. Then, we have e,(s,t) =1. 


Proof. As in the proof of Theorem 3, we can find a positive divisor t 
of C, which is rational over &(u), such that its specialization r’ over the 
specialization wa with reference to k is free from Q, and, moreover, such 
that the complete linear system 2n—r is of degree nd. Pick two positive 
divisors mm) and mo of C such that n-m, and n-n, both belong to &,, —t. 
We can assume that mp, and mp are algebraic over k(u), and such that the 
specializations and no’ of and at the center of k{[u—a]] 
have no point in common with r’+Q, and have no point in common with 
each other. Pick another two positive divisors m and n of C of degree d 
such that S[¢(m—mp)]—s and S[¢(n—n)] —t. Again, we can assume 
that m and n are algebraic over (uw), and such that the specializations m’ 
and n’ of I(m) and J(n) at the center of k[[w—a]] have no point in 
common with mo’ + 1+ r’+@Q, and have no point in common with each 
other. Finally, we can find four hypersurfaces Fy, F, H, and H in the 
ambient space of C, all algebraic over (uw), such that they intersect (, 
respectively, at +r, We can assume 
that the specializations F,’, F’, H,’ and H’ of I(F,), I(F), I(H.) and I(H) 


JACOBIAN VARIETIES. PART II. 57 


at the center of &[[w—a]] do not contain C’. Let Fo(X), F(X), Ho(X) 
and H(X) be homogeneous polynomials of order m, respectively associated 
with F,, H, and H; similarly for F.’(X), F’(X), Ho’(X) and H’(X). 
Then, the ratios F(X) -Fo(X)-? and H(X) -H,(X)-* define numerical func- 
tions f and h on C. Similarly, the ratios F’(X) - Fo’(X)* and H’(X)-Ho'(X)* 
define functions /’ and h’ on C’. Here, as we can see, we have (f) =n: (m— mb), 
(h) =n- (1—no), (f’) (m’—my’) and (h’) =n- (n’—n’). Also, by 
the construction (f’) and (h’) are the divisors of f’ and h’ in the sense of 
valuation theory. Now, by the previous proposition h(m—1mb) 
is equal to e,(s,t). However, h’(m’— mb’) and f’(1’—m)’) are the unique 
specialization of h(m—mt) and f(n—mnp) over the specialization 


(u, Fo, F, H) > (a, F’, Ho’, H’) 


with reference to k. Since e,(s,¢) is an n-th root of unity, it is invariant 
under any specialization over k. Therefore, we get 
en (8, t) = — my’) — 

Since ¢ is a vanishing point along J, there exists a function h” on C” such 
that 1’ — 119’ is the divisor of h” in the sense of valuation theory. This does 
not mean, of course, that h” is defined by a ratio of homogeneous polynomials 
which do not vanish at Q. Any way, we get h’=—c-(h”)" with a certain 
constant c, and hence 


h’ — my’): — 10’)? = — — 
and this is equal to 1 by Lemma 4. q.e.d. 


We recall, here, that e,(s,¢) is a skew-symmetric bilinear form on the 
group of points of order n on J [6, p. 153]. The Theorem 4 asserts that the 
groups of invariant points and vanishing points of order n along I are the 
groups of annihilators of each other. In particular, each one of them deter- 
mines the other uniquely. 


5. Passage to inductive limits. We shall now consider the limit no. 
Here, n runs over positive integers which are not divisible by the characteristic 
p, and which “finally” contain powers of any prime / different from p. 
More conveniently, we consider the limits 1”—>o for all J different from p. 
We fix one such / in the following. 

Let tw, be the additive group of points of J of order 1’, and let w be 
the union of tvo,1,,---. If we adjoin all elements of w to k(u), we 
get an algebraic extension K of k(u). Similarly, an algebraic extension 
k((u—a))(I(w)) of &((w—a)) is defined, and it is the compositum of 
I(K) and k((u—a)). Let G and g be the Galois groups of K over k(u) 
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and k((u—a) ) (/(w)) over k((u—a) ), respectively, with Krull’s topologies, 
If is in g, then =J-'-G-T is in &. Moreover, the correspondence 
is a continuous isomorphism of g into ®, and we get a compact image grou) 
g. The group g is generally called the decomposition group of K over k(u) 
along J. Here, since k& is algebraically closed, g coincides with the inertia 
group of K over k(u) along J. Since the group law in J is defined over 
k(u), the group @, hence in particular the group g, operates on tw. On 
the other hand, if we denote by Z, the ring of l-adic integers, and by Q, 
its quotient-field, 1 is isomorphic to a 2g-fold direct product of the additive 
group QY; modulo 1. This isomorphism is called an J-adic coordinate system 
in the group w. With reference to a fixed l-adic coordinate system, & is 
represented by a group of matrices of degree 2g with coefficients in Z,. 
We call this matric group the abstract monodromy group of the fibre system 
{u X J} at 1, while the abstract local monodromy group of the fibre system 
along I at / is defined by using g instead of &. At present, we are interested 
in the structure of abstract local monodromy groups. We shall prove the 
following theorem : 

THEOREM 5. We can choose an l-adic coordinate system in to such that 


any element o of the inertia group g is represented by a matrix of the form® 


Here, the correspondence o—c is a continuous isomorphism of g into the 
additive group 

Proof. We fix, once for all, an isomorphism 1g of the multiplicative 
group of /’-th roots of unity for »—0,1,-- - onto the additive group ( 
modulo 1. Also, let v, be the group of vanishing points of order 1” along J, 
and let » be the union of bo,v,,- - -. Then, we can find an isomorphism 1 
of » onto Q; modulo 1. According to Lemma 2, we can extend the iso- 
morphism 7 to an isomorphism of the group of invariant points of order |’ 
for y=0,1,- - - along J onto a (2g—1)-fold direct product of Q, modulo 1. 
Here, we agree to take the image of b as the first factor of the product. Also, 
we keep the notation i for the extension. Now, let v be an arbitrary non- 


negative integer, and let ¢, be an element of b, such that i(t,) = (I-”0- - -0) 
mod. 1. Then, we have /:t,,,—¢, for y=0,1,:--. If we denote e,(*, *), 


®° The symbol 1.,.. denotes a unit matrix of degree 2g —2: two blanks are zero 


matrices. 


| 
ec] 
1] 
| | 
L 


at 
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temporarily, by ey(*,*) for n=TI’, we can find an element, say s,, of Ww, 
such that 1g(e,(s,,t,)) ==l-’mod.1. If we impose the further condition that 
e»(S,,s) =1 for all invariant points s of order l” along I satisfying 
i(s) = (0*- - -*) mod.1, then, s, is unique modulo b,. In fact, if s,’ is 
another element with similar properties, s,’—-s, is annihilated by all invariant 
points of order /” along J. Hence, by Theorem 4 this is an element of by. 
Since the converse is also true, the number or distinct s, is equal to 1’. 


Since 1-s,., is one of the s,, we can find a sequence 5 ,5,,- - - satisfying 
= sy for v=0,1,---. Now, let s be an arbitrary element of ty, say 


in w,; put 1g(e,(s, t,)) =n-l’mod.1 with some integer n. Then, by the 
same reason as above, s—n-s, is an invariant point of order J” along J. 
Hence, we can extend the isomorphism 7% to an [-adic coordinate system @ 
in by 

6(s) =(n-l” i(s—n-s,)) mod. 1. 


In fact. 6(s) is independent of the choice of v, and 6 gives an isomorphism 
of onto the 2g-fold direct product of Q,; modulo 1. Finally, let o be an 
arbitrary element of g, and let v be a non-negative integer. Then, by 
Theorem 3 we can find an integer c, such that o(s,) —s,+c,-t,. Since 
we have and we have Cy: ty, 1.€., Cvs, == Cy 
mod. 7’. Therefore, the sequence ¢o, ¢,,: - - has a limit, say c, in Z; such that 
c=c, mod. l” for y=0,1,---. On the other hand, since s, generates ww, 
modulo invariant points of order 1” along I, we conclude that k((u—a))(I(1w,)) 
coincides with k((w—a))(I(s,)). Therefore, the correspondence o—c gives a 
continuous isomorphism of g into Z;. Let Mf(o) be the matrix in the theorem 
with the above defined ¢ as its (1, 2)-coefficient. Then, for any element s 
in w, we have 6(a(s)) =6(s)-M(o) mod. 1. q.e.d. 

As we know in general, there exists a skew-symmetric matrix HF of degree 
2g with coefficients in Z, such that 1g(e,(s,¢)) mod. 1 
for s and ¢ in ww, for y=0,1,- --. We know also that H-! exists, and has 
coefficients in Z, [6, p. 156]. Now, in the present case, the proof of Theorem 
5 shows that / has the following special form: 


| 


Here. of course, K’ is a similar matrix as F. 


We shall discuss some supplements of Theorem 5. We first note that 
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However, any closed additive subgroup of Z; is an ideal of the ring Z, 
Therefore, the image in question is of the form l*-Z, withO=p=o. Here, 
we consider 1? as 0 for p==o. We shall show that p is an invariant of the 
fibre system in the following sense: 


SupPLEMENT 1. The number p depends neither on the isomorphism ] 
nor on the l-adic coordinate system 0. 

In fact, let 6’ be a coordinate system in ty which gives rise to a similar 
representation of g as the one stated in Theorem 5. Let o be an element of g, 
and let M’(c) be the corresponding matrix with respect to the new system. 
Then, we can find a non-singular matrix LZ of degree 2g such that 
M’(c) =L-*-M(c)-L. Here, both LZ and have their coefficients in Z, 
Therefore, if c and c’ are the (1, 2)-coefficients of M(o) and M’(c), respec- 
tively, we can verify that c and c’ differ only by a unit of Z;. Also the 
change of J amounts to replace g by a conjugate in @&, and the argument 
is similar. 

We note that the invariant p does not depend, by Lemma 1, on the 
choice of the group law of J. Now, in the case of p—0, we can show that 
p=O0O for all prime 7 (cf. [3!). In the modular case, we are satisfied, tem- 
porarily, with stating the following remark: 

SuPpPLEMENT 2. There exists a linear pencil on the surface V such that 
the invariant p of the associated fibre system of Jacobian varieties along any 
degenerate fibre is always finite, and also such that p=0 for almost all 
prime l. 

Since our proof of this supplement is not local, we shall reserve it for 


our global theory. 
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SIMULTANEOUS RESOLUTION FOR ALGEBRAIC SURFACES.* 
By SHREERAM ABHYANKAR. 


In Memory oF MY LATE FRIEND Proressor IrRvIN S. CoHEN (1917-1955). 


1. Introduction. Now that one has the resolution theorem for algebraic 
surfaces? one may naturally ask the following question concerning simul- 
taneous resolvability: Given a two dimensional algebraic function field K 
and a finite algebraic extension K* of K does there exist a non-singular pro- 
jective model of K whose K*-normalization is also non-singular? This and 
related weaker (global as well as local) questions were raised by us in part 
B of Section 6 of [4]. The purpose of the present paper is to answer some 
of these questions. The main results of this paper are equally novel for 
fields of zero characteristic (in particular for the complex ground field) or 
for modular fields. From a pair of projective normal models V and V* 
respectively of K and K* such that the transformation between V and V* 
is free from fundamental points on both (i.e. V* is a K*-normalization of V), 
instead of requiring that both be non-singular one may require that at least 
one of them be non-singular. Since requiring V to be non-singular is simply 
equivalent to the resolution theorem for K it is of no added content; how- 
ever requiring V* to be non-singular asks much more about the pair (K, K*) 
than the mere resolution theorem for K* and hence we could call this the 
question of weak simultaneous resolvability for the pair (K,K*). If we 
restrict our attention to a zero dimensional valuation of K* and its K- 
restriction then we get the problems of local simultaneous resolution and 
local weak simultaneous resolution respectively. The results of this paper 
are quite in conformity with the conjectured statements concerning these 
questions made in Section 6 of [4]. It is obvious that these simultaneous 
resolvability questions are related to the problem: Given an involution 7’ on 
a variety V to remove the fundamental points of these involutions (i.e. the 
points on V which are fundamental for the rational map of V onto the Chow 
variety of the involution 7). We intend to study this involution problem 


at some future opportunity. 


* Received March 15, 1956. 

* For characteristic zero see Zariski [8], for non-zero characteristic with alge- 
braically closed ground fieelds see Abhyankar [3] and for generalization to perfect 
ground fields see Abhyankar [4]. 


761 


Zi. 
ere, 
the 

rl 
ilar 
fg, 
em. 
hat 
the 
ent 
the 
hat 
hat 
ny 
all 
for 

of 
199, 


SHREERAM ABHYANKAR. 


Now to describe the results of this paper in greater detail, let K be a 
two dimensional algebraic function field over ground field & of characteristic 
p and let K* be a finite algebraic extension of K. Let v* be a zero dimen- 
sional valuation of K* and let v be the K-restriction of v*. 

In Section 2 we settle the question of local weak simultaneous resolution 
in the affirmative; i.e., we prove that if v* can be uniformized (this condition 
is certainly satisfied if k is perfect, see [4]), then v* can be uniformized on 
a K*-normalization of a projective normal model of K. This result will 
then eliminate the use of the Zariski factorization theorem for an antiregular 
transformation between two surfaces into local quadratic transformation (see 
Theorem 3 of [2]) from our proof of the local uniformization for algebraic 
surfaces over algebraically closed modular ground fields [3] and its generaliza- 
tion to perfect ground fields [4]; more explicit references to these points 
will be made in Section 2. Since generalization of such a precise factoriza- 
tion theorem for higher dimensional varieties is not possible, this elimination 
of the factorization theorem was essential before attempting uniformization 
for higher varieties (over modular ground fields). In Section 3 we prove 
that if & is algebraically closed, pO and v is rational, then local simul- 
taneous resolution holds, i.e., there exists a projective normal model V of 
K on which v has a simple center and such that on the K*-normalization of 
V the center of v* is simple. In Section 4 we give an affirmative answer 
to the (global) weak simultaneous resolvability question in case * is alge- 
braically closed, p—=0O and K*/K is galois. 

The more novel part of the paper (Sections 7 and 8) dealing with 
(global) simultaneous resolution is preceded by a few words on the branch 
locus (Section 5) and some theorems on kummer extensions of unique 
factorization domains (Section 6). In Section 7, assuming & to be perfect, 
we prove that either if K*/K is a quadratic extension and p> 2 or if K*/K 
is a cubic cyclic extension, p43 and k contains primitive cube roots of unity 
then there exists a non-singular projective model V of K whose A’*-normaliza- 
tion is also non-singular and the branch locus on V is a non-singular (in 
general reducible) curve. It is expected that this result should be helpful 
towards a comparison of the various structural properties and associated 
invariants of the fields K and K*. In Section 8, we prove that the answer 
to the simultaneous resolution question, although positive for quadratic and 
cubic cyclic extensions, is negative in general. More precisely we prove that 
if K possesses minimal models (i.e., if K is not the function field of a ruled 
surface) and if qg is an arbitrary prime number with gp and q > 3 then 
there exist (lots of) q-cyclic extensions K’ of K such that for any non- 
singular projective model of K the K’-normalization is necessarily singular. 
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Finally in Section 9 we give partial generalizations to higher dimensional 
varieties of the results of Sections 2, 3 and 7. These considerations might 
throw some light on Zariski’s proposed method of resolution of singularities 
for higher varieties [13]. 

The notations in this paper will be the same as those used in [1], [3] 
and [4]. 


2. Uniformization on a derived normal model. In our proof of the 
local uniformization theorem for algebraic surfaces over algebraically closed 
modular ground fields ([3], see proof of Theorem 3 in Section 6 on “Cyclic 
extensions of prime degree gp; coming down”) and also in its generaliza- 
tion to perfect ground fields ([4], see Theorem 3 of Section 2) we had to 
deal with the following situation: Given a galois extension K* of a two 
dimensional algebraic function field K and a zero dimensional valuation v 
of K having a unique extension v* to K*, knowing that v* can be uniformized 
the problem was to uniformize v* on a K*-normalization of some projective 
normal model of K. This was achieved by using the Zariski factorization 
theorem of antiregular transformations between algebraic surfaces into local 
quadratic transformations (Theorem 3 of [2]). A second instance where 
we faced a similar situation in our uniformization proof was as follows 
(Theorem 1 of Section 4 of [3] and Theorem 2 of Section 2 of [4]): K* is 
a finite separable algebraic extension of a two dimensional algebraic function 
field K, v* a zero dimensional valuation of K* and v the K-restriction of v*, 
such that for a projective normal model V of K and its K*-normalization V* 
we have d(R*:R) =1 where R* and RF are the quotient rings of the centers 
of v* and v respectively on V* and V. Given that v* can be uniformized 
the problem was to uniformize v* on a K*-normalization of some projective 
normal model of K which dominates V. 

Both of these are obviously special cases of the weak local simultaneous 
resolution theorem for algebraic surfaces, i.e., Theorem 1 below. The proof 
of Theorem 1 in case v is of rational rank greater than one (this is the easy 
case) is essentially the same as of Theorem 2 of [4] while for the case when 
' is rational we have to use one new trick. Consequently the only deep 
property of quadratic transformations of two dimensional regular local 
domains which is used in the proof of Theorem 1 is Theorem 2 of [2] (which 
may be called weak local uniformization theorem). Since both the instances 
of the use of the Zariski factorization theorem in our proof of the local 
uniformization theorem for algebraic surfaces are special cases of Theorem 1 


below, we have now eliminated the use of the factorization theorem. This 
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is important for the uniformization problem for higher varieties (over modular 
ground fields), since to generalize the factorization theorem, in any form, 
to higher varieties is a very difficult problem at all events (even in the classical 
case). On the other hand the weak local uniformization theorem is true for 
h gher varieties at least over algebraically closed ground fields of characteristic 
zero (see Section 9). Besides these applications the following theorem on 
local weak simultaneous is of importance in itself. 


THEOREM 1. (Local weak simultaneous resolution). Let K/k be a 
two dimensional algebraic function field and let K* be a finite algebraic 
extension of K. Let v* be a zero dimensional valuation of K*/k and let v 
be the K-restriction of v*. Assume that v* can be uniformized. Then v* 
can be untformized on the K*-normalization of a projective normal model 
of K/k. [More precisely if R* is the quotient ring of a simple center on 
some projective normal model of K/k then we can find a quadratic transform 
of R* along v* which is a quotient ring on a K*-normalization of a projective 
normal model of K/k.] 


Proof. (In general we shall follow the proof of Theorem 2 of [4] or 
rather we shall sharpen that proof). Let (#*,1/*) be the quotient ring of 
a simple center of v* on some projective normal model of K*/k. Let 
S=R*N K, Q=M*nK and P=QR*. Now if e is an element of K 
which is integral over S then e is integral over R*, i.e. e is in R* and 
hence e is in R* K=S. Therefore is integrally closed in K. Hence 
K =the quotient field of S if and only if tr.deg. (transcendence degree of) 
S/k=tr.deg.K/k. We proceed to arrange matters so that tr. deg. S/k 
=tr.deg. K/k. Let qi, be a transcendence basis of K/k. Replacing 4; 
by 1/q: if necessary, we may assume that qi,qg2€ R,. Replacing R* by a 
quadratic transform (see Definition 3 of [2]) along v* we may assume that 
G1, 92€ R* (Lemma 12 of [2]), i.e. that K is the quotient field of 8S. 

Now fix a non-zero element z in M,. Again replacing R* by a quadratic 
transform along v* we may assume that (Theorem 2 of [2]): 


where (z,y) is a basis of 1*, a and b are non-negative integers, d is a unit 
in R* and where we have either that b—=0 and a>09 or that v*(ax) and 
v*(y) are rationally independent. We proceed to show that in either case P 
is primary for M*; and that will then, in view of Proposition 1 of [4], 


complete the proof. 


Case 1,a>0 and b=0. Now K is the quotient field of S=R*NK 
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and y is algebraic over K. Hence for some non-zero element e of S, ey is 
integral over S. Let be the 
minimal equation of ey over K. Then fy,f:,- - -,fn belong to S where we 
take f,—=1. Let Then go,91,° gn belong to and we have 
Gry" + +: +++ g0=0. The minimality of the equation implies 
that Thus go=—y(gny"* + gray”? +: is a non-zero 
element of S=R*M K which is divisible by y in R*. Let g. —a“h* where 
u is a non-negative integer and h* is an element of R* not divisible by z. 
Let h =go%/z". Then h is a non-zero element of R* K which is not 
divisible by « in R* but is divisible by y in R*. Since h is in yR* C M* and 
h is in K, we have that h is in M*1 K=Q. Suppose if possible that P is 
of rank one. Then P C tR* where ¢ is a non-zero non-unit in R* (since 
every rank one prime ideal in R* is principal). Now z=atde PC tk* 
and hence tR* —a"R* where a* is a positive integer (a*=a). But 
he PC tR* =a" h* is a non-unit in &* which is not divisible by z. This 
is a contradiction. Therefore P is of rank greater than one, i.e., rank P = 2 
and hence P is primary for J/*. 


Case 2,a>0andb>0. The proof is the same as in Theorem 2 of [4.] 


Remark 1. It is expected that the above proof can be easily adapted 
to the case of absolute surfaces [2]. 


Remark 2. In the above proof we had to arrange matters so that 
tr. deg. S/k =trdeg.K/k. For a normal integral domain A* having for 
quotient field an algebraic function field K*/k and for a field K containing /: 
such that K* is a finite algebraic extension of K, a priort we may have 
tr. deg. (A* K)/k < tr. deg. K/k. This can be illustrated by the following 
example: Let & be an algebraically closed field of characteristic p, K* = k(a) 
where x is a transcendental, K =k(z") with n>1 (and n40(p) if p¥0), 
A* —k[1/(a—1)]. Then A*N K =k. 


Proof. Let v be the valuation of K/k given by v(a*—1) 1. Let v* 
he the valuation of K*/k given by v*(x—1) —1. Then v* is an extension 
of v and v has at least one more extension v’ to K*. Now suppose, if possible, 
that there exists y in A* K which is not in k&. Then y¢k implies that 
there exists a valuation w* of K*/k such that w*(y) <0. Since y€ A* we 
must have v* = w*, Since y€ K, v*(y) <0 implies that v(y) <0 and hence 
'(y) <0. Therefore v’ = w* —v* which is a contradiction. (This con- 
struction is suggested by Zariski’s paper on Hilbert’s 14th problem.) 
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3. Simultaneous uniformization of rational valuations. The aim of 
this section is to prove 


THEOREM 2. (Local simultaneous resolution for rational valuations), 
Let K be a two dimensional algebraic function field over an algebraically 
closed ground field k of characteristic zero and let v be a zero dimensional 
rational valuation of K/k. Let K* be a finite algebraic extension of K and 
let v* be an extension of v to K*. Then there exists a projective normal (in 
fact non-singular) model V of K/k on which the center of v is at a simple 
point and such that the center of v* on a K*-normalization of V ts also 


simple point. 


Before proving this theorem we must make the ramification theoretic 
preparation for it. The following proposition on rational groups was con- 
jectured by us and a proof of it was kindly provided by Professor Iwasawa. 


Proposition 1. Let G be a torsion free abelian group of rational rani: 
one and let H be a subgroup of G of finite index. Then G/H 1s cycle. 


Proof. We may arrange matters so that G is a subgroup of the additive 
group F of rational numbers and so that the subgroup Z of integers is 
contained in H. Let R* = R/Z, G* =G/Z and H*=H/Z. Then G/H is 
isomorphic to G*/H* and hence it is enough to show that G*/H* is cyclic. 
Now the elements of R* can be considered to be rational numbers r with 
0=r<1, and the addition in R* then being addition modulo 1. Given 


n 

integers r and s with O=r<s, we write where py, po,- Dn 

are distinct prime numbers and w;, 2,‘ - -,U, are positive integers. There 


exist, by partial fraction theory, unique integers 7; with 0 S17; < p;“* such that 
r/s => ri/p;*. Thus R* has the direct sum representation: R* = <p S(pi) 
i=1 


where P is the set of all prime numbers and 
S(pi) = 82 (pi) = U S;(pi) 
j=l 
where S;(p;) is the subgroup of elements ¢ of R* for which p,/t is an integer. 
Now let ¢ be any given non-zero element of G*. We can write {=r/s where 
n 
r and s are coprime integers such that O0<r<s. Let s=[[pi** where 
i=1 


Pis Pos’ * are distinct prime numbers and w;,U2,- are positive 
integers. Then there exist unique integers r; with 0 << pi#* such that 


= 
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n 
n=1 then obviously G*M S(p,). Now suppose n > 1. 
i=1 
Then we can find integers a@ and b such that 
n n 
bp,“ + a][] =1; so that (aT] pi") = 71 + cp, 
4=2 
where c is the integer (—br,). Hence 


n n 
pit!) t = + Sardi, 
i=2 


i=2 


where d; is the integer (II pi) so that € 8(pi). Similarly 
G*O S(p;) for 2,3,:--,n. Therefore G* = S(pi) 
and similarly = 1 S(pi). Now G* S(pi) =S»,(pi) where 
is either a non-negative integer or the symbol oo and similarly H* NM S(p;) 
=Sx,(pi). We have that wjSv; and G*/H* = ®,, <p[Sv,(pi) /Sw, (pi) 
Since @*/H* is finite we must have v;—=w; except for a finite number of 


subscripts for which ve, << we,< (for g=1,2,- -,m). Since 
Si, (pi)/Sw,(pi) is eyclie of order for we conclude 
that G*/H* is cyclic of order [J 

Om 


Proposition 2. Let K be an algebraic function field over an alge- 
braically closed ground field k of characteristic zero and let K* be a galows 
extension of K. Let v* be a zero dimensional rational valuation of K*/k 
and let v be the K-restriction of v*. Then the splitting group of v* over v 


is cyclic. 


Proof. The proot follows from Proposition 1 above and Satz 3 of Krull 
[5], in view of the fact that the residue field of v is the algebraically closed 


field & of characteristic zero. 


Proposition 3. Let K be a two dimensional algebraic function field 
over an algebraically closed ground field k and let K* be a galots extension 
of K. Let (R,M) be the quotient ring of a simple point on some projective 
model of K/k. Let v be a real zero dimensional valuation of K/k having 
center M in R and let v* be an extension of v to K*. Let R, be the n-th 
quadratic transform (Definition 3 of [2]) of R along v and let (R,*, M,*) 
be the local ring in K* lying above R, such that v* has center M,* in R,*. 
Then there exists an integer m such that for all n=m the splitting field of 
R,* over R, is the same as the splitting field of v* over v. 


The proof of this proposition is contained in the proof of Proposition 4 
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of Section 4 of [3]. That proof was based among other things on the fact 
that Fin ®, (Lemma 10, Section 3 of [3]). “Another proof based on 


n=1 
the weak local uniformization theorem (Proposition 3, Section 3 of [3]) 


will be given Section 9 (Proposition 3A) and this proof will be applicable 
to higher dimensional varieties over ground fields of characteristic zero which 
are algebraically closed. In [3], the weak local uniformization was deduced 


from the theorem: |) R, = R,. However, in Section 9 the weak uniformiza- 


n=1 
tion theorem will be proved for higher varieties (real valuations, characteristic 


zero) and in particular for surfaces without the use of the theorem: |) &, = R,. 


n=1 


This last theorem has no known generalization to higher varieties. 


Proof of Theorem 2. (We shall freely use the results of Section 2 of [3] 
without making specific references.) By the local uniformization theorem, 
we can find a projective normal model of K/k on which the center of v is 
a simple point. Let (R,M) be the quotient ring of this simple point. Let 
K’ be a galois extension of K containing K* and let v’ be an extension of v* 
to K’. Let K,’ be the splitting field of v’ over v and let K,* be the compositum 
of K* and K,’. By Proposition 2, K’/K,’ is cyclic and hence K,*/K,’ is also 
cyclic. Let (R’,M’) be the local ring in K’ lying above R such that v’ has 
center M’ in R’. Let R,’, R,*, R* and M,’, M,*, M* be the respective inter- 
sections of R’ and M’ with K,’, K,* and K*. By Proposition 3 we may assume 
that K,’ is the splitting field of R’ over R. Then K,* is the splitting field 
of R’ over R*. Let (x,y) be a basis of M. Then (z,y) is a basis also of M,’. 
We can find a primitive element z of K,*/K,’ with minimal polynomial X"—t 
where ¢ is in R,’. If m1 there would be nothing to prove; so assume that 
n>1. By the weak uniformization theorem (Lemma 10 of [3]), after 
replacing FR,’ by a quadratic transform (S,N) along the K,’-restriction of v’, 
we may arrange matters so that {= fd where (f,g) is a basis of N, wu is a 
non-negative integer and d is a unit in S. Since & is algebraically closed, 
and (z,y) is a basis of M,’ as well as of M, it is clear that after replacing 2 
by its corresponding quadratic transform along v we may assume that S = Ry’. 

Suppose, if possible, that uw and n have a common factor m>1. Since k 
is algebraically closed of characteristic zero, X" —f“d factors in k[[f,g]][X] 
into m pairwise coprime fatcors. Since k[[f,g]] is the completion of RP,’ 
we have that R,’ splits in K,* into more than one local ring; this is a con- 
tradiction. Therefore wu is prime to n. Hence by the argument used in the 
proof of Theorem 2 of Section 5 of [3] we conclude that R,* is regular. 
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Since K,* is the splitting field of R’ over R*, the degree of R,* over R* is 
one and hence #* is also regular. 


4, Resolution on a derived normal model. The purpose of this section 


is to prove 


TuHErorEM 3. Let K be a two dimensional algebraic function field over 
an algebraically closed ground field k of characteristic zero and let K* be a 
galois extension of K. Then there exists a projective normal model of K/k 
whose K*-normalization ts non-singular. 


The proof of this theorem will consist of several remarks. 


(1) (This remark is valid for an arbitrary finite algebraic extension K* 
of any dimensional algebraic function field K over an arbitrary ground field &). 
Let V* be a projective model of K*/k and let 7 be the rational transforma- 
tion from V* onto the Chow variety V of sets of points of the involution 
on V* defined by the subfield K of K*. Let W* be a normalization of V* 
and let U be the rational transformation from W* onto the Chow variety W 
of sets of points of the involution on W* defined by the subfield K of K*. 
Finally let W, be a normalization (in K) of W. Then we have that 


(a) 7 has no fundamental point on V* if and only if U has no funda- 
mental points on W%*. 


(b) U has no fundamental points on W* if and only if W* is a K*- 
normaliaztion of some projective normal model of K/k. In fact if U has no 
fundamental points on W* then W* is a K*-normalization of W;. 


(2) Let V be a projective normal model of K/k and let Q = (Pi, Pe, 
-+,P,) be a finite set of (distinct) points of V. Let V™ be the surface 
obtained by applying a local quadratic transformation to V centered at P; 
and followed by normalization. Let P,“) be the point on V@ which corre- 
sponds to P,. Let V) be the surface obtained by applying a local quadratic 
transformation to V™ centered at P,“) and followed by normalization. And 
so on until we obtain a normal model V™ of K/k. It is clear V™ depends 
(up to a well defined biregular transformation) only on the set Q and not 
on the order in which the points P; are taken. We shall say that V™ is 
obtained from V by applying a quadratic transformation centered at the set 
of points Q and followed by normalization. 


(3) Let V* be a K*-normalization of some projective normal model of 
K/k. Then the singular points of V* (which are finite in number) arrange 
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themselves in complete K-conjugate sets of points (since K*/K is galois). 
Let P,,P2,- - -,Pn be such a complete K-conjugate set of singular points of 
V* and let W* be the surface obtained from V* by applying a quadratic 
transformation centered at (P;,P2,- --,P,) and followed by normalization. 
Then it follows by (1) that W* is K*-normalization of a projective normal 
model of K/k. 


(4) Let again V* be a K*-normalization of some projective normal 
model of K/k and let P;,P.,- - -,Py be the set of all the singularities of V*, 
Let V,* be the surfa¢e obtained from V* by applying a quadratic trans- 
formation centered at (P;,P2,---+,Py) and followed by normalization. 
Then (2) and (3) tells us that V,* is a K*-normalization of some projective 


normal model of K/k. 


(5) Let the notation be as in (4). Let g(P;) be the character of P; 
as defined in Part VI of Zariski [8]. Let h = max(g(P:),9(P2),:--,g(Py). 
Let V.* be the surface obtained from V,* as V,* was obtained from V%*. 
So on until we have obtained a projective normal model V,* of K*/k which 
[by (4)] is a K*-normalization of some projective normal model of K/k. 
In view of (2), it follows from the proof given by Zariski in Part VI of [8] 
that V,* is non-singular. 


5. Preliminaries on the branch locus. In Lemmas 1 and 2 of [1] 
we had collected well known facts concerning the notion of derived normal 
model of an algebraic variety in a finite algebraic extension of its function 
field due to Zariski; there we unnecessarily restricted the extension to be 
separable and the ground field to be algebraically closed. For completeness 


we restate 


LemMA 1. Let K be an r-dimensional algebraic function field and K* 
a finite algebraic extension of K. Let V and V* be normal projective models 
respectively of K and K* such that the rational transformation from V* 
onto V and its inverse map T-* are both free from fundamental points. For 
a fixed irreducible subvariety W of V let W,*,W.*,- - -,W,* be the irre- 
ducible subvarieties of V* corresponding to W. Let Rand R;* be the quotient 
rings respectively of W and W;* on V and V*. Then R,*, R.*,: - -,Rs* are 
exactly the local rings in K* lying above R. 


Proof. Let A be an affine coordinate ring of V contained in R. Let 
VY’ be a projective model of K* having the integral closure A* of A in K* 
as an affine coordinate ring. Then to W there correspond on V’ a finite 
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number of irreducible subvarieties W,’, W.’,---,W:.’; V’ is normal at 
W,’. W.’,. - >, We and their quotient rings on V’ are exactly the local rings 
in K* lying above R. Furthermore it is clear that the birational trans- 
formation from V’ to V* is biregular at W,’, W.’,- - -,W;,’ and maps these 
onto W,*, W.*,- - -, W.*. Hence and after a suitable rearrangement 
we have = Q(W,*. V*) =Q(W/7, V’) for +==1,2,- - -,¢. 


LEMMA 2. Given K, K* and V as in Lemma 1, V* exists as in Lemma 1 


and is unique up to a biregular transformation. 


Proof. Unicity follows from Lemma 1. Existence is proved on pages 
68-70 of [12] or also in [6]. 

We call V* a derived normal model of V in K* or a K*-normalization 
of V. By the branch locus B(T) on V of the rational transformation T 
from V* onto V we shall mean the set of all (algebraic) points P of V such 
that P is on some irreducible subvariety of V which is a branch subvariety 
for T. 


LemMMA 3. An irreducible subvariety W of V ts a branch subvariety for 
T if and only if WC B(T). Furthermore, B(T) =V or B(T) ts a proper 
subvariety of V according as K*/K is inseparable or separable. 


Proof. The proof is the same as that of Lemma 3 of [1] except that 
in the alternative proof given there in terms of symmetric product, any 
reference to “rational points” should be replaced by “algebraic points.” 


Remark 3. Wet K/k be an r-dimensional algebraic function field and 
K* a finite separable algebraic extension of K. Let V be a non-singular 
projective model of K/k and let V* be K*-normalization of V. Let D be 
the branch locus on V. If & is algebraically closed, then Zariski’s theorem 
(Theorem 1 of [1]) tells us that D is pure r—1 dimensional. The proof 
of this theorem is based on Zariski’s Jacobian Criterion and hence it is 
expected that this theorem could be generalized to the case when & is perfect, 
but if & is imperfect then one would have to replace the Jacobian Criterion 
by Zariski’s Mixed Jacobian Criterion and that would a priori necessitate 
replacing the Jacobian determinant J in the proof of Theorem 1 of [1] by 
the various mm subdeterminants of a certain m XM Jacobian matrix 
with 1M >m; hence one cannot predict whether the purity of the branch 
locus holds true for imperfect ground fields and this point should be looked 
into. However, it will be a consequence of Theorem 4 proved in the next 
section that if K* is cyclic extension of prime degree q which is different 
from the characteristic of the arbitrary ground field & and if & contains a 


7 
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primitive g-th root then D is pure r—1 dimensional (see Theorem 7% of the 
next section). 


6. Kummer extensions of unique factorization domains. The following 
is the main theorem of this section. 


THEOREM 4. Let R be a unique factorization domain with quotient 
field K of characteristic p (which may or may not be zero). Let K* bea 
cyclic extension of K of prime degree gq Ap, (q>1). Assume that K con- 
tains a primitive q-th root of unity. Let R* be the integral closure of R 
in K*. Let z be a primitive element of K*/K for which 22=2€ R (such 


8 
elements z do exist). Let where R; %2,° +, are 


distinct (1.e. pairwise coprime) irreducible non-units in R, 0< ni <q, and 
disaunit in R. Let jn,=tijq+ my with integers ti; and my such that 


tij=0 and 0<my<q for j=1,2,---,q—1. Let 
& 
= for j—1,2,- --,q—1. 
Then: 


(1) R*¥=R+9,R + 9.R+---+ where the sum is R-direct; 
and * 


(IT) D(1, 91; 9q-1) (—1)/q%d0* (222° 
where J = (q—1)/2 tf g>2 and J=0 tf g=2; and hence 


D(R*/R) = (Il 


Proof. Primitive elements z of K*/K for which 24—2€ K exist since 
K contains primitive q-th roots of unity [z* € K* is another primitive element 
of K*/K for which K if and only if 2* with OAuwe K and 
0<i<q]. Since K is the quotient field of R we may arrange matters so 
that R. 

Obviously K* K+ 9,K + 9.K +- +--+ 9,:K, (direct K-sum). Now 


& 8 8 
4=1 4=1 


8 8 8 & 8 
= (TT aims) ( = (29/dyt TI di = di € 
4=1 i=1 4-1 i=1 i=1 


* We are using the following notation: D(R*/R) =the discriminant ideal of R* 
over R = the ideal generated in R by all the K-discriminants D(w,,u.,- - -,u,) of the 
various K-bases (t, Us,* * *,%q) of K* consisting of elements in R*. 


i 
( 
I 
I 
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Therefore gj€ R* for j—1,2,---,qg— 1, and hence 9.R 
4+---++ 9 :R)C R* where the sum is R-direct. Thus to complete the 
proof of (1) we have to show that R* C(R+g9,R+ gqsk). 

Let h=2z/y. Then h is a primitive element of K*/K with minimal 


& 
monic polynomial where Since is prime and 


since O< nj <q, there exist integers M;, N; such that 0<Mi<q and 
Mn; t+ Niq=1. Let Then h; is a primitive element of K*/K 
with minimal monic polynomial X4— f; with f; = <2;,F; where F; is an element 
of R not divisible by 2; Let v; be the real discrete valuation of K which is 
given by the condition that for r in R we have v;(r) =the exponent of the 
highest power of x; which divides r in R. Then v;(h;2) —1 and hence 9; 
has a unique extension w; to K*. We normalize w; so that w;(hi) =1. Then 
wi(k) = qui(k) for any & in K. 

Now discriminant (X27—f) = Therefore (see pages 79-80 
of [%]), given 0Aa* € R* we can find elements a; in K such that 


(1) a* =) + ah + a,h? +--+ and R. 


Suppose, if possible, that w;(a;hi) = w;(a,h*) for some j ~k with a; 40 
Then n;(j —k) = w;,(hi-*) = w;(ax/a;) = qui(a,/aj) =0 (mod q) which is a 
contradiction since n; and (7—k) are both prime to g. Therefore no two 
non-zero terms on the right hand side of (1) are of equal w; value. Since 
a*€ R*, w,(a*)=0 and hence w,(ajki)=0 for 7=—1,2,---,q—1, (if 


a;=0 then w;(ajhi) =o). Let aj Then 
(2) a* =bo + digit dogo t+: and ft 
for j7=1,2,- - -,q—1. 
Now wi(hi) = (1/q) wi(hY¥) =0;(hY) = 0; (ff) = tig + mi. Therefore 
qvi (aj) = (aj) = —tijqg— my, 2 — — (mij/q). 


Since 0 < (mi;/q) <1 we must have v;(a;) =—#;. Hence v;(b;) =v; (a;) 
+ tij= 0, i.e., x; does not occur in the denominator of b;. This is true for 
t=1,2,---,s. Since (da,™r."- - -x,"*)%1b;€ R, we must have that b;€ R 
for j=0,1.- - -,qg—1. Hence in view of the equation (2) we have that 
R*C and hence that R*=—(R+ 9,R 
+ +--+ ++ 994k). 


8 
Since zi = y/ ( and since is the minimal monic poly- 


nomial of z over K we have that 


‘ 
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(—1)/q%rt! = Discriminant of = D(1,z,2’,- 24) 


q-1 
( II [yf wits] )? D(A, *,9q-1) 
j=1 i=1 


8 


q-1 
= (II II D(1, 91, 


é=1 
8 
Therefore D(1, 91, * *.9q-1) = [[ where 
i=1 
g-1 
(q—1)ni—2 Sty = 0. 
ja 
Let d, be a unit in R; y, an element in R; and 2y,, 2y2,° * *, Tus, With 
Ly: = 2 be distinct (i.e. pairwise coprime) irreducible non-units in R. Let 
8u 
hy = duyut where ny are integers such that 0<mi<q. Then 
i=1 
Mu =1. Let ty; and my be integers with tyi;20 and 0< myj <q such 
: su 
that jnui=tyij + mu; for Let TL 
i=1 
Replacing z by h, we coiclude that R* = (R -+- + + 
and 


8u 
D(A, Gur, Ju2s* * * = (—1)7q*dut* TT 
4=1 


where = (¢—1)mui—2 Dd =O. Since ny: we must have ty;=0 


for j=1,2,---,q—1. Therefore = Since 
(1, 915 * *sGq-1) and (1, Gur, * are both R-bases of R* we 
must have D(1, *»9u(q-1)) = du* D(1, 91, * *>9q-1) Where d,* 
is a unit in R. Therefore for u—1,2.: - -.s, we have that 


= Vy(D(1, 91, 1)) =e (D(A, gurs * Jute-s)) = Cy, = q—l. 
Q. E. D. 


Corotuary. The above proof yields the arithmetical result: 
q-1 
(q—1)n,—2 Stij=—q—1. 
j=l 


A direct proof of this corollary: Since q is prime and since 0 < ni < 4, 
it follows that (mi, miz,: -,Micg+)) must be a permutation of (1,2.- 
q—1). Hence if we let all the summations & be taken over j — 1, ,-- -,g—1, 


we obtain: 


= Stig + = + 1)/2. 
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Therefore 
= — [q(q—1)/2] + (37) m= La(q—1)/2] (—14+m). 


Therefore 
(q—1) (m—1) (q—1)m— (q—1). 
Therefore 
(q—1)n— = qg—1. 


THEOREM 5. In the notation of Theorem 4 assume that R 1s a local 
domain with maximal ideal M and that s=1. Then R* is also a local 
domain. Let B be a basis of M. Then (B, 91, 92,° 9q-1)R* = M* where 
by M* we are denoting the maximal ideal in R*. 


Proof. We shall use the notation of the proof of Theorem 4. Since y; 
has a unique extension to K*, there exists a unique local domain in K* lying 
above R and it must be R*. Now for 1—1,2,---,qg—1 we have that 
M and hence g,€ M*. Therefore (B, 91,92: *;9q1)R* CM*. Let 
m*€M*. Then m* € R* and hence m* = mo + + Mego + 
with R. Since M* we have 


and hence m* € (B, 91, *9q-1)R*. 


THEOREM 6. In the notation of Theorem 5 assume that R ts noetherian 
and regular and that s=2. Then R* is non-regular. 


Proof. We shall use the notation of the proof of Theorem 4. Let 
Ay, be a minimal basis of Suppose, if possible, that there 


exist elements *,@H, in R* such that 
H q-1 

(1) Ay =D + 
4=1 4=1 


Let aij, b;; be elements in R such that 
q-1 
(2) + Ddayg; and b= dio + 
g=1 
Now if and if i+j Therefore 


2 
9:95 = Gus if 
k=1 


and 


8 8 
K=1 k=1 
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Therefore aijAig; and 
j=1 


i-1 8 
k=1 


p=0 


-1 
+ > Di Il 9th. gos [We take t,o and g.—1]. 
k=1 


Hence by (1) we get 
H q-1 8 
(3) Ap = + dD di gi( 
i=1 i=1 k=1 
Now in; = and (¢—1) = + imply that 
qQ, = + tr,q-i) q + m k,q-i 


and hence mx; + = q and this in turn implies that n,; — —txqi=1. 
Therefore by (3) we get 


H 8 q-1 
Ay => + d( II Lx) bi 
4=1 —> | 4=1 


Comparing leading forms, we conclude that this is a contradiction since s = 2. 


Similarly for 11,2,- --,H, there do not exist elements aj, b; in R 
q-1 
for which 4; => aiA;+ digi. 
4=0,1,---,4-1, it+1,---,H i=1 


Now suppose, if possible, that there exist elements a;, b; in R* such that 


H q-1 
9. =h=SaAi+ dbigi. Using expressions (2) for a;, b; we get 
i=0 


H q-1 8 
(4) = + Di gies ( 
i=2 k=1 


Now in; and + and hence 

+ = (tei + Mri + Therefore 

(5) tit =—m + mit 

Replacing, if necessary, z by hy, we may assume that n»=1. Then m,,;=1 

and =Y—t+1 so that —n, + mii + =—1+i1+q—i4+1 

=q. Hence by (5), ny —t1i— =1. Hence by (4) we conclude that 

1¢€ which is a contradiction. 
Therefore the elements A h=g,, of M* are linearly 


independent modulo J/*? and hence 
dim > H dim R*. 


Therefore R* is non-regular. 
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THEOREM 7%. Let V be a projective normal model of an r-dimensional 
algebraic function field K/k of characteristic p. Let K* be a cyclic extension 
of K of prime degree gp, (¢>1) and let V* be a K*-derwed normal 
model of V and assume that k contains a primitive q-th root of unity. Let 
D be the branch locus on V of the rational transformation from V* onto V. 
Let P be a simple point of V. Then the component of D passing through P 
is pure (—1)-dimensional (or empty). If V is non-singular then D ts 
pure (r—1) dimensional (or empty). 


Proof. Let & be the quotient ring of P on V. Then £ is a unique 
factorization domain. Let R* be the integral closure of R in K*. Then 
the discriminant ideal D(R*/R) of R* over R defines the component of D 
passing through P. By Theorem 4, D(R*/R) is either the unit ideal or is 
a principal ideal other than the unit ideal. Hence the result. 


7. Simultaneous resolution for quadratic and cubic cyclic extensions. 
The purpose of this section is to prove 


THeorEM 8. Let K be a two dimensional algebraic function field over 
a perfect ground field k of characteristic p and let K* be a finite algebraic 
extension of K. Assume that either K*/K is quadratic and p2 or that 
K*/K is cubic cyclic, p48 and k contains a primitwe cube root of unity. 
Then there exists a non-singular projective model V of K/k whose K*- 
normalization is also non-singular and the branch locus on V 1s a non- 
singular curve (or ts empty) . 


Since & is perfect, K/k has non-singular models [4]; we remark that 
this the only thing for which the assumption of perfectness of & will be used 
and hence that the theorem remains true if the assumption of perfectness of 
k is replaced by the assumption that K/k has non-singular models. 

Now let V be a non-singular projective model of K/k, and let V* be a 
K*-mnormalization of V. By Theorem 6, the branch locus on V is a curve D. 
Let D,,D.,---,Dn be the irreducible components of D. Let P be a 
singular point of D, and let V’ be the surface obtained from V by applying 
a local quadratic transformation centered at P. Let D,’ be the curve on V’ 
which corresponds to D; and let ZL be the (non-singular fundamental) curve 
on V’ which is the total image of P. Let V’* be a K*-normalization of V’. 
Then the branch locus on V’ (for the transformation between V’ and V’*) 
consists either of D,’, D.’,- - -,Dn’ or of Dy’, -, Dr’, L. In an obvious 
sense L intersects any of the curves D;’ normally. 
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Let P,,P.2,- --,Py be the set of singularities of D,,D..---,Dn. Let 
V, be the surface obtained from V by applying a quadratic transformation 
centered at (P:,P2,- --,Py).* Let V2 be the surface obtained from V, as V, 
is «btained from V. Let Vi, V2, Vz,- - - be the sequence of surfaces defined in 
this manner. In view of Theorem 4 of Part II of Zariski [11], it follows 
from the above remarks that for some ¢, all the irreducible components of the 
branch curve on V; (for the transformation between V; and its K*-normaliza- 
tion) are non-singular. We may assume that this is so already for V, i.e. 
that the curves D; are all non-singular. 

Now let Q:,Q2,- - +,;Qa be the points of V which are common to more 
than one component of D, (i.e., the singular points of D). Let V™ be the 
surface obtained from V by applying a quadratic transformation centered at 
Let V® be the surface obtained from as is 
obtained from V. Let V™, V@,V®,-- + be the sequence of surfaces thus 
defined. Now suppose for instance that Q,€ D,; let R be the quotient ring 
of Q, on V, let w be the rank two valuation of K/k having center at Q, 
composed with the real discrete valuation given by D, (w is unique since Q, 
is simple for D,). Let R; be the 7-th quadratic transform of F along vw. 


By Lemma 12 of [2], UR: —R,. In view of this, it is clear that we have 
i=1 


proved the following proposition. 


Proposition 4. In the notation of Theorem 8, let V be a non-singular 
projective model of K/k, let Pi,P2,---+,Py be the singular points of the 
branch curve D on V(of the transformation between V and its K*-nor- 
malization). Let V, be the surface obtained from V by applying a quadratic 
transformation centered at (P,,P:,-- ,Py). Let V2 be the surface obtained 
from V, as V, is obtained from V. Let V,,V2,Vs,- - - be the sequence of 
surfaces thus defined. Let D; be the branch curve on V; for the trans- 
formation between V; and its K*-normalization. Then there exists an integer 
n such that for any 1=n, the only singularities of D; are two-fold normal 
crossings ) Definition 4 of [1]). 


~ 


Proposition 5. Let (R,M) be an r-dimensional regular noetherian local 
domain, with quotient field K and let (2,%2,- + -,a,) be a basis of M. Let 
K* = K(z) with 24=dz," where q is a prime number, n is a positive integer 
not divisible by q and d is a unit in R. Then there is only one local ring 
R* in K* lying above R and R* is regular. 


See part (2) of the proof of Theorem 3 of Section 4. 


» 
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Proof. The proof follows from the argument given in the proof of 
Theorem 2 of [3]. 


In view of Proposition 4 the proof of Theorem 8 in the quadratic and 
the cubic cases follows respectively from Theorems 9 and Theorems 10 below. 


THEOREM 9. Let V be a non-singular surface with quotient field K/k 
of characteristic 2 and K* a quadratic extension of K. Let V* be a K*- 
normalization of V and assume that all the singularities P,,P2,- + +,Pn of 
the branch curve D on V for the transformation between V and V* are 
ordinary double points. Let V’ be the surface obtained from V by applying 
a quadratic transformation centered at (P3,P2,--+-+,Pn) and let D’ be the 
branch curve on V’ for the transformation between V’ and its K*-normaliza- 
tion V’*. Then V’, V’* and D’ are all non-singular. 


Proof. Let P be one of the singular points of D and let (R,M) be 
the quotient ring of P on V. By Theorem 4 there exists a primitive element 
z of K*/K such that 22 day where (z,y) is a basis of M, d is a unit in & 
and ry 0 is the local equation of D at P. We may replace z by dz and 
assume that 2? ay. Let (R,,M,) be an immediate two dimensional quadratic 
transform (Definition 3 of[2]) of R and let v be a valuation of K/k having 
center M, in R,. We shall now show that there exists a primitive element 2; 
of K*/K such that either z,2—d, or 2,22, where d, is a unit in R, and 
(71,41) is a basis of M, and in view of Theorem 4 and Proposition 5, the 
proof of the present theorem will then follow from this. Case 1, u(r) > v(y). 
Let y, =y and 2,—=2/y. Let z =2/y. Then (21,41) is a basis of M,, 2, is: 
a primitive element of K*/K and 2,27=2,. Case 2, v(x) <v(y). Because 
of symmetry in 2 and y the proof in this case follows from Case 1. Case 3, 
v(x) =v(y). Let dj —-2/y and 2,—2/y. Then d, is a unit in Ry, 2, is a 
primitive element of K*/K and z,? = d,. 


THEOREM 10. Let the notation be as in Theorem 9, except assume that 
K*/K is cubic cyclic, k is of characteristic 43 and contains a primitive cube 
root of unity. Let V” be the surface obtained from V’ as V’ was obtained 
from V. Let D” be the branch curve on V” for the transformation between 
V” and its K*-normalization V’*, Then V”, V’* and D” are all non-singular. 


Proof. Let P” be an arbitrary point of D”, let P’ be the point of V’ 
which corresponds to P” and let P be the point of V which corresponds to P’. 
Then P’€ D’ and PE D. Let (R2,M.) and (R,,M,) be the quotient rings 
of P” and I” on V’ and V” respective and let v be a valuation of K/k 
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having center M, in R,. In view of Theorem 4 and Proposition 5, it is 
enough to show that P” is a simple point of D”. 

If P’ is a simple point of D’ then Rz,—R, and P” is a simple point 
of D”. Now assume that P’ is singular for D’,. Then P’ and P are ordinary 
double points of D’ and D respectively. By Theorem 4, we can find a 
primitive element z of K*/K such that either (Case 1) 2? = dzy? or (Case 2) 
23 = dzx’y or (Case 3) 2*=dzy where d is a unit in # and (2,4) is a basis 
of M. 

Suppose, if possible, that we have Case 1, i.e., 22 dazy?. We have the 
following three subcases. Subcase 1.1: v(x) <v(y). Let 2,;—2/2, 1,=2, 
and y,=—y/x. Then z, is a primitive element of K*/K, (2,4,:) is a basis 
of M, and z,2—dy,? and hence by Theorem 4, P’ is a simple point of D’ 
which is a contradiction. Subcase 1.2: v(z) >v(y). Let 2: —2/y, =2/y 
and y,=y. Then 2, is a primitive element of K*/K, (2,y,) is a basis of 
M, and 2,3 dz, and hence by Theorem 4, P’ is a simple point of D’ which 
is a contradiction. Subcase 1.3: v(x) =a(y). Then z,—2/y is a primitive 
element of K*/K and z,3=e where e—dz/y is a unit in R,; hence P’ is 
not a point of D’ which is a contradiction. 

Thus Case 1 is not possible and similarly Case 2 is not possible either. 
Thus we are left with Case 3, i.e., we have z—dzy. Suppose, if possible, 
that v(x) =v(y). Let 7, and d,—dy/z. Then 2, is part of a basis 
(2,41) of M,, d, is a unit in R, and z*—4d,z2,?; hence by Theorem 4, P’ is 
a simple point of D’ which is a contradiction. Therefore v(z) ~v(y). 
Because of symmetry in z and y, it is enough to complete the argument in 
case >v(y). Let y,=y and z,—2/y. Then is a basis of M, 
and z2°=—dz,y,*._ The argument which implied the impossibility of Case 1 
now tells us that 2*—dz,y,? implies that P” is a simple point of D”. 


8. Simultaneous nonresolvability for cyclic extensions of minimal 
models. 


DeFinition. Let K/k be an algebraic function field and let K* be a 
finite algebraic extension of K. If there does not exist any non-singular 
projective model of K/k with a non-singular K*-normalization then we shall 
say that (K,K*) ts simultaneously non-resolvable. 


Now let (R, 1) be a regular two dimensional (noetherian) local domain 
with quotient field K. Let (o,y)) be a basis of M. Let a be a fixed positive 
integer and let b=a-+1. Let 
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Ly = Lo/Yos = Yo; 
Le = 11/1, Ye = 413 


Ly-2/Yo-2, Yo-1 = Yo-2 5 


Vy = = 
(1) = Your = Yo3 
Lose = Lor Your = Yos1 5 


L2p-1 = 25 Yoo-1 = Yod-2 5 


Lop = L2p-15 You = Yov-1/Lep-1- 


i.e. for n==0,1,2,- - - we have set 


Cnd+i = Undsi 1/Ynb+i-1 Ynd+i = Ynd+i-1 for 1=1, 


and Lnb+b = Und+b-15 Ynd+b = Ynd+b-1/ Lnd+b-1 5 


in other words 


= /Yar' Ynb+i = Ynd for L, 2, 


b- 
and (n+1)b = Y (n+1)b = Ynv’/Lnv- 


(3) 


' Then there is a unique two dimensional h-th quadratic transform (Definition 

3 of [2]) (Ra, Mn) of (R,M) such that My = yn) Rn. More explicitly 
we can define (R,,M,) either by induction as: 

For n=0,1,2- - let 


Ravsi-1 [a N nb+i (a nb+is Yndsi) for i, 2, 5) b 1, 


and 


Sno. Raver 1 N nb+b Ynd+d) Snvsd 3 


and then 


Maou — for 1= 1, 2, b. 


(Snvst) 


Or directly as: 
= R[x, yt], (Xt, yt) (S:*) and M;= 


Anyway, R;,, is an immediate quadratic transform of R; for t=0,1,2,- - - 


where R, = R. 


By Lemma 12 of [2], UU 2: =F, where v is a valuation of K having 
i=l 


center VW; in R;. It follows from the definition of the sequence (2, 4:), 
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Y2),° that v(x) and v(y) are comparable [i.e., there exist positive 
integers A and B such that Av(x) >v(y) and Bu(y) >v(z)] and that 
(the real number) Q@—v(z)/v(y) is an irrational number given by the 
periodic continued fraction expansion (of period two) : 


Hence, in view of the results of [2], v is a real valuation of rational rank 
two and R,/M, = R/M = for any If we set v(y) =1 and v(z) —Q, 
then the value group of v consists of the real numbers of the form m+ nQ 
where m and m are arbitrary integers. 


THEOREM 11. Let (R,M) be a two dimensional regular (noetherian) 
local domain with quotient field K of characteristic p and let (x,y) be a 
basis of M. Let q be a prime number such that gq>3 and qAp. Let 
a=q—4, b=a+1—q—3, %—-2z and y=y. Let v be the valuation 
of K as constructed above. Let K* be the root field over K of the polynomial 
Zi—xy*. Let (S,N) be any two dimensional regular (noetherian) local 
domain with quotient field K such that R, DSDR, M,NS—=N and 
M=RON. Then there is only one local ring S* in K* lying above 8 
and S* is not regular. 


Proof. We shall use the notation introduced above in the construction 
of v. By Theorem 3 of [2] there exists an integer h such that S = R, and 
N=M,. Thus we have to prove that for any integer ¢, there is only one 
local ring #,* in K* lying above and #,* is non-regular. 


Let H be a root of Z7—-zy?=0. Then H is a primitive element of 
K*/K and K*/K is cyclic of degree gq. Let F=-zy?. Let us rewrite 
equations (3) as: 


For n=0,1,2,--- and 1—1,2,- - -,b—1, 


(4) = (Yndsi)? Ynd = Yndsi = 
Lnd+b-1 = Ynd+d-1 == 

Let F; =F and H,—H for 1=0,1,---,b. Then for 1—1,2,---,b—1 
we have = (xyi') (yi)? with 0<1+25 (b—1)+2 
=b+1<q, and Fy = = with 0< b+ 2 <q and 
0<b+1<4q. 

For 1—1,2,---,b—1 let Pri—Fo(you) and 
Then H,,; is a primitive element of K*/K and 
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(Hoi)? = = Pro (Yous) (Yous) 
( (Yass) (Yor) 
and 0<b+2<q, 0<b4+1—1<q. 
In particular, substituting 1—b—1 we get 
(Hop)? = = (Yer-1) 


Let Foy = and = Then is a primitive 
element of K*/K and 


(Hoy) 4 = Foy = (Lon) = (Lo-1) (Yoo 1)? 


= b+4-4 (Yon) 2 Lp (Yor)? 
] 
(5) (Hay)! = Poy = Lop (Yon)?. 


H for t= --,b—1; and Har 
=H, ,(x,)~'. Then in view of (5), the above considerations at once tell 
us that H.»,; is a primitive element of K*/K for 1=1,2,- - -,2b; and 


(Hou)? = Foou == ( for t= 1, 2,- : -,b6—1; 
(A304)? = Pau = for t=0, -,b—1; 
= Pay = Tan (Yan)? 


And so on - - -, i.e., by induction we define for n —0,1,2,- - - 


= Fonp, Honvsi = Hony for 1=1,2,°- 05 
for += 1,2,- - -,b—1; 
and 


that for any non-negative ¢, H; is a primitive element of K*/K and 

with 0<Ar<q and [Observe that 
Aonyi= Aj, Bonysi=B; for n=0,1,2,--- and Hence 
by Theorems 4 and 6 it follows that there is only one local ring R;* in lying 
above FR, and is not regular. Q.E. D. 

Now let K/k be a two dimensional algebraic function field and recall 
that a non-singular projective model V of K/k is called a minimal model 
of K/i if W is a non-singular projective model of K/k implies that the 
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(uniquely determined) birational transformation from W onto V is every- 
where regular on W. In [14] Zariski has proved (at least when & is alge- 
bracically closed) that K/k has a minimal model if and only if there does 
not exist any intermediate field between k and K of which K is a simple 
transcendental extension. 


THEOREM 12. Let K/k be a two dimensional algebraic function field 
of characteristic p and assume that K/k has a minimal model. Let q bea 
prime number such that g >3 and gAp. Assume that k contains a primitive 
qg-th root of unity. Then there exist q-cyclic extensions (lots of them) K* 
of K such that (K,K*) is simultaneously non-resolvable. 


Proof. Let V be the minimal model of K/k. Let (f,M) be the 
quotient ring of a point of V. Let (z,y) be a basis of M. Let K* bea 
root field over K of the polynomial Z4—-zy*. It then follows by Theorem 11 
that (K,K*) is simultaneously non-resolvable. 


9. Partial generalizations to higher varieties. In this section we plan 
to give partial generalizations to higher varieties of the theorems proved in 
Sections 2, 3 and 7 for surfaces. We start off by deducing the following 
consequence (which is the weak local uniformization theorem for real valua- 
tions for an algebraically closed ground field of characieristic zero) of a result 
proved by Zariski in his uniformization paper [9]. 


THEOREM 13. Let P be a simple point on an r-dimensional algebraic 
variety V with function field K/k where the ground field k 1s algebratcally 
closed of characteristic zero. Let (R,M) be the quotient ring of P on V. 
Let v be a zero dimensional real valuation of K/k having center P on V 
and let u be a non-zero element of R. Then there exists an anti-regular 
transform V* of V obtained from V by a sequence of monoidal transformations 
such that there ts a minimal basis of the maximal ideal 
M* of the quotient ring R* of the center P* of v on V* for which 
where are non-negative integers, d is 
a unit rn R* and v(x), are rationally independent. 

It is clear that this theorem will follow from the following slightly 
more general proposition. 


Proposition 6. Let (R,M) be an r-dimensional (r>1) regular 
(noetherian) local domain with quotient field K. Assume that R contains 
a subfield k which ts mapped tsomorphically onto the residue field R/M by 
the canonical homomorphism and assume that k is algebraically closed of 
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characteristic zero. Let (%1,%,---:,2,-) be a basis of M. Let v be a real 
valuation of K/k having center M in R and of R-dimension zero, (i.e., 
k—=R,/M,). Let u be a non-zero element in M. Then there eaists a 
regular r-dimensional local domain (R*,M*) obtained from R by a sequence 
of monoidal transformations with respect to the basis (%,%2,° + *,%,) and 
the field k (see definition below) and a basis (2,*,1.*,- - -,2,*) of M* such 
that - where d ts a unit nm R*; An are 
positive integers and are rationally independent. 


Proof. For i=1,2,---,r let be elements of 
k[X,,X2,- - -,X,] of leading degree one such that if GiuX1+ gioX2 
+ girX, with gi; in k is the leading form of f; then the r by r determinant 
Let y—fi(ti,%2,- ++, 2). Then (41, °,Yr) is a basis 
of M. Assume that v(y,) << v(y:) for +—=2,3,---,¢ with Let 
91, %—=Yi/y for += 2,3,---,¢ and for 
Let S= N=SOM, and Ry —Sy and M,—NR,. Then 
(R,,M,) is a regular r-dimensional local domain, (21,22,° - -,%r) is a basis 
of M,, R, DR, DR, M,N R,—M, and M,N R=M. We shall say that 
(R,,M,) is a first (or an immediate) monoidal transform of RF along v 
with respect to the basis (%,,%2,- - and the field &. Let Mz) be 
an immediate monoidal transform of R, along v with respect to the basis 


(21,22, and the field &. Then we shall say that R, is a second 
monoidal transform of R along v with respect to the basis (2, 


and the field & and so on. 

Now let A =k[a,, >, 2], Q = (41, BR’ = Ag, M’ 
and let wv’ be the restriction of v to k(2,,%,: + +,2,). It is a direct conse- 
quence of what Zariski has proved in parts B, CI and CII of [9] that the 
present proposition holds for (R’,M’); this special case of the proposition 
will be referred to as Z. 

Let = -,v(x,-)) and let v(u) =D. Fix a positive 
integer ¢ such that (H >D. We can write wu—u,-+ wu’ where wu, is a 


polynomial in of degree less than ¢ and w’€ M*. Then 
v(u,) =v(u) =D and u—u,+ where and w, 
U;,* * *,Up are monomials of degree ¢ in %,,%,: - -,2,. Applying Z to the 
product u,u.* - -up we conclude that there exists an n-th monoidal trans- 
form (R’*, M’*) of R’ along v’ with respect to the basis (2,%,- - +,%,) and 
the field & such that uj= - for i=—1,2,---,T where 
the a;; are non-negative integers, d; is a unit in R’*, (2,*,7.*,- - -,2,*) is a 


basis of M’* and are rationally independent. 
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Since v’(u;) >v’(u,) for i=2,3,---,7; invoking Theorem 2 of [9] we 
may arrange matters so that a,; < a; for j= 1,2,- - -,H andi—2,3,- - -,T. 
Let S = R[z,*, 2.*,-- -,2,*], N = (21*,22*,- -, 2,*), R* = Sy and M* = NR*, 
Then evidently (R*, M*) is an n-th monoidal transform of F# along v with 
respect to the basis (%,%2,° - *,2,-) and the field & and (2,*,2,*,- - -,2,*) 
is a basis of /*. Also it is clear that 


where d is a unit in R*. Rearrange the 2,*,22*,- - -,%y* so that a4~0 
for i=1,2,---,h fori>h. Setting a,;—a; for 1—1,2,- - -,h 


we obtain the required result. 


Proposition 7. Let the notation be as in Proposition 6 and let w be 
an element of R,. Then there exists R* as described in Proposition 6 such 


that we R*. 


Proof. Let w=w,/we. with w,,w.€ R*. Applying Proposition 6 to the 
product w,w, and invoking Theorem 2 of Zariski [9] we obtain the result. 
Now we give a partial generalization of Theorem 1 (Section 2) to 


higher varieties. 


TrroreM 1A. Let K be an n-dimensional algebraic function field 
over an algebraically closed ground field k of characteristic zero. Let K* 
be a finite algebraic extension of K and let v* be a zero dimensional real 
valuation of K*/k. Let r be the rational rank of v*. Then there eztsts a 
regular local ring (R*,M*) which is the quotient ring of the center of 
v* on a projective model V* of K*/k such that tf we set S=R*N K, 
Q=(M*O K) and Q* =QR* then we have the following: (1) S ts normal 
domain with quotient field K and Q 1s the unique maximal ideal in S; 
(2) if r—=1 then rank Q* = 2; (3) tf r>1 then rank Q* =r; (4) of r—=n 
then V* is a K*-normalization of a projective normal model of K/k. 

Proof. Since v can be uniformized [9], there exists a regular local 
ring (R*, M*) which is the quotient ring of the center of v* on a projective 
normal model of K*/k. To arrange matters so that the transcendence degree 
of S over k is n we may either use the argument used in Theorem 1 together 
with Proposition 7 or we may invoke the fact that Zariski has proved the 
local uniformization theorem for v in projective form [9]. The rest of (1) 
is obvious. In view of Theorem 13, (2) follows by the argument used 


in Case 1 in the proof of Theorem 1. 
Now assume that r>1. Then r is also the rational rank of the K- 


\ 
\ 
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restriction of V*. Fix elements 2,,22,° -,2- in K such that v*(z,), v*(Z2), 

--,v*(z,) are rationally independent and positive. Either by Proposition 
7 or by the projective form of the uniformization theorem [9], we may 
assume that the elements 2; are in R*. Applying Theorem 13 to the product 


we may assume that 2; = where (21, *, Zn) 
is a basis of M*, d; is a unit in R*, ay; is a non-negative integer, and 
are rationally independent. Since v* (21), v* (22), 


-+,v*(z,) are rationally independent we must have h =r and for the r by 
y determinants D= (aj) we have D0. Hence there exist integers ni; 
and units e; in R* such that = - -2,"9 for - 
Therefore the elements 2,,22,° - +, 2%, belong to the radical of Q* and hence 
rank Q* =r. This proves (3) and (4) follows from (3) and Proposition 1 
of [4]. 

Proposition 3 of Section 3 can be generalized as follows: 


Proposition 3A. Let K be an r-dimensional algebraic function field 
of characteristic zero and K* a galois extension of K. Let v* be a zero 
dimensional real valuation of K* and let v be the K-restriction of v*. Then 
there exists a regular local ring R which is the quotient ring of the center 
of v ona projective normal model V of K such that if R* denotes the quotient 
ring of the center of v* on a K*-normalization of V then the splitting field 
of R* over R coincides with the splitting field of v* over v. 


Proof. The argument used in the proof of Theorem 1 of [4] tells us 
that in order that what is required should happen, it is sufficient that a 
certain finite number of elements of R, be contained in R. Now this can 
he arranged either by using Proposition 7 or simply by invoking the fact 
that Zariski has proved the local uniformization theorem for v in projective 
form [9]. 

Now we generalize Theorem 2 (local simultaneous resolution for rational 
valuations) to higher varieties. 


THEOREM 2A. This is the same as Theorem 2 except let the dimension 
of K/k be arbitrary. 


Proof. In view of Proposition 3A and Theorem 13 the proof is the 
same as that of Theorem 2. 

The results of Sections 7 and 8 (simultaneous resolvability or non-resolv- 
ability) and the partial generalizations of the results of Section 7 to higher 
varieties seems to be somewhat related to (and hence they might throw 
some light on) the possible approach to the problem of resolution of singu- 
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larities for higher varieties (over an algebraically closed ground field of 
characteristic zero) which has been proposed by Zariski in [13]. Hence 
before giving these generalizations of the results of Section 7, we wish to 
make a remark concerning this proposed method of Zariski. This method 
calls for proving the following stronger conjectural form of the resolution 
problem. 


THeorEM Z. (Theoréme de Réduction of pages 4-5 of [13]). If V, 
is a pure r-dimensional variety regularly immersed in the direct product 
Fy. of r-+1 projective lines (over the field of complex numbers), then there 
exists an anti-regular transformation f of Fy, such that f(F,..) is non- 
singular and such that all the singularities of the total transform f[V,] of 
V, are 2-fold normal crossings (for the definition of an s-fold normal crossings 
see [1]; what we call a “2-fold normal crossing” is in Zariski’s terminology 


simply a “normal crossing”). 


We shall prove below that for any r there exists a V, satisfying the 
conditions of Theorem Z such that if f is an anti-regular transformation of 
F,,, with the properties: (1) f(/',4.:) is non-singular and (2) all the singu- 
larities of f{[V,] are normal crossings; then f[V,] has a singularity which 
is an (r-+1)-fold normal crossing. 

Let t=r-+1 and let be ¢ algebraically independent 
elements over an algebraically closed ground field & of characteristic zero. 
Let where p is a prime number. Let and 
let K* Let be rationally independent 
positive real numbers. Now there is a unique zero dimensional valuation v* 
of K*/k such that v*(2;) = q; for 1—1,2,---,¢. Let v be the K-restriction 
of v*. Let G be the galois group of K*/K. Then G is the direct product 
of ¢ cyclic groups of order p and hence G is not a direct product of s cyclic 
groups for anys<t. It is clear that the ramification index of v* over v is 
(pt) and hence G is also the splitting group of v* over v. 

In a natural way we can consider K/k to be the function field of the 
direct product F; of ¢ projective lines over k. Let F* be a K*-normalization 
of F; and consider the branch locus on F; of the transformation between F; 
and F*. By a Theorem of Zariski (Theorem 1 of [1]) this branch locus is 
a pure r-dimensional variety and we let it be our V, The conditions of 
immersion are readily adjusted (for instance: roughly speaking, take a line 
not on ¥:¥2° * -y;=O0 as a factor line of F; etc.). Let f be an anti-regular 
transformation of F; satisfying conditions (1) and (2) above. Let F” —f(F;) 
and F’* be a K*-normalization of F’. Let D be the branch locus on F” of 
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the transformation between F’ and F’* and let V’=f[V,]. Then DC V’ 
and hence ali the singularities of D are normal crossings. Let P be the 
center of v on F” and let P* be the center of v* on F’*. Then GD G(P*:P)D 
(the splitting group of v* over v), see [3]. Therefore G(P*:P) —G. There- 
fore P is on D and hence P is an s-fold ncrmal crossing of D for some s. By 
Theorem 2 of [1], s=¢. .Therefore P is a ¢-fold normal crossing also of V’. 
Q. E. D. 

This shows that Theorem Z is not true in its present form. Also we 
have that, Theorem Z must be weakened at least to the point as to read: 

. every singularity of f[v,] is an s-fold normal crossing with sSr+1 
(s depending on the singularity). 

Now we proceed to generalize Theorems 9 and 10 of Section 7 to higher 
varieties and we shall closely follow the proofs of these theorems. 


TrEeorEM 9A. Let K be an r-dimensional algebraic function field of 
characteristic 42 and K* a quadratic extension of K. Let V be a non- 
singular projective model of K and let V* be K*-normalization of V. Let 
D be the branch locus on V for the transformation between V and V*. By 
Theorem % we have that D is pure r—1 dimensional. Assume that the only 
singularities of D are s-fold normal crossings with sr (s depends on the 
singularity). Then there exists a non-singular model V, of K obtained 
from V by a sequence of monoidal transformations such that the K*- 
normalization V,* of V, and the branch locus D, on V, are both non-singular. 


Proof. (We only give the additional considerations to supplement the 
proof of Theorem 9.) If Pé€D is an s-fold normal crossing of D then we 
shall denote the integer s by s(P). Let {max[s(P)]. If 1 there is 

PeD 


nothing to prove, so assume that ¢>1. Fix Pé€ D with s(P)=t. Let 


(R,M) be the quotient ring of P on V and let (a1, 22,- - -,v,) be a basis 
oi M such that 2,72: + -v,==0 is a local equation of D at P. There exists a 
primitive element z of K*/K such that 2? —dz,2,- - -x; where d is a unit 


in Rk. Let v be a zero dimensional valuation of K/k having center P on V 
and let (R’, 11’) be the quotient ring of the center P’ of v on the variety 
V’ obtained from V by a monoidal transformation centered at the (r—2)- 
dimensional subvariety W with local P-equation Let y= 


In case << u(y), and let and im case 
< ; then z, isa primitive element K*/K with 2,7 = dyyeo: 
and (93, is part of a minimal basis of M’. If v(a_.) 


then letting 2/x; we have that 2,2=d,yiy2° where d, is a unit 
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in R’ and (y:,Y2,° °°, Yt-2) is part of a minimal basis of M’. Thus in either 
ease s(P’) <t. Similar things happen to any other point on the subvariety W. 
Hence if there is still a point Q on V’ with s(Q) =¢ then Q does not lie on 
the total transform of W on V’. Now we treat Q on V’ as we treated P on V 
and soon. Eventually we achieve a reduction in t. We continue till ¢ reduces 
to 1. 


THEOREM 10A. Let the assumption be as in Theorem 9A except assume 
that K is of characteristic 43, K* is a cubic cyclic extension of K and that 
K contains a primitive cube root of unity. Then we have the same conclusion 


as in Theorem 9A. 


Proof. Combine the arguments used in the proofs of Theorems 10 
and 9A. 
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SOME ALGEBRAIC NUMBER THEORY ESTIMATES BASED 
ON THE DEDEKIND ETA-FUNCTION.* 


By Harvey Coun. 


1. Introduction. Recent papers in this Journal [1], [2] attest to the 
continued interest in bounds on class number, regulator, ete., of algebraic 
fields. One special type, known as the pure cubic field (see Section 2 below) 
has the advantage that the zeta-function residue reduces to a finite expression 
involving the Dedekind eta-function. From this expression, by using the 
modular sub-diivsion, we can obtain the estimate (see Section 3 below). 


(1.1) hloge=O(| d |4log | d| log log | d|), 


where d is the field discriminant, h is the class number, and «(>1) is the 
fundamental unit. The estimate (1.1) is a slight improvement over Landau’s 
estimate [8]. O(|d|log?|d|) under broader choice of field. One can 
obtain the further estimate (see Section 4 below). 


(1.2) h=O(\d 


blog log | d|) 


which is a somewhat greater improvement over Landau’s [7] O(| d |4 log? 


d |). 
A more direct application of the technique would be bounds on certain 
modular invariants which are included for purposes of illustration. The 
main significance of this paper, however, is an indication of the direct use- 
fulness of modular functions for cubic field estimates. 


2. Notation and formulas. To discuss the pure cubic field Ky», let 


a, b be two relatively prime square-free positive integers, (ab 1), 
Rar he the field generated by the real root (ab?) *%, 

h be the class number of Ka», 

e(>1) be the fundamental unit of Ka», 

k be ab (or 3ab) according as a7—b?=0 (or 0) mod 9. 

d be —3k?, the discriminant of 


Then according to the famous formula of Dedekind ([3]; p. 228) 


(2.11) TIH (w,) /TTH (wo), 


* Received March 21, 1956. 
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where 
(2.12) H(w) [i(o—o) (Imw > 0), 


and the Dedekind y-function is given by 


(2.18) n(w) =exp (xtw/12) (1 — exp 2ziwn) 
n=1 

Here w, © are complex conjugates and the variables w) and o, range over 
roots of quadratic forms of discriminant — 3k? arranged in accordance with 
certain reciprocity properties. The detailed description of the choice of wo, 
and wo, ([3]; p. 205) is unnecessary in what follows. (Indeed we permit 
the worst possible arrangement!) It will suffice to say that the numbers 
wp and », each range over one-ninth of the roots w formed with integral a, y,z: 


(2. 2) o> (x Zp) /Y, (p = (—- 1 132) 
where t=0, y>0, z>0, and zy=k, O=2<y while y and r+ Zp are 
relatively prime (in the integral domain of p). There are 9k” such roots, 
where from the factorization 

k = 3°II p, 0Se=2, p prime 3, 
(2.3) 9k” 3° II (p— (3/p)), 
for the quadratic residue symbol (3/p). 

The formula (2.11) is of course reminiscent of Dirichlet’s corresponding 
formula for the real quadratic field [6], with some very favorable diiferences. 
First of all, in the quadratic case the number of factors has the rough order 
of magnitude of the discriminant, while here it has the smaller order of 
magnitude of k”’, or roughly the square root of the discriminant. More 
important, here the size of the factors H(w) permits a significant estimate 
from above or below by virtue of the fundamental domain of the modular 
group ([4]; p. 14). 

Specifically each w can be replaced by some equivalent value 2 for which 


(2.41) 2 = —rstsr=1 
(for some positive or negative integers r, s, 1’, s’) such that 
(2. 42) |ReQ| <4, Oia; ImQ> 0, 


and for which H(Q) —H(w). The (uniquely determined) value of ImQ is 
called the valence of w (or Q) and denoted by 


(2. 43) ImQ=—V(wo). 


. 
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From the shape of the fundamental domain (2. 42), 
(2.44) V (w) = 3472. 


Thus log | 7(Q)| is approximated to within a bounded error by 7V (w) /12, 
yielding, (after Dedekind [3]; p. 231), 


(2.51) | log H(w) — log 2V(w) + 2V(w)/6 | Syo, 
and, easily, 
(2.52) | log H(w)| SyiV (o), 


where the y; will refer to positive absolute constants. 


Now the estimation problem reduces easily from (2.11), and (2.52) to 


(2.61) hlogeS2(EV (or) + ZV 

and finally to 

(2.62) 
ey=k x= 


dropping the restriction that y and «+ ap be relatively prime. 


3. The hloge estimate.t We consider all the individual arguments 
of the “valence sum” (2.62), namely, 


(3. 11) (a+ 2p)/y=2/y tat Bi. 

with the abbreviations 

(3.12) a—2/(2y), 
Consider a unimodular transformation in integral coefficients 
(3. 21) = (s'y—7’)/(— sy rs’ — sr’ =1, 


for which © lies in the fundamental domain (2.42). Hence, 

(3. 31) 32/2 pil? =TV(y). 
Therefore, 

(3.82) s?<2-3-4/8, (3. 33) [r—s(a/y + a) 26/33. 
when and (say) r—1, V(y) =8. 


We finally rearrange the terms in valence sum (2.62) according to the 


*The author is indebted to Professor A. Weil for suggestions leading to the sim- 
plification of the estimates. 
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fraction r/s (1/0 included). First of all s=0 only if B= 34/2 or if z=>y. 
For such values of y, the valence sum is majorized by 


y-1 


(3.4) V (Le + 2p]/y) = (39/2) & 1 (2/9) = 340 /2, 


zy=k 
where o(k) represents the sum of the positive divisors of k. 


Next we consider the portion of the valence sum restricted to fractions 
r/s with sA0 and (say) positive. The contribution is written as 


(3.51) B/{[s(2/y +2) —r]}? +86}, 


zy=k 
where a, 8 always refer to abbreviations (3.12) and r/s is regarded as a 
function of z, y, and z (chosen earlier in equation (3.31)). The primes 
indicate that the sum is restricted so that s > 0. 

The inside sum (formed by fixing y and z) can be estimated by further 
fixing s and regarding x as the variable with r dependent on x. The sum 8, 
is amply majorized if we let z go from —o to +0 for each r that occurs. 
We then can use the estimate 


where £=fy, (ry/s) —ya, and «= fy*/s*? in our context. In this 
manner the inside sum becomes transformed to a sum over all r/s occurring 
for a fixed y and z. The range of s is limited by inequality (3.32) to 
(3.53) ISsSp, 

and for each s, the range of numerators 7 is limited by 4s, since from 
inequality (3.33) combined with 

(3. 54) B= ¥, 

we can conclude r lies in the interval (— 2/33, 5s/3 + 2/34). We note finally 
from inequality (3.53), 2y=3z, hence S, is majorized as follows: 


(3.55) + (By) ]/s?, 
(3.56) SiS [2y/(34) + 34/s, (3.5%) SD yay log(4k/3), 
ad y\k 


since p* = 4y/(3z) <4k/3. Hence the estimates (3.4) and (3.57) take 
us to 


(3.6) hloge S (k) log k. 


y-1 
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By the well known estimate [5], o(/) =O(kloglogk), we obtain the result 
(1.1). 

Perhaps a more concise way of presenting the basic result is to say that 
the average of the 9k” valences, V((2-+ zp)/y), in (2.2), is O(log 


as k- 00. 


4, The class number estimate. To obtain an estimate for h from 
inequality (3.6) we consider the relation between « and / using the following 
technique, (which must be presumed to be well-known although no specific 
reference comes to mind): Let A’,,, and K’q,», be the conjugate fields to Ka,y 
with and @ corresponding to «. Then since ¢ is a unit |e | |—e4, 
and A, the root-discriminant of «, satisfies the inequality 


(41) [Al | S («+ 4) 


S 


|A| =| d|—3k?. Thus 

(4.2) 
which, together with estimate (3.6), yeilds 
(4.3) h =0O(o(k)) 


and ultimately estimate (1.2). In both estimates (1.1) and (1.2) numerical 
constants could be easily supplied. 


5. Norm estimate of modular invariants. A direct application of the 
sums (2.62) can be made to algebraic numbers of the type j(w), where 
j(z) =1728/(z), for J(z) the Klein modular function and w a “ positive- 
imaginary ” quadratic number. For instance the quantities w» described in 
(2.2) are such that the j(w) are a set of algebraic integers containing the 
conjugates of each element ([4]; p. 74). Thus taking one element, say 
J(kp), we find 


g-1 
(5.1) log | ZV (Le + z0]/y) 
zy=k 
and, as before, 
(5.2) | NV (j(kp))| S exp (k) log k) 
where V(- - -) represents the (absolute) norm of an algebraic number. 


In a more general situation the quadratic field will not have class 
number unity. Thus if A is a positive-imaginary quadratic number, the 
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conjugates of j(kA) will be chosen from a finite number of sets of type 
(2.2), yielding ([4]; p. 76) 
(5.3) | NV (j(kA))| Sexp(c(A)k log k log log k), 


where c(A) is a constant depending on A (and not on k). 


NATIONAL BUREAU OF STANDARDS 
AND 
WASHINGTON UNIVERSITY. 


REFERENCES. 


N. C. Ankeny, R. Brauer, and S. Chowla, “A note on the class numbers of algebraic 
number fields,” American Journal of Mathematics, vol. 78 (1956), pp. 
51-61. 

. Brauer, “On the zeta-functions of algebraic number fields,” American Journal 
of Mathematics, vol. 69 (1947), pp. 243-250. 

. Dedekind, Gesammelte mathematische Werke, vol. II, Braunschweig, 1931. 

. Fueter, Vorlesungen uber die singuliren Moduln und die komplexe Multi- 
plikation der elliptischen Funktionen, vol. I, Leipzig, 1924. 

. H. Hardy, An introduction to the theory of numbers, Oxford, 1938, p. 264. 

H. Hasse, Vorlesungen iiber Zahlentheorie, Berlin, 1950, p. 396. 

E. Landau, “Abschitzung von Charaktersummen, Einheiten, und Klassenzahlen,” 
Nachrichten von der Kéniglichen Gesellschaft der Wissenschaften zu 
Gottingen, 1918, p. 95. 

, “ Verallgemeinerung eines Pélyaschen Satzes auf algebraische Zahlkirper,” 
ibid., 1918, p. 480. 


[1] 

| 

[2] 
[3] | 
[4] 
[5] 
[6] 
{7] 
[8] 


FINITE FANO PLANES.* 


By ANDREW M. GLEAsON. 


Introduction. By a projective plane P we will mean a set P of points, 
certain subsets of which are called lines, such that the usual incidence axioms 


hold; viz. 

I. If p and g are distinct points, there is a line Z such that pe L 
and L. 

Il. If LZ and M are distinct lines then LZ M contains exactly one 
point. 
We shall also assume an axiom of non-triviality: 


III. There exist four distinct points no three of which are members 


of the same straight line. 
We definitely do not assume any further configuration axiom such as 
Desargues’ without explicit mention. Although the notation is not symmetric, 


the axioms are well-known to be self-dual, so that any theorem about points 
and lines can be immediately reasserted after interchanging these concepts. 

The cardinal of any two lines can easily be shown to be the same and 
this cardinal is the same as that of the set of lines containing a given point. 
[f this cardinal is finite, say n + 1, then n is called the order of the projective 
plane. In this case there will be n?-+-n-+1 points altogether and the same 
number of lines. 

For any field F', or even a skew field, a model of this axiom system can 
he obtained by considering a three dimensional vector space over F’, letting 2 
“point” be a one-dimensional subspace and a “line” be a set of “ points” 
which are subspaces of some two-dimensional subspace. In this model the 
classical configuration of Desargues will hold. Conversely, any projective 
plane in which Desargues’ theorem is valid is isomorphic to one obtained by 
the preceding construction. One finds thus a one-to-one correspondence be- 
tween isomorphism classes of Desarguesian projective planes and isomorphism 


classes of skew fields. 


* Received February 15, 1956. 
1 The author is indebted to R. Baer, P. Dembowski, M. Hall, Jr., W. Pierce, and the 
referee for assistance in preparing the introduction and bibliography. 
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The analysis of projective planes with the aid of axioms I, II, and III 
only has not been very illuminating. A number of examples, some finite, 
have been constructed of projective planes in which Desargues’ theorem fails, 
The finite ones have all been obtained by making systematic changes in the 
incidence structure of a Desarguesian plane; these changes do not affect the 
order of the plane which remains, in all known cases, a prime power, 
Whether this is a happenstance of our ignorance or a theorem has yet to 
be decided. Bruck and Ryser [2], by an ingenious number theoretic argu- 
ment, have excluded an infinite list of integers as possible orders, and direct 
combinatorial study (finally using a giant computer’) has shown that only 
Desarguesian planes occur with orders less than 9. 

More satisfactory results have been obtained by strengthening I, II, and 
[II with other configuration theorems. Miss Moufang [8], for example, 
assumed that harmonic conjugates are uniquely determined by the usual 
construction ; then, assuming also that no point is self-conjugate, she intro- 
duced affine coordinates from an alternative division ring. The small theorem 
of Desargues, taken as an axiom, also leads to coordinates from an alternative 
division ring (Hall [3]). Since a finite alternative division ring is necessarily 
a field (Zorn [13]), we can conclude that a finite projective plane satisfying 
the small theorem of Desargues is unrestrictedly Desarguesian. 

The extra proviso of Miss Moufang that no point be self-conjugate leaves 
a gap in our knowledge. Assuming the unicity of the construction, if self- 
conjugacy occurs once it is universal [10]; this leads us to the study of planes 
in which this occurrence is postulated, which we call Fano planes. They 
are characterized by the fact that the diagonal points of any quadrangle are 
collinear.* Our main result is that a finite Fano plane is Desarguesian. 

Assumptions on the nature of the collineation (automorphism) group are 
another way to supplement axioms I, II, and III. For a Desarguesian 
projective plane of order np” (where p is prime) the collineation group 
has order mn®?(n —1)?(n?-++-n+1)(n+1). One expects, of course, that a 
non-Desarguesian plane will have far fewer collineations, and this is indeed 
the case so far as known. The collineation group of a Desarguesian plane 
always contains a cyclic transitive subgroup [12]; Hall [4] and Mann and 
Evans [7] lave investigated the converse and have shown that, for n = 1600, 
the existence of a cyclic transitive group of collineations in a plane of order » 


2 Marshall Hall, personal communication. 

* As remarked by the referee, there is a good deal to be said for calling such a plane 
an Anti-Fano plane, since the non-existence of a quadrilateral with collinear diagonal 
points was taken as an axiom by Fano. 
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implies that » is a prime power. In this paper we shall show that the 
existence in a finite plane of a relatively small number of collineations of 
a special type is sufficient to establish the small, and hence the full, theorem 
of Desargues; then we show that a finite Fano plane has sufficiently many 
of these special collineations. 

Since our method makes particular use of the small Reidemeister con- 
figuration (called configuration @) it is closely related to the work of Klingen- 
berg [5] who shows that the large Reidemeister configuration implies the 
theorem of Desargues. 

For the sake of completeness we have included proofs of a number of 
already known results (see [9] for a comprehensive treatment of the subject), 
so that the paper is self-contained beyond the results of Hall just quoted on 
the small theorem of Desargues and the group theoretic interpretation of the 
small theorem given in Lemma 1. 4. 


1. Collineations. Consider a projective plane P satisfying axioms I, II, 
and III. A collineation of ? is a permutation « of the set P such that 
a(x), a(y), and «(z) are collinear if and only if x, y, and z are collinear. 
Evidently the collineations form a group, II. Any collineation of P induces 
a permutation of the set & of lines of ?, and this permutation preserves the 
phenomenon of concurrence. This new permutation representation of II is 
evidently faithful. If every point of a certain line is left fixed by a collinea- 
tion, we say the line is left fixed point-wise. Similarly, if every line through 
a point is fixed, we say that the point is left fixed line-wise. 

For a given point x and line LZ consider the group G,zz of all collinea- 
tions which leave x fixed line-wise and Z fixed point-wise. In general we 
must expect that this group is trivial; that is, contains only the identity. 
We shall analyse the opposite possibility. 


LemMA 1.1. Jf «€ Grz and «@ leaves fixed a point y other than x and 
not on L (or, if « leaves fixed a line other than L and not passing through x), 
then a is the identity. 


Proof. Suppose that « leaves fixed y where y¢ L and yAz. Then « 
leaves fixed every line M through y since y and MN L are both fixed points. 
Therefore a leaves fixed every point which is the intersection of a line 
through x with a line through y. This includes all the points of P except 
those on the line joining z to y. Hence every line contains at least two 
fixed points and is itself fixed. Finally every point is fixed, being the inter- 
section of two fixed lines. The other hypothesis is dual to the first. 
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LemMA 1.2. The set Gu—=lW Ger ts a group. Gr consists of the 


identity and those collineations of P which leave L fixed pointwise, but have 
no other fixed points. If, for two distinct points x and y of L, Gar and 
Gy, are non-trivial, then Gy ts abelian; furthermore, every element of G, 
(except the identity) has the same order, either infinity or a finite prime. 


Proof. By Lemma 1.1 any member of Gz fulfills the description given 
in the second statement. Conversely, consider a collineation « which leaves 
L pointwise fixed and has no other fixed points. For any p¢ L, let M be 
the line joining p and a(p); say M meets L at x Now a(M) must contain 
both a(p) and a(x) =z; so «(M) —WM and M is fixed. Thus every point 
is on a fixed line. Any two of these fixed lines must meet at a fixed point 
which is therefore on L, so it must be xz. Now we can see immediately that 
every line through @ is fixed, so «€ Gz, CG,. ‘This proves the second 
statement of the lemma. 

Let « and be any two elements of Gz, say and BE To 
prove that G, is a group, we must prove that a8 is in Gz. We may assume 
that neither « nor @ is the identity and that ry, since in these cases, 
a8+€ Gz, trivially. Obviously, #8 is a collineation which leaves L point- 
wise fixed, so it will be sufficient to show that a8 has no fixed point not 
on L. Let p be any point not on L; set g=f1(p) and r=a(q). Now 
q,7=«a(q), and x are collinear and also g,p—£(q), and y; since these 
two lines are distinct and meet at qg we cannot have p—af-"(p) =r unless 
p—=q=r; in this case, « and 8 would both have a fixed point not on L and 
would be the identity by 1.1. This case has been excluded. 

We next prove that if x and y are distinct points of L, a€ Gzx, and 
BE€G,x1, then a and 8 commute. To this end we must show that 
aB(p) == fa(p) for any point p; this being trivial for p€ L, we assume 
the contrary. The following triples are collinear 


x, p, B(p) 
B(p),%B8(p) y,%(p), Ba(p) 
B(p), Ba(p) y,%(p),aB(p). 


(On the left, the first two derive from the fact that a leaves x fixed line- 
wise; the third, is obtained from the first by applying 8. Similarly on the 
right). These triples characterize both ¢B(p) and Ba(p) as the point of 
intersection of the lines joining z to B(p) and y to a(p). This proves that 
aB = Ba. 


Let us observe that if r4y, GeitN Gy_— {e}, because any common 
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collineation satisfies the second hypothesis of Lemma 1.1. For the remainder 
of the proof we assume that at least two of the groups G,1, are non-trivial, 
which is equivalent to assuming that Gz, contains each of the groups Gzr 
properly. 

To prove that G, is abelian, there is left only the case that « and B 
both come from the same subgroup G, 1. Choose a collineation y € G_— Geox; 
then certainly By¢ G1. By our previous result, « commutes with both y 
and By; therefore, with ~. 

To demonstrate the last statement of the lemma, we suppose that Gy, 
contains an element (other than e) of finite order; this element can be 
chosen to have prime order p; let it be « and say «€ G,z. For any B¢ Ger 
say BE Gyr and G,,; here yz. Now G,z and also B? = apr 
= (a8)?€ so Thus every element of G,—G,, has order p; 
repeating the argument starting with B, we see that every element of Gy, 
(except «) has order p. This finishes the proof of Lemma 1. 2. 


LemMA 1.3. Suppose that P is finite. If L is a line and x and y 
are two distinct points of L such that neither G., nor Gyz 1s trivial, then 
every element of either group (except e) has the same prime order. If x 1s 
a point and L and M are two distinct lines through x such that neither Grr 
nor Gry is trivial, then every element of either group (except «) has the 


same prime order. 


Proof. It is clear that, if P is finite, Gz; must be finite, so the first 
statement is part of the last lemma. The second statement is dual to the 
first. In appiying duality, G,;, and G,y must be interpreted as groups of 
permutations of the set & of lines; but, since the statement concerns their 
abstract structure, it is immaterial. 


LemMa 1.4. A necessary and sufficient condition that Gy be transitive 
on the points of P—L is that the small theorem of Desargues hold on L. 


This has frequently been used in treatments of the coordinatization 
problem, so we omit the proof, which may be found, for example, in [1]. 


Lema 1.5. Suppose that P is finite of order n. The cardinal of Get 
(r€ L) divides n and the cardinal of Gy; divides n*. Gy, is transitive on 
? —L if and only if the cardinal of Gy, is exactly n?. 


Proof. Let M be some line through z other than L. G, 1 can be regarded 
as a group of permutations of the n points of 1J—{r}. Since no elemeni 
ol G,_ except the identity leaves fixed any point of 1/— {x}, each primitive 
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subset has the same cardinal as G,,, and therefore this cardinal divides n, 
The other assertions follow in the same way when Gy, is regarded as a group 
of permutations of the n* points of P —L. 


LEMMA 1.6. Suppose that P is finite of order n and that, for some 
line L, all of the groups Gz, («€ L) have the same cardinal h>1. Then 
the small theorem of Desargues holds on L. 


Proof. Let g be the cardinal of Gz. We know that g divides n?, say 
gm =n, In view of the last two lemmas we need only prove that m—1. 
Now G, is the union of n+ 1 groups Gz, 1, each of cardinal h, with each 
pair having only the identity in common; hence, (h—1)(n+1) +1=g, 
or ((h—1)(n+1)+1)m=~gm=n’*. This equation shows that m<n 
(since h >1) and m==1(modn+1). Therefore, m1 and the lemma is 
proved. 


LemMA 1.7%. Suppose that H is a group of permutations of a finite set 
L and suppose that, for some prime p and each x€ L, there exists an element 
of H of order p which leaves x fixed but has no other fixed points. Then H 


is transitive. 


Proof. Let L, be a primitive subset of Z. Choose x€ L,, and let « 
be an element of H of order p which leaves 2 fixed but has no other fixed 
points. J, consists of « and a number of disjoint «-primitive blocks each 
of cardinal p; hence, cardinal L,;=1(modp). Now suppose that H is not 
transitive, so that we can choose y€ L—JL,. Let B be an element of H 
which has order p and the unique fixed point y. Now JZ, is a union of dis- 
joint B-primitive blocks each of cardinal p, hence cardinal L,=0 (mod p). 


This contradiction establishes the lemma. 


THEOREM 1.8. Let P be a finite projective plane. Suppose, for every 
point « and line L with x € L, that Gz 1 ts non-trivial. Then P is Desarguesian. 


Proof. Lemma 1.3 implies immediately that every non-trivial element 
of any of the groups G,» (y€M) has the same prime order, say p. 

Choose any line Z and consider the group Hy, of all collineations of ? 
which leave Z fixed (not necessarily point-wise). Hy, is represented (not 
faithfully) as a group of permutations of Z. Now H, contains as sub- 
groups all of the groups G,4 where x€ L and M is any line through «x and 
a non-trivial element of G,3 (JJ) has order p and acts on LZ with no 
fixed points except . itself; therefore, Lemma 1.7 applies and H,, is transi- 
tive on From the elementary formula 2G, for «€ Hz, it 


x 
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now follows that all of the groups G,, with «€ LZ are conjugate in H,. 
Now by Lemma 1.6, the small theorem of Desargues holds on the arbitrarily 
chosen line Z. But a finite plane in which the small Desargues’ theorem is 


valid is Desarguesian. 


2. Projections. Consider a finite plane P of order n, a definite line 
L of P and a point x on L; we will obtain a sufficient con\fition that Ger 
be non-trivial. Let W,,M.,- - -,M, be an enumeration of the lines through 
rv other than L. For any point a of L— {x}, let & denote the projection 
M, onto M; from a; &j is characterized by the fact that, for any y€ Mj, 
€ M; and a, y, and &ji(y) are collinear. Obviously, = If 
b is also a point of L—{z}, then £j;€; is a permutation of M/;. From the 
incidence axioms we deduce immediately that, for fixed a and b (ab), 
J, | = - -.n} is a simply transitive family of permutations 
of M,— {2}. 


LeMMA 2.1. There is a one-to-one correspondence between elements of 
(,, and permutations of M; which commute with every permutation of the 
form £&%;€>;. The correspondence is given by restricting elements of Get 
to 


Proof. Any element « of G,1, leaves fixed the line 1/;; consequently, 
the restriction of « to M; is a permutation of J/;. Obviously, the restriction 
map is a homomorphism of @,;. Since no element of @,1, (except «) can 
have any fixed points not on L, the restriction map is one-to-one. 


Suppose that Grr, y€ Mi, Mj, and We have a(a) =a, 
a(y) € M;, and a(z) € M; by the definition of G,1; a, y, and z are collinear, 
so a, a(y), and a(z) are also; whence &;a(y) =a(z) y). This being 
valid for any y on M;, ja = aé%;;. Then clearly, therefore 
a and its restriction to M; commute with all permutations of the form &%4j64. 

Now suppose 8 is a permutation of I; which commutes with all permu- 
tations of the form If and the only fixed point of 
is x, so B must leave a fixed; hence, we may define a permutation a of P 
as follows: Pick a point a on L— {zx} and let a(y) = @pBEij(y) if ye M; 
and a(y) =y if y€ L. We shall see that is a collineation. To prove this 
it suffices to consider collinear points b, y, and z, where DE LL, y€ M;, and 
z€ M,, and show that b. a(y), and «(z) are collinear. We have z= £,;(y) 


and 


= 5B (Sens) (Y) (Y) = a (2) 5 


= 


804 ANDREW M. GLEASON. 


that is, b, a(y), and a(z) are collinear. It is clear that a leaves L fixed 
point-wise and a fixed line-wise; i.e., «€ Gz. This completes the proof 
of the lemma. 

We will now assume that, for any a and 5 of L— {xz} and any indices 
i, j, 1, if (which is a permutation of M;) has a fixed point, 
then it is the identity. This corresponds to the closure of the following figure. 
Here we have taken x at infinity. The diagram shows y as a fixed point of 
the fourfold projection and the closure of the figure shows that another 
point z is also left fixed. The figure consists of 13 lines and 11 points 


k 


a b 


(counting x); five lines go through each of the three points a, b, and 2, 
and three through every other point. (There is a degenerate case if M; 
coincides with M, or M; with M;,.. The closure of the degenerate case is 
implied by the closure of all non-degenerate cases.) This configuration will 
be referred to as configuration G because it implies that the set J; is a 
group. We shall say that the configuration G holds in if it holds regard- 
less of the choice of and LZ. It is easy to show that configuration G holds 
in any Desarguesian plane. This configuration has been studied by Reide- 
meister [11] who obtains the following lemma. 


LeMMA 2.2. If configuration G holds in P then the set J; is a 
group. Conversely, if J%; is a group for all choices of L, x, a, b, and 4, 


then configuration G holds in P. 


Proof. Suppose that £4;,€°,; and é,€°; are two given members of J. 
Choose any point y of M; ‘and an index j such that (y) 
= £%,£°(y). This is possible since J; is a transitive family. Then y is 
a fixed point of = hence this permutation 
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has only fixed points. It follows immediately that = 
thus J@; is a group. 

Conversely, assume that J; is always a group. If 
= (Sink cir) + has a fixed point, it is the identity, being 
an element of J®°; which is always a simply transitive family of permutations. 


LEMMA 2.3. Suppose that A, B, and C are subgroups of a group and 
suppose that the elements of A and B can be so indexed that, for each 1, 
aiBi€ C. Assume, moreover, that every element of C can be written in the 
form aB; Then A and B commute as complexes; i.e., AB=BA. 


Proof. Given a and choose k so that then 
Bj%, = proving BA C AB. Taking inverses, the latter rela- 
tion becomes AB C BA, whence ABBA. 


LemMMA 2.4. If A,,As,- is a sequence of subgroups of a group 
which mutually commute as complexes, then B=A,Az:--An 18 @ group. 
Moreover, if the groups A; are finite, then B is finite and every prime factor 
of the cardinal of B is a factor of the cardinal of Aj, for some 1. 


Proof. This is well-known for n2. The general case follows easily 
by induction. 


TueEoreM 2.5. If configuration G holds in P and the order of P ts u 
prime power, then P is Desarguesian. 


Proof. Let L be a fixed line of P and 2, a, b, and ¢ points of L. 
Observe that J®>;—J°% because the latter set is made up of the inverses of 
the members of the former, which is a group. Enumerating J; in the 
order =1,2,---,n and J%, the corresponding products 
— Yun through the group J°%; therefore, the groups J®; 
and J*; commute as complexes. Since the groups J%;,J%%,- - -,J%, where 
b,c,- - -,e runs through all the points of L— {x}, mutually commute, the 
product K —J%,Jae,- --J%, is a group. Each of the groups J%4, has 
cardinal np”, where p is a prime, so the only prime which divides the 
cardinal of K is p. Thus K is a p-group, and therefore K contains a non- 
trivial central element 8. Since J,J%; > J°% (as we showed above) we know 
that K contains all groups of the form J°%;, a fortiori, all permutations of 
the form £°,,€°;;; so 8 commutes with all these permutations. By Lemma 2.1, 
G1 is non-trivial. Here « and ZL were chosen arbitrarily except for the 
condition x¢€ L, so by Theorem 1.8, ? is Desarguesian. 
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38. Fano Planes. We shall call a projective plane a Fano plane if the 
diagonal points of every quadrangle are collinear. 


Lemma 3.1. In a Fano plane every permutation of the form 


has order two. Hence it satisfies = 


Proof. Take any point y on J; and consider the quadrangle with 
vertices x, b, f(y), and &€(y). Its diagonal points are a, y, and 
£5 (y), whence y = Since y is arbitrary =«. 


ne tj 
Lemma 3.2. In a Fano plane, the permutations &j€°; and &ix€yi 
commute. 
Proof. In any group, if a, B, and «@ are of order two, then a and g 
commute ; hence we will prove that ((é€°j) (€%ix€°xi) )? =e. Using Lemma 


3. 1, ( xi) )* (& ijt? ) ji ) Kt) 


— tbh. éa 


LemMA 3.3. Jf a permutation group is abelian and transitive, then it 
is simply transitive. 

Proof. To prove that there is exactly one element which effects any 
given partial map «— y, it is sufficient to consider only the case y= 2 and 
prove that the only element leaving x fixed is the identity. Suppose @ leaves 
x fixed. For any z we can choose B so that B(z) =z. Then a(z) = B'aB(z) 
=z; 80 a leaves every point fixed; i.e., a is the identity. 

Lemma 3.4. In a Fano plane, the sets J; are elementary abelian 
2-qroups. 

Proof. We have already seen that J?°; is a set of mutually commuting 
permutations of W;— {xr} which is transitive on 1/;— {x}. Therefore the 
group generated by J; is an abelian transitive permutation group. But 
such a group is simply transitive, therefore J¢°; must be the entire group. 
Since every element of J%; (except «) has order two, it is an elementary 


abelian 2-group. 
THEOREM 3.5. A finite Fano plane is Desarguesian. 


Proof. We know that the sets J®; are always 2-groups, therefore con- 
figuration G holds. If P is finite, then the order of P is the cardinal of J; 
which is a power of two, so the theorem follows directly from Theorem 2. 5. 
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CONTRIBUTION TO THE PICARD-VESSIOT THEORY OF 
HOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS.* 


By A. SEIDENBERG. 


1. Introduction. Let F be an ordinary differential field of characteristic 
0, C its field of constants, and L(y) =y™ + +: --+ pray =0, F, 
a linear homogeneous differential equation of order n. Let » be a non-trivial 
solution of this equation and let D be the field of constants of F<n>. One 
question in the Picard-Vessiot theory is whether 7 can be so selected that 
D=C. A general result of E. R. Kolchin [3], which is not restricted to 
linear equations, shows that a solution exists for which D is algebraic over C; 
and hence disposes of the question if C is algebraically closed. If C is not 
necessarily algebraically closed, then according to a result of M. P. Epstein 
[2], one can at any rate choose a fundamental system of solutions 7,,° * -.m 
of L(y) so that the field of constants of +, is normal over C. 
The conjecture, however, that one can always arrange to have DC (hence 
also H =C’) turns out to be false, even for n 2, as we show by a counter- 
example below. Although placed last, this counter-example can be read 
separately and in itself answers the conjecture. It seems preferable, however, 
to have a necessary and sufficient condition that D—C be obtainable. This 
is done below for n=2. This throws light on the counter-example and 


also prepares the way, possibly, for consideration of the case n > 2. 


2. Reduction to a first order equation. or a first order equation 
y’ = py one can obtain D—C without difficulty and a proof can be found 
in [2]. One may show, in fact, (by an argument occurring in Section 3, 
below) that if the general solution’ y of y’ = py introduces a constant, then 


* Received July 5, 1956. 

* By a solution to a differential equation @(Y,Y,,- --,Y,) = 0, where Ge F{Y} 
= F[Y,Y,,- - -] we mean a quantity y in a differential extension field of the base 
field F such that G(y,y’,---,y)=0. If @(¥) is an irreducible polynomial in- 
volving Y,, then there is a solution y such that degree of transcendence of F¢y>/F = 1; 
and F¢y>/F is uniquely determined up to an isomorphism by this condition: we refer 
to this solution as the general solution of G(Y) =0. Caution: it is not in general 
true that every solution of G@(Y) =—0 is a specialization of the general solution: for 
illustrative examples, see J. F. Ritt’s Colloquium Series book, Differential Algebra, 
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there is a constant of the form f= Say', a¢ F, f¢ F, that is, one that is 
a polynomial in the algebraic indeterminate y. Thus aj + iap—0 for 
i=0,1,: - +; and for at least one 1>0, a +iap—0, a,40. If r is the 
least positive integer for which there is an a€ F such that a’ + rap=0, a0, 
then a*/" is a solution to y’ = py which introduces no new constant. 

Let 
(1) y” =4y' + py 


be the given differential equation. If p—0O, then we can solve y’ = qy’ 
for y’ in such manner that F<y’> has C as field of constants. Let b be such 
a solution, F, = F'<b>. By arguments similar to those of the last paragraph, 
one can also solve y’=6 without introducing new constants (see [2]). We 
might therefore assume, if convenient, that p40; actually we will make no 
such restriction. 

Place y’/y=u. Then y’/y= (y’/y)’+ (y/y)*, so that equation (1) 


ean be writen equivalently as 
(2) ’=p+qu—vw’. 


This equation will have a solution introducing no new constant if and only 
if (1) has a (non-trivial) solution introducing no new constant. 


3. Constants obtained from the general solution of (2). Assume that 
the general solution u of (2) introduces a new constant, and let one such 
be f(u)/g(u), f(u), g(u) € Flu], (f(u),g(u)) = (1). Note that no poly- 
nomial h(u) € F[u], h¢ F, can be constant, for deg h’(u) =1-+ degh(u), 
where “deg” abbreviates “degree”; here h’(w) is the polynomial obtained 
by differentiating h(w) and replacing w’ by p+qu—u?. We say that 
degf—degg. In fact, suppose degf >degg. Then 


f/g=P+hi/g,  degf: <degg, fi A70,PA0,degP>0; 
+ 
This is a contradiction, since (f,’/g—f.g’)/g*, even if a polynomial, is at 
most of degree 0, whereas deg P’ >degP>0. Hence: 


Lema 1. If f(u)/g(u) ts a constant (~0), then deg f = deg g. 


The same result, with the same proof, holds if instead of (2) we have 
the equation 
(3) w—=ptqu+ru, rA0. 


pp. 24, 25, 32, 33. In the case of linear equations, however, and more generally in the 
case that G/dY, is a constant, a condition that obtains below, it is true that every 
solution is a specialization of the general solution. 
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Placing v=1/u, (3) becomes 


(4) r — qu— pv’, 


that is, an equation of the same form as (3) if, as we asume for the 
present, Writing f(w)/u%*/—f,(v), =9,(v), we have 
f(u)/g(u) =f:(v)/gi(v) and deg f,(v) =degg,(v); here we make use of 
the assumption Hence: 


LemMMA 2. Assuming p¥0, tf f(u)/g(u) ts a constant (~0) and 
(f,g) = (1), then f(0) 40 and g(0) $0. 


THEOREM 1. The field of constants C’ of F<u>, where u is the general 
solution of (2), ts either C or is a field of algebraic functions of one variable 
over C of genus 0. In the latter case, a necessary condition that (2) have a 
solution which preserves constants is that C’ be a simple transcendental 


extension of C. 


Proof. As in the lemmas, we assume C’ DC properly, and will prove 
C’ is a field of algebraic functions of one variable over C of genus 0. It is 
known ([5; Cor. 3, p. 767]) that d.t.#(C’)/F =d.t.C’/C, hence d. t. 0’/C 
=1; here “d.t.” abbreviates “degree of transcendence.” Moreover it is not 
difficult to see that C’/C is finite. Let, then, 2,y€C’ which generate C’/C: 
Let x,y satisfy the irreducible polynomial G(X, Y) € C[X, YJ. 
Since C is algebraically closed in F’, the polynomial G(X, Y) is still irreducible 
in F[X,Y] ([6; p. 371]). Since not both z, y are algebraic over F, G(X, Y) 
is the irreducible polynomial satisfied by z,y over F. By [1; Th. 5, p. 99], 
genus F(2z,y)/F = genusC(2,y)/C. Since F(«,y) C F(u), this genus is 0. 

Let, now, @ be a solution of (2) introducing no new constants. The 
assignment w—>é6 determines a place of F(u)/F and this place induces a 
place in C(a,y)/C. If f(u)/g(u) € C(2,y), (f,g) = (1), and the residue 
of f/g is finite, then g(@) #0 and this residue is f(@)/g(@). Since, clearly, 
f(@)/g(@) is a constant, f(@)/g(@) € C. Thus the place induced in C(2, y)/C 
is of degree 1, and this implies that C(x, y) is a simple transcendental exten- 
sion of C ([{1; Section 2, p. 23]). 

As already remarked, the necessary condition of Theorem 1 does not 
always obtain: but we postpone giving a counter-example to the end. Instead 
we proceed now to show that the condition is also sufficient. 


4, The case F finite over C. We continue to assume that the general 
solution of (2) introduces a constant; and let f(w)/g(u) be as before. If 
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a solution 6 to (2) exists such that the constant field of F<@> is C, then 
clearly f(@)/g(0) =c€ C, at least if g(6) 40. Thus 6 is a solution of the 
equation f(w)—cg(w) 0 for some c€C, or of g(u) =0. Conversely 


we have: 


TuroreM 2. If f(u)/g(u), (f,9) = (1), is a constant (AO), then any 
solution of f(u) =0, ts also a solution of (2). 


Proof. Let @ be a solution of f(w) Placing u—6-+ equation 
(2) becomes 


(5) =p+ + (q—20)v—v’, 


while we can write f(u)/g(u) =f1(v)/g.(v), fr, 91 € F<O>[v]. Here f,(0) = 0, 
g:(0) 0. By Lemma 2, this is a contradiction unless 6’ = p + q0— 6. 

In proceeding, we will apply a well-known theorem of Bertini on linear 
systems on an algebraic variety (see [9]). It will be convenient, however, 
to formulate as much of this theorem as we will need in invariantive, or 
field-theoretic, form. For the next theorem, then, and only for it, the fields 
F and C will be fields (of characteristic 0) in the algebraic (or abstract) 


sense. 


TuroreM 3. Let C and F be fields, C algebraically closed in F, and F 
a finite extension of C. Let u be an indeterminate, f(u),g(u) € Flu]. 
(f.g) = (1), and not both f, g in F; and assume that C(f(u)/g(u)) is: 
algebraically closed in F(u). Then for all but a finite number of ce C, 
f(u) —eg(u) is irreducible in F[u] and C is algebraically closed in F(6). 
where 6 is a root of f(u) —cg(u) =0. 


Proof. Let d.t.F/C—=r—1. It is known that there exist generators 
of F/C such that C[t, té,- - -,t&] is integrally closed, where ¢ is 
an indeterminate over PF =C(é,° + -,&); see [8; Section 20, p. 290 and 
Definition, Section 18, p. 285] and [10; p. 508]. By [8; p. 285], &,:° - -,& 
are the codrdinates of the general point of a normal model of F/C (see [9; 
Footnote 2, p. 49]). Then, as one easily verifies, é,,- - -,é,, w is the general 
point of an 7-dimensional normal variety V,. The field C(f(w)/g(w)) defines 
a non-composite pencil of V,_.’s on V, (see [9]). Multiplying f and g by 
an appropriate element of F, we assume without loss of generality that 
Let P be an (r—1)-dimensional prime ideal of 
(f(w) —eg(u)). It is possible that g(u) € P, whence also f(u) € P, and P 
will be a prime ideal of an element h(é) € Cl&.° * +,&]3; here P will not 
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depend on c. Except for this possibility, the variety of P corresponds to the 
place f(u)/g(u) > c. By Bertini’s Theorem [9; Sections 10, 12, pp. 61, 64], 
then, for all but a finite number of c€ C, at most one (r—1)-dimensional 
prime ideal P contains f(w)—cg(u) but not g(u); also the value of 
f(u)/g(u) —ce in the valuation determined by P is 1 (the integers having 
been taken as value group), and likewise the value of f(u) —cg(u) is 1; 
and C is algebraically. closed in the quotient field of C[é&,-- -,&,u]/P. 
Using the well-known fact that a principal ideal (~(0),A(1)) im an 
integrally closed finite integral domain is unmixed (r—1)-dimensional, we 
have that the normal decomposition of (f(w)—cg(u)) is of the form 
PNQ:N: (or of the form - Qs), where the Q; are primary 
ideals belonging to (r—1)-dimensional prime ideals P; containing an 
element h(é) € 40: here P, that is, a prime ideal not 


containing any h(é), h0, must occur, since 


+, (f(u) —eg(u)) A (1). 
Thus 
[wu] - (f(u) —eg(u)) = C(&,- -P 


is prime and C is algebraically closed in F[u]/(f(u) —cg(w)). 


To apply this theorem, we let F, C be as in the foregoing with the 
additional assumption that F/C is finite, in the differential sense: 
F =C<v,,: + -,vs>. This still does not make F/C finite in the algebraic, 
or abstract, sense. For a moment, then, assume that F/C is also (differ- 
entially) algebraic, so that F'/C is also finite in the algebraic sense. With 
a view towards a sufficiency condition, let t=f(w)/g(u) be such that C(t) 
is the field of constants of F' (uw). Then one applies immediately Theorem 3 
(and Theorem 2) to get a solution 6 of (2) such that C is the field of 
constants of F<@>. Here 6 can be the solution of any equation f (wu) —cg(w) 
= 0, with at most a finite number of exceptions on ¢ (of course, such solution 
exists; see, for example, [7; p. 179, Lemma]). 

To remove the finiteness condition on F/C (that is, the condition that 
F/C be algebraic), let d.d.t.F/C =r, Let 


be the irreducible polynomial relation defining v,,; as differentially algebraic 
over t=1,- Considering F/C in the abstract 
sense, it is not difficult to see that F ts a pure transcendental extension of a 
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finite extension F, of C. In fact, let ds, be the order of Fy. in Us, and let M be 
a bound on the j of the v,.; actually occurring in Fy. If M—d,,.—hk,>0, 
then to the set S of the relations F,,,—0,: - -,F,,—0, F,s—0 we adjoin 
the relations =0 to obtain the set 


S,=— —0,- Fi. =0;F,,—0,- +, Fy.) =0; F,=—0}. 


Similarly, if d,. is the order of F's. in Vs2, and M, is a bound on the j of 
the vs-2; actually occurring in F,4,---, Fs.%, F,, and if M:—d,2=—k, > 0, 
then to S, we adjoin the relations F’,.’=0,- - -, Fs.) =0, to obtain the 
set S,. And so we proceed until we have a set 


The set T is such that the maximum of 7 for the variables v,,; actually 
occurring in 7 is already reached by the v,,;; occurring in the relations pre- 
ceding F.i.=0 ((>0). Let F, be the field obtained from C by adjoining 
all the v;; actually occurring in the relations of 7. Then F, is a finite 
extensions of C of the type sought. One sees this easily enough if one first 
adjoins the appropriate v;;, 17; then the appropriate v,,.1; as successively 
determined from +, =0; then the v,,0;, ete. The v4, 
t<r, not thus adjoined clearly form a pure transcendancy basis of F'/F,. 
Moreover we may suppose F, to contain any finite number of preassigned vjj, 
in particular those occurring in f(u), g(w), p, and g. In fact, some of these 
may already be in the F’, constructed ; and the others are rationally dependent 
over F’, on a finite number of the vj;, ir. Adjoining these vj, 17, to 
we get an F, of the desired kind. Now, by Theorem 3, C is algebraically 
closed in F',(@), where @ is a root of f(w) —cg(u) —0 for appropriate c€ C. 
Adjoining the pure transcendancy hasis, C remains algebraically closed in 
I'(6). Finally, as remarked at the end of the last paragraph, we regard 
F(6) =F <@> as a differential field extension of F. This completes the 
proof of the main theorem (Theorem 4, below) in the case that F/C is 


finite. 


5. The main theorem. Let F, be a finite extension of C containing 
p. q and the coefficients of f(w), g(w), where C(f(u)/g(u)) is the field of 
constants of F(u); f,g€ Flu], (f,g) —(1). By Section 4, there exists a 
(non-trivial) solution 7», of y” = qy’ + py such that C is the field of constants 
of Fo<m>. Placing m2, we find 


(6) (2m’ — qm) 27 + m2” =0 
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as the condition on z in order that 7. satisfy (1). By what has been said 
in the first two paragraphs of Section 2, one can find another solution », 
of (1), such that C is the constant-field of Fo<m,y2> and 72/1 is not constant, 
that is, 2740. The solutions 7;, 42 form a so-called fundamental system of 
solutions of (1). 

The arguments of the next two lemmas are largely familiar from the 
papers of E. R. Kolchin; see in particular [4; Section 17, p. 29] and [5; 
Section 5, p. 768]. 

Let C, be the field of constants of F’<m, 725. Then C;, is a finite extension 
of C. We wish to consider now the isomorphisms over F' of F<, 72> into 
Fé, n2>(C1), where C, is the algebraic closure of C,. An isomorphism over 
F of F<, into a universal domain Q over 92>(C,) will send »; into 
= + Cisne, Where Ci, Cig are constants. Since also 71’ = + Cizne’, one 
has that cj € 2,71, 72>; therefore the are constants in 92>(C;), 
hence are in C, (see [5; Cor. 5, p. 768]). Conversely, an isomorphism with 
the ¢;;€ C, will be into y2>(C1). 

The elements »:, 91’, 2, y2’ determine an ideal in the polynomial ring 
F[Y,,¥1’,Y2,Y.’]. Let G,,---,G@, be a basis for this ideal. If 
ni Fi = Cini + Cizne is to be an isomorphism over F into the universal 
domain ©, then Gi(%1, 71’, 72,72’) = Gi(Cim + =O: these are 
obviously necesary conditions on the cj. Conversely if the c;; satisfy these 
conditions, then »;—7 clearly determines (by substitutions) at least a 
(differential) homomorphism over F into Q. If in addition the ¢;; are in 

| 


C, and | ~0, then the homomorphism is an isomorphism: in fact, 
| €21C22 


following an observation of Kolchin [4; Section 17, p. 30] in a similar 
situation, we note that F<, n2>(C1) = (C1), so 


d. t. F(m Y2> ne) /F — d. t. 25 )/F, 


so the homomorphism must be an isomorphism. Thus we have obvious neces- 
sary and sufficient conditions on the cj; in order that yi i= Cam + Cie 
define an isomorphism of into Hence we have the 


following lemma. 


Lemma 3. Let , n2 be a fundamental system of solutions over F for 
the equation y” =qy + py; and let G,,---,G,€ be 
basis for the ideal of polynomials satisfied by 1,41’, 2,2. Let Fy, be a sub- 
field of F containing p, q and the coefficients of the Gi; Cy, the constant-field 
of Fén.n2>, D;, the constant-field of Fi<qi.n2>. Then any isomorphism over 


PICARD-VESSIOT THEORY. 815 


F, of Fi<misn2> into Fy<m,y2>(D,) can be extended, in one and only one 
way, to an isomorphism over F of F&m,2> into 


By a similar argument we obtain the following. 


LemMA 4. Let G be a differential field between F and F<m,y2>. Then 
any isomorphism over F of G@ into Fgm,n2>(Ci) can be extended (in at 
least one way) to an isomorphism of F<n;,y2> into Fém,n2>(C1). 


Proof. ‘The given isomorphism o can at least be extended to an iso- 
morphism + of F'<.n2> into the universal domain Q (see [5; Section 5, 
p. 768]). Let be given by Hi = + 


The field G@ is generated by a finite number of elements 7;(n)/si(7), 
ri(n), Si(q) € F[ 9:5 01, Let their images under o be fi, 
F (C1) [m. ne’ |. Then = Fi() /5i(y). Consider the fol- 
lowing finite set S of polynomial equations: 


G + Crone, : +) == 0. 


By [5; Cor. 3, p. 767] there exists an equivalent finite set T of poly- 
nomial equations over C,. Then the set 7, together with the inequality 
C1025 — C1202, ~0, has a solution, namely, the c;; form a solution. Hence, 
by Hilbert’s Nullstellensatz, T also has a solution é; with the ¢;€ C, and 
ZO. Then + Cisne is an isomorphism of the required 
kind. 


TueEorEM 4. Let F be a differential field with field of constants C, 
y”’ =qy ++ py a differential equation with q,p€F; and assume that the 
field of constants of F<uy is a simple transcendental extension of C, where 
w=p+tqu—u*. Then the equation =qy' + py has a solution 
such that the field of constants of F<m:> ts still C. The solution y, can be 
completed to a fundamental system of solutions , yz so that the field of 
constants of ts still C. 


Proof. Let Fo, 1, 72 be taken as in the first paragraph of this section ; 
m, nz Will not necessarily be our eventual 7, 42. Let C; be the field of 
constants of F<q:,72>; and let F, be a finite extension of F', such that 
i<m, 72> contains (;, and the coefficients of G,,---,G@,, a basis for the 
polynomials over F satisfied by 1’, 2,72’; F, a subfield of F. Let 
9a = + dye’) + dy), d€ C. Then 64 satisfies the equation (2). The 
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element 6, takes on infinitely many values as d varies over C; and we will 
suppose g(@a) 0, where f(u)/g(u) is the constant considered previously 
(C(f/g) is the constant-field of F<u>). Since f(0a)/g(@a) is constant and 
6a€ Fo<m, 72>, we have f(6a)/g(0a) = c(d) € C for all d (for which g(6z) 40). 
Clearly c(d) takes on infinitely many values as d varies over C. Hence we 
can certainly take d such that the field of constants of F,(62) be still C. Then 
the field of constants of F'(6a) will also be C. In fact, let ¢€ Ci, 6¢ C. Then 
there exists an isomorphism o of F,(@¢)(¢) into F's<,2>(C1) which is the 
identity on F, (6a) but moves ¢: namely, if ¢ is algebraic over C we con- 
struct such an isomorphism by mapping ¢ into one of its conjugates over 
F, (6a) (= its conjugates over C), while if @ is not algebraic over C, then 
we may, similarly, map ¢ into, say, ¢+-1. Thus we are assured of the 
existence of o. By Lemma 4, o can be extended to an isomorphism of 
F,<m, 72> into Fy<m,72>(C,) and then, by Lemma 3, to an isomorphism + 
over F of into 42>(Ci). We have r(6a) = 0a, ¢, hence 
¢¢F (6a). Since this holds for every ¢€ C,, ¢¢C, we conclude that the 
field of constants of F'(6a) is C. This completes the proof. 


6. The counter-example. Let #—field of real numbers with trivial 
differentiation. To R adjoin the general solution a of 


(1) 4a? + a’? =—1. 


Place F = R<a> = R(a,a’). Let C=—field of constants of R<a>. Were C 

not algebaric over R, then we would have R(a,a’) algebraic over C, hence 

R(a, a’) =C, which is not so since a’40. So C is algebraic over R. Since 

4a? + a’ +10 is absolutely irreducible, we have C—R ([6; p. 371]). 
From (1) we obtain 8aa’ + 2a’a” —0, whence 

(2) a” — 4a. 


Let L(y) =y” + y and consider the equation 


(3) y” +y=0. 


Placing y’/y=u, we see that any non-trivial solution » of (3) yields a 
solution 7’/n to 
(4) wu’ = — 1— 


We will show that if @ ts any solution of w’ = —1—vu?*, then F<@> contains 


a constant not in R. 
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Let u be the general solution of u’ ——-1—vu*. One finds: 


(1+ u?)’ = 2uu’ = — 2u(1+ u’) 
(a+ a’u—au’?)’ = (a” + 2a)u— 2a’u? + 


=— 2u(a+a’u—au’) (by (2)), 


whence (a+ a’u—au*)/(1-+ wu?) is constant. Thus the general solution wu 
introduces new constants. 

Let @ be any solution of uw’—=—1—uw’*. If 1+6?=0, then F<6> 
contains i, i= ~—1¢R. We proceed, assuming Then 
(a+ a’6—aé*)/(1+ 6?) is a constant. If it is not in A, then it is a 
new constant; and if (a+ a’6—aé6*)/(1+ 6?) R, then 

(a—c) (a+ c)#—0, 
from which one finds that 
that is, by (1), that 
(—1—4c?)3€ 
Hence also 1€ 

Remark. The constant-field of F<u>, in the present case, is R(z,y), 
where (a+ a’u—au?)/(1+ 4’), y= (a’—4au—a’u’)/(1+ 4’). In 
fact, one verifies directly that x and y are constants. Moreover, by Lemma 2, 
any constant k (40) is of the form f(u)/g(u), f(u), g(u) € F[u], f(0) £9, 
g(0) ~0. Let 


f(u) =co(a,a’) +¢,(a,a’)u+:--, 
g(u) =d,(a,a’) + d,(a,a’)u+:--, 
where we may suppose the c;,d;€ R[a,a’]. Then f(u)/g(u) — ¢o(2, y)/do(2, y) 
evaluated at u—0 is 0 and therefore f(u)/g(u) — ¢o(2, y)/do(a, y) = 0, that is, 
= y)/d.(x, y) € R(a,y). Note also, by an argument of the type just 
made, that the constants x, y satisfy the relation 4a? + y? =—1. 
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CAUCHY’S STABLE DISTRIBUTIONS AND AN “EXPLICIT 
FORMULA” OF MELLIN.* 


By AUREL WINTNER. 


1. If a (or its real part) is positive and less than 1, and if ¢ (or its 
real part) is positive, then, according to Mellin, the case ¢(x) = exp(— ta*) 
of the Euler-MacLaurin difference ¢(n) — f{¢(x)dz, where n=1,2,- 
and 0S « <oo, can be evaluated explicitly; cf. (9) and (9bis) below. The 
resulting “explicit formula” turns out to be closely connected with results 
which in earlier papers I obtained on Cauchy’s symmetric stable distribution 
functions of index a (where either 0 <a< 1, as in Mellin’s formula, or, to 
certain ends, 0<a< 2, as in Paul Lévy’s justification of Cauchy’s formal 
result). -This family of distribution functions is defined by the property 
that the Fourier transform of the distribution is even and is identical with 
if OSt<o. 

In what follows, the analytical questions concerning Cauchy’s distribu- 
tions will be dealt with in a systematic way. Roughly speaking, there will be 
three issues involved: (i) the explicit form of the Laplace transform of the 
distribution, (ii) the connection of the Laplace transform with the Stieltjes 
transform, finally (iii) the application of the resulting explicit formulae to a 
determination of the weight function which belongs to the “stratification,” 
in terms of the symmetric Gaussian distribution (8 = 2), of the symmetric 
stable distribution of any index B < 2. 

At the end (Section 13), there will be considered the asymptotic 
expansion (and its implications for Cauchy’s transcendents) which takes the 
place of Mellin’s convergent expansion if 0 <<a< 1 is replaced by l<a<o 
(the limiting case a1 is trivial). The values a = 2n, where n = 2, 3,4,---. 
are exceptional (but n =1, i.e., a2, is trivial). For this exceptional case, 
there will be reproduced with Professor Pélya’s permission an asymptotic 
formula which he communicated to me several years ago. 


39 


For 0 <a < 2, a side issue will be the “shape” of the frequency curves. 
This issue has, however, little to do with Cauchy’s particular choice of sym- 
metric distributions, since what results holds for all symmetric distributions 


* Received June 11, 1956. 
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of the so-called L-class (Khintchine-Lévy). This and related results are 
dealt with in Appendix II and Appendix III. 

Appendix I deals again with the entire range 0<a<o but in the 
angular case. What is then involved is the extension from the case a= 2 of 
an elliptic theta to the case of an arbitrary a >0 (including the exceptional 
a-values 4,6,- - -) of the function 


1+ 23 q"* cos nz. 
n=1 
This function has of course often been considered. The results of Appendix I 
are however substantially sharper than those obtained in the literature 
consulted. 


2. Replace the function e'*, where 0St<o, by its Fourier cosine 


transform 


(1) F(t) = f e-** cos ts ds. 


0 


Then a partial integration shows that 


(2) F(t) = G(1/t*) 
where 
(3) sin ds 


(even if only just 0<a<oo, rather than 0<a<l, is assumed). 

The representation (2) of (1) in terms of the Laplace transform (3) 
was pointed out in [13], p. 678. The correspondence (2) between F' and G 
is invariant under the substitution 
(2*) (F, t,a) (G,1/t, 1/a) 

(Gf0<t<o and0<a<o), since (2) is equivalent to 
(2 bis) G(t) = F(1/t/2) 


The alternative devices, FG and G—F, can be applied to each of the 
Fourier analyses to be considered. 

An immediate consequence of (2) and (8) is the following asymptotic 
relation of Pélya (cf. Pdlya-Szegé, chap. III, no. 154): 


(4) F(t) ~ as to, where A =I'(1 +a) sin (47a) 


—— 
— 


re 


1€ 
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(and where the ~ is meant in the sense that 
(4 bis) F(t) =o(t'*) as too if a—2,4,---, 


the constant A being 0 when a is an even integer). In fact, it is well- 
known that 


sin (s'/*)ds =T(1-+a) sin (47a), 


0 


provided that integral on the right, which is convergent only if 0<a<1, 
is meant as a Cesaro limit (of an appropriate positive index) when 1Sa<o. 
Since summability in Abel’s sense is implied by (and is a process consistent 
with) summability in Cesaro’s sense, (4) follows by using (2) for too 
and letting (Abel) in (38). 

It is clear from (1) that F(t) >0 holds for 0, hence for all 
sufficiently small ¢ > 0, while (4) shows that, if 2n<a<2(n-+1), where 
n=0,1,---, then F(t)>0 or F(t) <0 holds for all sufficiently large ¢ 
according as n is even or odd. (In view of (4bis), nothing follows for 
large ¢ if a—2,4,---, but Pélya has shown that (1) is then an entire 
function having no zero at all or only real zeros according as a2 or 
a=4,6,---; cf. Pdlya-Szegé, chap. V, no. 170). 


8. Let w(s), where Os <o, be a real-valued (not necessarily con- 
tinuous) function whose Laplace transform 


(s)ds 


0 


or 


is convergent for 0. Let N, where 0 = N Soo, denote the number of the 
positive zeros ¢ of (5), and let M, where 0<= Mo, denote the number of 
those s-values at which the function 
8 
(5 bis) du 
0 
changes sign when s increases from s=-+0 to o. Then NSM. This 
inequality expresses a theorem of Laguerre as further developed by Polya 
(cf. Pélya-Szegé, chap. V, no. 82). 
Due to (2) and (3), the estimate N= WV can be applied to (1), with 
& 
(6) = sin(w/*) du 


0 
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(so that 
(6 bis) ¥(s)— f (s—u)sin(u’/*) du, 


0 


by (S5bis)). In fact, if and MM, denote the respective number 
of times the functions (1) and (6bis) change sign when ¢ and s vary from 
+0 to o, then it follows that 


where 0<a<co. 


In fact, it is clear from (2) that it is immaterial whether N, is referred to 
F(t) =F,(t) or to G(t) =G,(t). On the other hand, a partial integration 
of (3) shows that G@(t)/t is identical with (5) if y(s) —wWa(s) is defined 
by (6). This proves the assertion of the last formula line. 

Another straightforward consequence (which is related to, but does not 
involve, the inequality NV = M) is the complete monotony of G(t)t = Ga(t)/t 
on (0,0) if 0<aX1 (the limiting case a—1 is trivial, since (2) can be 
evaluated explicitly if a1). In fact, the substitution u1/*—=v shows that 
the function (6) is non-negative for 0O=s<o if 0<a<1 (simply because 
v* is positive and non-increasing for 0 <v <0 if0<a<1). Butify=0 
throughout, then the function (5) is completely monotone on the half-line 
O0O<t<o. Since @(t)/t is identical with the case (6) of (5), the assertion 
follows. 

A corollary of this fact is that the function 


F(1/t) where 0< t<o, (F =F,), 


possesses a Hausdorff-Bernstein representation if 0<a<1 (and, by con- 
tinuity, also in the limiting case a1 which, however, is a trivial case). 
In fact, if O0< t{<0,0<a<1 and m=—1,2,: - -, then the m-th derivative 
of ¢* is positive or negative according as m is odd or even. Hence, successive 
differentiations show that if a function g(t) is completely monotone on (0,0), 
then the same is true of the function g(t*), where 0<a<1. Hence, the 
assertion follows by choosing g(t) = @(t)/t, since (2) shows that G(t*) /t* 
is identical with the function occurring in the last formula line. (For an 
application of the substitution t—¢* to g(t) —e-', instead of the more 
elaborate function g(t) = G(t)/t, cf. (19)-(21) below.) 

If a1, then (1) and (3) show that both F(t) and G(t) reduce to 
(1+ #*)-* (which argrees with, though it is not implied by, (2) if a—1). 
Hence the limiting case, a1, of the preceding result on G(t)/¢ means that 
(t+ #*)-* is completely monotone on (0.2%). The same cannot be true of 
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G(t) itself, since already the first derivative of (1+ ¢?)” fails to be of 


constant sign on (0,0). 


5. If ¢ is complex, then the integral (3) is absolutely convergent to 
the right, and divergent to the left, of the imaginary axis of the ¢-plane, 
whenever 0<a<oo. But if the point {0 is excluded when a=1, then 
analytic continuation of G(t) is possible and does not lead to any singularity, 
and the exclusion of point 0 is unnecessary when 0<a<1. In fact, 
it was shown in [13] that if 0<a<1, then G@(t) is a transcendental entire 


function, having MacLaurin expansion 


(7) G(t) = = (—1)"™ (an)sin(4zan). 
n=1 

The radius of convergence of the power series (7) is oo, 1 or 0 according 
as O0<a<1,a—1orl<a<o. In the third case, the series (7) is an 
asymptotic expansion of G(t) for ¢—-++0 which, in view of (2), supplies 
an asymptotic expansion of F(t) for {—-+ 0. In the second case, (7) 
reduces to G(t)=(1+1#?)-1, since ¢,-, becomes (—1)""I(n)(—1)" 
=—TI(n) or 0 according as n is odd or even. In all three cases, the func- 


tional equation 


leads to some reduction of (7). 


As pointed out at the end of [13], the function (3) and its expansion 
(7) are “formally related to the standard entire functions occurring in the 
theories of explicit analytic continuations beyond the circle of convergence 
of a power series,” namely, to Mittag-Leffler’s transcendents H. But neither 
(1)-(3) nor (7) is mentioned in the subsequent literature, listed in [1], 
where [13] is overlooked, as is [14]. Cf. also the footnote at the end of 
Section 7 below. 


6. An approach to (1)-(3) and (7%) which is different from that 
followed in [13] was found in [14], pp. 705-707; it was shown there that 
the true source of the expansion (7) of (3) is a formula of Mellin [8], p. 12 
(which I did not find quoted in the textbooks consulted or in the relevant 
papers, such as the fundamental paper of Hardy and Littlewood [3], p. 136; 
cf. p. 120, footnote. which refers to Mellin’s work as a whole, but not to 
his paper [8]; cf. also Lindeléf’s general theory in [7]). The formula in 
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question is an “explicit formula” (in the sense of the term customary in 


the analytic theory of numbers); it states that 
(9) _P(141/a) +3 +1), 
k=1 n=1 


where the numerical value of the leading term on the right is produced, of 
course, by the trivial identity 


(9 bis) pe dx =T(141/a), 


0 


and where (in order to assure convergence in the entire ¢-plane, rather than 
just the validity of (9) as an asymptotic expansion as {—>-+ 0) it is assumed 
that 0<a< 1, rather than only that 0<a~2,4,---. As shown in [14], 
pp. 705-707, the expansions (7) and (9) are equivalent by virtue of the 
functional equations (8) and 


(10) n(z) =n(1—z), where »(z) =r *T'(4z)f(z). 
and of a Mobius inversion. 


Actually, (9) leads not only to the expansion (7) of G(¢) but also tu 
the Laplace analysis of F(t), exhibited by (12) (and (13), (11)) below. 
In fact, (12) below and (7) are equivalent by virtue of (1)-(3), as seen by 
term-by-term integration (the legitimacy of which is trivial from 0 <a <1). 
This is precisely the route along which the expansion (7) was obtained in [13]. 


7 Let OSt<o. Then the Laplace analysis (that is, the determina- 
tion of the Unterfunktion) of G(t) is given by (3), where only a> 0 is 
asumed, and, as mentioned above, (3) follows from the two definitions (1), 
(2) by nothing deeper than a partial integration. In contrast, the Laplace 
analysis of F(t) results only after a contour integration, which succeedss 
directly only if 
(11) 1. 

The result is 
(12) F(t) = f exp (—As*) sin (ps*) ds, (OSt<o) 
0 


where A=A(a). »=p(a) are abbreviations for the constants 


(13) A = cos w= sin (A? + =1). 


q 
a 
3 
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It is clear from (11) that ¢0 is the abscissa of convergence, as well as 
the abscissa of absolute convergence, of the Laplace transform (12). Inci- 
dentally, (11) also implies that both constants (13) are positive. 

The Laplace analysis (12) of F(t) is known; in fact, it is contained 
in what was obtained in [12], pp. 86-88, for the m-dimensional generalization 
(from m==1) of the “symmetric stable frequency function” of Cauchy 
which, if m1, becomes 1/z times the function (1) itself (it may be 
mentioned that subsequently Lévy’s monograph [6], pp. 221-224, and a 
dissertation written under his direction (cf. p. 221, footnote) have transferred 
his fundamental enumeration (1923) of all, not necessarily symmetric, stable 
frequency functions from m1 to any m; but the Laplace analysis of these 
functions is not taken up loc. cit., not even in the symmetric case). 

The proof of (12) can be sketched as follows (for details, cf. [12], pp. 
86-88) : In view of (1), where ¢ can be thought of as a fixed positive number, 
it is sufficient to deal with the real part of the integral 


(14) f exp(—u du, 


0 

where u=s’/*=0. If L(¢) denotes, for a fixed ¢, the half-line argu—¢ 
in the complex u-plane, then Z(0) is the path of integration in (14). But 
no singularity of the integrand is met when L(¢) sweeps through the wedge 
0=¢= 4a (< 4x), except for the common end-point, u—0, which is a 
harmless singularity (in fact, —1-+1/a>0). Hence, if Z(0) is deformed 
into L (42a), then (12) follows from (11) and (13), simply by taking the 
real part of the L(42a)-representation of (14).* 


8. From the Laplace analysis, (12), of the Fourier cosine transform, 
(1), of e-**, where OS t<oo, the Stieltjes analysis of e- itself can be 


* According to [1], it was conjectured by W. Feller and proved by H. Pollard that 
E(—t), where H(z) = E.(z2) denotes Mittag-Leffler’s entire function ¥ 2"/I'(an + 1), 
is completely monotone on the half-line 0 < ¢ < © if the index a is on the range (11) 
(this is true, but trivial, in the limiting cases, a=0O and a=1, of (11), since 
E,(— t) = (1+ #)+ and #,(—t) =e'). What is involved here are two papers of 
Pollard [10] which appeared as late as 1946 and 1948, and which will be referred to as 
(i) and (ii) respectively. Both (i) and (ii) overlook [12], pp. 86-88, and [13] (cf. 
also [14], pp. 705-707). But the content of (i) is just ap artificial verification of a 
wrong form of (6) and/or (7) above (in order to see that there is a mistake some- 
where, it is sufficient to choose Pollard’s \, which is the a in (11) above, to be } in 
formulae (5) and (4) of (i), which correspond to (7) and (12) above). Correspond- 
ingly, the complete monotony of Mittag-Leffler’s H(—t) is concluded in (ii) from 
erroneous formulae. The necessary corrections can be read off from [13] and/or [14]. 
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obtained. In other words, it is possible to obtain the explicit form of the 


function h(s) for which 
(15) (¢? + s*)“"*h(s)ds 
0 


holds as an identity for O=t<oo (the traditional representation of the 
Stieltjes transform results from the integral (15) after the substitution 
(t,s) — (#4, s+) and a renaming of f). 

First, Fourier inversion of (1) gives 


(16) f F(x) cos tx dx (OSt<o). 
0 


Next, if (12) is inserted in (16), the order of the integrations can be inter- 
changed (by uniform convergence, if ¢>0). Since 
(17) f e-*? cos sx dx = t/(t? + 8°) 

0 
(if ¢>0), it follows that (15) will be satisfied if (and, in view of the 
uniqueness theorem of Stieltjes’ transform, only if) the function h(s) is 
chosen as follows: 


(18) (s) =s sin (ys*)exp(— As*). 


From the Unterfunktion, (18), of the Stieltjes analysis, (15), of the 
function e-* the Unterfunktion, say f(s) of its Laplace analysis 


(19) | e-'sf(s)ds, 
0 


where 0 =¢ <0, can be obtained, with the following result: If the constants 
A, » are defined by (13), and if (11) is assumed, then the f for which (19) 
holds for 0=¢<. as an identity is given by 
(20) 4nf (s) = f sin sin sx dz, 
0 
It may be mentioned that, while (11), (13) and (20) hardly indicate 
that 


(21) f(s) 20 for OSs 


| 
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(21) happens to be true. In fact, successive differentiations of the function 
et* readily shows that, if O<t<o and 0<a<1, its n-th derivative is 
positive or negative according as n is even or odd. Hence the Hausdorff- 
Bernstein theorem on completely monotone functions, when combined with 
the uniqueness theorems of Laplace’s transform, implies that (21) is a 


consequence of (19). 


9. The deductions of (20) from (18) has hardly anything to do with 
the explicit form of the function e-“*; it depends merely on the following 
formal rule: If 


(22) f f e-*8f(s)ds 

0 0 
is an identity for 0 t <0, then (under appropriate conditions, conditions 
which are amply satisfied in the case of e~**) the connection between f and 
h is given by Dirichlet’s transform, 


(23) Ks) h(x) sin sx /x dx. (0<s<o). 


Hence (20) follows from (18). (Incidentally, if f, rather than h, is known 
in (22), then, subject to the legitimacy of the Fourier inversion which is 
involved, 
(24) irh(s)/s= f f(x) sin sa dz, 

in fact, (23) is the Fourier sine transform of h(s)/s, and so (24) follows: 
by Fourier reciprocity). 

I cannot decide whether the solution (23) of (22) is generally known;: 
in view of [2], something like (22)-(23) must have been familiar to: 
Ramanujan. In any case, it would be worthwhile to exploit this rule sys- 
tematically, by completing the tables of known Laplace transforms (for a 
given Unterfunktion f) by those items for which the Unterfunktion h of the 
Stieltjes transform is already recorded in the tables of the latter transform. 
The actual validity of the Dirichlet rule (23) in the appropriate Hilbert 
space (that is, the specification of such function spaces) can be justified 
along the lines of the Plancherel technique of Paley and Wiener [9] (passim ; 
e.g., pp. 42-43). In such cases as e-‘, neither locally nor in Hilbert’s space 
is there an issue, and (20) could be deduced from (15) by an appeal to 
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Fubini’s theorem. But it is somewhat more instructive to verify (22) under 
the drastic hypothesis that it is legitimate “to compare like powers.” 

To this end, note that, if (¢?-++s?)-* is expanded according to powers 
of 1/t, then, after a term-by-term integration (if it is allowed), the integral 
on the left of (22) appears in the form 


(—1) "pon (h) where p,(h) = f s"h(s)ds. 
n=0 


0 
On the other hand, successive partial integrations lead to the following 
expansions of the integral on the right of (22): 


f™ (0) where f(™ = d"f/ds" 
n=0 


(if f(s) is of class C*). Hence, comparison of the respective powers of 1/¢ 
(if it is allowed) shows that 


fe%(0) =0 and fe™(0) = (—1)” f s°"h(s) ds, 
0 
where n=0,1,---. Thus, if f(s) => f™(0)s"/n!, it follows that 
n=0 
f(s) 4.1)! f (x) dz, 
n=0 e 
0 


which is (23) if 3f = f%. 


10. The suggestion italicized above, concerning the explicit formulation 
(23) (or, in the reverse direction, (24)) of the hypothesis (22), is illustrated 
by the transition from (15) and (18) to (19) and (20). In view of (17), 
this can be re-stated so as to replace the Stieltjes transform by a Fourier 
cosine transform (whereas (23) or (24) is a Fourier sine transform) ; in fact, 
the e-** in (1) and (16) can be replaced by any function which is “small 
and smooth.” Actually, all of this can be formulated as a general principle, 
concerning the translation of one transform table into another transform 
table, as follows: 

For M=—K,M,N,---, let M—M(t,s) be the kernel of an integral 
transformation 


(25) M(t.s)q(s)ds 


0 


| 
= 
= 
| 
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which sends “arbitrary ” functions g on 0 << s <0 into “arbitrary ” functions 
g* = Mg on 0<t<o and which has the property that (in terms of an 
appropriate definition of identity) the M-Unterfunktion, M-*g*, of g is unique. 
With reference to two such transformations, M and N, let there be known a 
K = Kyy for which M-1= KN~ holds (in view of the formulation (23) of 
(22), this is the case if M—L, NS and K =D, where L, S and D denote 
the transforms of Laplace, Stieltjes and Dirichlet respectively, with (¢,s) 
replaced by (t¢%,s*) in the traditional representation of S$). Then, if the 
N-Unterfunktion of a given function of ¢ happens to be known explicitly, the 
N-Unterfunktion of the same function of ¢ follows by an integration, that 
assigned by K. 

Instances and general methods are contained in [2] and [9].* 

Let the function (25) of t on (0,00) be denoted by Sif, Lif, Cif in the 
respective cases M —S,L,C, where 
(26s) S=(#+s7)7; (26,) L=e*; (26¢) C=costs. 
Note that D is the integral (vanishing at the origin) of C; cf. (23). 

By Fourier’s inversion, }7C-'—C (formally; so that, in particular, 
(17) is equivalent to 


(17 bis) f + 2?)-1 cos sx du = 4re-'#/t, 
0 


where {+40.) It follows that if 


(27) (s)| 


then. for t<o, 
28) (LC) if =Sif:, where f,(s) =f (s)s, 
and that (28) has the dual 


(28 bis) (SC) +f where f_.(s) =f(s)/s, 


* For specific pairs M, N of certain type, conditions under which this obvious 
remark is legitimate (for a given f) can be read off, for instance, from such considera- 
tions as were collected by Hirschman and Widder in their book [5] (in which, inci- 
dentally, it is again overlooked, as in the other publications of these authors and in 
those of I. J. Schoenberg which they quote, that the Fourier representation of the 
reciprocal Weierstrass products was studied already in [12], pp. 51-54 and 61-64, where, 
in the even case, these functions are introduced precisely in the same way as then 
followed by I. J. Schoenberg, ef. [5]). 


: 
— 
| 


830 


by 


(27 bis) 


of (23) from (22). 


(29) 


The C-duality, (28)-(28bis) and (29), of Z and S has an analogue, 
but becomes involutory, if (26¢) is retained but (26,) is replaced by the 


“normal” (Gaussian) kernel 


(26y) 


(30) 


While this parallelism is trivial, it turns out that, owing to the (N,N )- 
analogue of the (Z,S)-rules (28)-(29), the explicit results (16)-(20), where 
(11) and (13) are assumed, settle a desideratum I formulated a long time 
ago, concerning the actual determination of the weight functions which, for 
all values of B on the range 0 < B < 2, are the factors of normal stratification 
(“Gaussian analysis”) of Cauchy’s (symmetric) stable distribution functions 
of index B; cf. [4], Section 4, where further references are given (p. 769, 


11. 


(31) 


(11). 
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if, in addition to (27), 


f | f(s)/s|ds<o. 


LC =CL in (28), and SC=CS in (28 bis). 


eos YL dz = where z= 


footnote *°). 


In order to avoid a confusion of the index a, occurring in (11) 
and (13), with Cauchy’s index £, let the functions F, G, h, f, occurring in 
(1)-(3) and (18)-(20), be now denoted by Fa, Ga, ha, fa, and let B = B(a) 
be an abbreviation for 


B=2a; 


Thus F,, G, are defined, and (1)-(3) and (16) remain valid. 


if ya is replaced by y=£, but (7), (9), (12), (15) and (19)-(20) then 


In fact, the content of (28) has already been used. But in view of (17) 
and its Fourier inversion (17bis), both (28) and (28bis) follow from 
Fubini’s theorem. As mentioned above, there is a corresponding deduction 
It is also clear that, under the respective Fubini 
assumptions, (27) or (27) and (27bis), of (28) and (28 bis), 


What then corresponds to (26g) is, in the main, (26y) itself, since what 
corresponds to (17) and to (17bis) is contained in the single relation 


so that B< 2, 


- 
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become divergent (and, incidentally, the analogue of (21) becomes wrong). 


The notation A—A(y), »=»(y) will always be used only with reference to 
y=a (so that the numbers (11) will remain positive). 

Except for a trivial factor (1/7), Cauchy’s (symmetric) “stable fre- 
gency functions” of index 8 is Fg(t), which means, by (1), that 
(32) = e-* cos ts ds. 

0 

On the other hand, if the ¢ in (19), where O=t<o and 0<a<l, is 
replaced by ¢*. it follows from (31) that 


(33) e*fa(s)ds. 


It follows therefore from (32) (and from Fubini’s theorem) that 


= fa(s){ f e-*"8 cos tx dx} ds. 
0 0 


But here the { } is }r4exp(— 1(*/4s?), as seen by changing the integration 
variable in (30). Accordingly 
(34) F(t) — 4a exp(— 4/45") fa(s) ds. 
‘0 

The relation (34) is the explicit form of the stratification, announced 
above. In fact, the weight function occurring in (34) is 
(35) fa(s) f sin sin patdx=0, cf. (11), 

‘0 

by (20) and (21). Incidentally, the inequality in (35) makes it clear that 
the function (34) of ¢? is not only positive but decreasing as well. This 
property of Cauchy’s stable densities Fg(t), where 0 < 8 < 2, is significant 
from the point of view of the theory of probability (cf. [12], pp. 70-71) ; 
it was proved in [12], pp. 83-86, by arguments having the nature of an 
existence proof, instead of being explicit, as in (34)-(35). 

Another “stratified” representation of F'g(t) (which, however, fails to 
exhibit the essential information fg=0 in (34)) is the following: 
(36) F,(t) Imexp(—A-+ tp) 2* dz, 


0 
20 
} 
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where A=Ag > 0, »=pp > 0 and a—ag <1 are defined by (11) and (31), 
and H(t,s) is the function 


(37) H(t,x2) =Im exp (tas — t?/s*) ds, 
0 


which is independent of B (<2). In fact, if (35) is inserted in (34) and 
the order of integrations is interchanged (which can readily be justified), 
then (36) follows from (37). 


12. If F(t) is any symmetric frequency curve (—F(—t) =0, where 
—2 <t<o), it is called wnimodal if F(t) is a non-increasing function 
of ¢>0, and it is called bell-shaped if it is such that there exists a (not 
necessarily unique) positive ¢) having the following property: The curve 
F — F(t) is concave or convex (toward the ¢-axis) according as 
or tj S=t<o. Both of these classes of frequency curves F’, the second of 
which is a subclass of the first, can be defined without the assumption 
F(t) =F(—t) also. The unimodal character of (34), just concluded 
from the inequality in (35), can of course be concluded also if (34) is 


generalized to 


(38) F(t) =f 


0 
(x= 1/4s*), where is any function satisfying 


(39) J | d6(2)| ie, —4(0) <a. 
0 

The Gaussian limiting case, 8B = 2, of (34) results from (36) if (2) 
is chosen to be the step-function ¢)4(z) = psgn(«—a), where p and a are 
positive constants. But whereas (38) is bell-shaped if ¢ = dpa, it is possible 
to choose four positive constants p, a; g, 6 in such a way that the case 
> = dpa + dq» Of (38), the superposition of two symmetric normal frequency 
curves, fails to become bell-shaped; cf. [11]. Thus, whereas one might 
hope that (34) is bell-shaped not only in the limiting case B=2 but for 
every positive B < 2, this, if true, cannot be concluded from nothing more 
than the inequality in (35). 

If B=1, then Cauchy’s frequency function (34) is known to reduce 
to the elementary function (1-+ #?)-* (except for constant factors) and is 
therefore bell-shaped. Since this means that d?F'g(t)/dt? has a (unique) 


= 
= 
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positive zero tp =1)(8) if B—1, it can be concluded from (34) and from 
the explicit form (35) of d¢(x)/dzx that such a t,.(8) >0 exists not only 
for B=1 but for every 8 contained in the range 1—e< B<1-+«, where 
e>0 is a sufficiently small explicit constant. But even this continuity 
argument can be justified only by a certain amount of explicit labor, and the 
desideratum (namely, that the entire range, 0 << B < 2, of Paul Lévy can be 
included, so that « can be chosen to be 1) cannot apparently be obtained 
along these lines.* 


13. Let a in (1) now be any positive index (not restricted by 0<a<1 
or 0<a<2). Then (4) is still valid, as is (3) with (2). Ifa>1, then 
the series (7) is divergent at every >0. But it can be seen from the 
proof of (7) that (7) holds, as t—+>-+ 0, as an asymptotic development, 


k=0 


In view of (2), this is an elaboration of (4), where too. If a is an even 
integer, a= 2n, then all coefficients of (41) become 0, hence (41) means 
that, for every fixed « > 0, 


(42) G(t) =O(t*) as t>0 (a= 2n) 
and so, in view of (2), 
(43) F(t) =O(t?”) as t-00 (a= 2n) 


(actually, the by-product (42) of (41) can be obtained directly; in fact, it 
is readily seen from (3) that all derivatives of the function G(t), which 
clearly is analytic for 0<t<o, tend to 0 as t>0, if t>0). 

If 2n 2, then (43) is obvious, since (1) reduces to 


F(t) = 4rd exp(— #?/4) if a=2. 


*Tt is known that if = 6(— a), where —~ <2< denotes the Fourier 
transform of Riemann’s =(t) = é(s) ==(—t), where s=}3+ it, then not only 
>0 holds (Jensen, Hurwitz) but also <0, where (see my 
note in the Journ. London Math. Soc., vol. 10 (1935), pp. 82-83). Is it also true that 
is bell-shaped? 

Incidentally, it is clear from the two known properties of @(x) that the first of 
the functions 


(40) f sin tx dz, f &(a) cos ta dx 

0 
is positive for 0 < t < %, whereas the second changes sign an infinity of times, since 
=(t) does. 


), 
/ 

d 

e 

n 

rt 

e 

0 
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One will therefore expect that, if 
(44) a= 2n, where 2n —4,6,8,: -, 


then F(t) will be much smaller than the order supplied by (43). But 
after the exclusion of the trivial case 2n —2, the function F(t) = F2,(t) 
changes sign an infinity of times as to (in this regard, cf. the known 
results of Pélya, referred to at the end of Section 2), and what one will 
conjecture for (44) is the existence of an explicit asymptotic formula 


(45) F(t) ~f(t) cosg(t) as to, 


where f(t) and g(t) are elementary functions which satisfy — log log f(t) 
— Const. >0 and logg(t)—> const. >0, where (and where Const. 
and const. depend on the index (44)). In a letter to Professor Polya, 
I raised this question a long time ago, mentioning the analogy between the 
conjectural formula (45) and the known formulae for the “(real) definite 
integral ” solutions of the confluent forms of hypergeometric equation (Bessel- 
Poisson ; Laguerre-Perron) ; the case a—2n of being a “ Laplace” solution 
of a simple differential equation, of order n—1 which is homogeneous and 


linear : 
(46) (t)/dt"! + atF(t) =0, where a=a, const. = (—1)""| a,!. 


In another context (not that of Cauchy’s “stable densities”), the identity 
(46) for the case a—2n of (1), readily verified by successive partial inte- 
grations, is known since Jacobi’s time (at least) ; cf., e.g., p. 152 of E. G. C. 
Poole’s Linear Differential Equations (Oxford, 1936). 

Professor Pélya was good enough to determine the explicit form of 
(45) and to communicate it to me in a letter dated November 18, 1944, 
the content of which is only now published on his request. The formula is 
of an impressive length; I shall write it in terms of notations corresponding 
to those used in (12) (where (11), rather (44), is the assumption). 

In terms of a fixed n (> 1), put »—=(n—1)/(2n—1), = 2n/(2n — 1) 
(hence y >0) and 


= — pcos (4x), »=—psin (fax), where p= (2n—1)/(2n) 


(so that A> 0, since, in view of (44), the angle $xx—an/(2n—1) is 
between and w+). Then, if a—2n and in (1), 


F(t) ~ exp (—At*) cos + dav), 


where ( = (87/c)4, c= m(1+m)/", m=2n—1. 
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Pélya added in his letter that he could foresee this structure of f(t) 
and g(t) in (45) from the order of magnitude of purely imaginary values, 
which can be ascertained from the Maclaurin series of (1) and from (46) ; 
and that he obtained the final result by writing the case (44) of (1) in the 


form 


where m—2n—1 and 0<t<e, and applying the method of steepest 
descent to the last integral. 
APPENDIX I.* 
Reduction mod 1. 
Let and put 
(1) 1423.9" cos 2ame; 
m= 


so that 0x <1 without loss of generality. This is Poisson’s kernel if 
a= 1, and an elliptic theta function if a= 2. 
If a2, then the function 


(2) — f exp(— s*) cos ts ds = F,(—t) (0OSt<o) 
0 


differs from its Fourier reciprocal (given by 


(3) (— | f F,(s) cos ts ds 
0 


for any a>0) only in two constant factors. Hence, when the functional 
equation (the “linear transformation”) of the case a2 of (1) is proved 
hy means of Poisson’s summation formula 


k=- m=- 


it is immaterial whether ¢(rt), where r is any positive constant, is chosen 


* Added July 21, 1956. 


- 00 


836 AUREL WINTNER. 


to be the function (2) or the function (3). On the other hand, the two 
choices lead to two different identities in every non-involutory case (a2). 

The first choice of ¢ leads to the following representation of (1) (for 
any a>0): 


(5) Fq(px + pk), 

where p= p(q) —pa(q) is defined by 

(6) (— log = 

(so that the range 0 <q<1 is mapped on the half-line O0<p<o). In 
fact, if = Fa(pxr), where and p—const. > 0, then, since 
(2) is equivalent to 


(— | a |¢/p*) = F.(py)e-i7 dy, 


the series on the right of (4) becomes exp(— | |*/p*), 
which is 2rp6a(%;q), by (1) and (6). Hence (5) follows by inserting 
p(x) =F ,(pr) on the left of (4) also. 

If a is of the form 2n, then (2) is majorized by exp (—a|t|’), where 
a=a(a) >0 and b=—b(a) >0 (cf. Section 13), and so it is clear that 


(7) = Fa(px + pk) ~Fa(px) as po 


k=-00 
holds at every fixed «> 0, and uniformly for e<2<1/e if «>0 is fixed. 
Tt follows therefore from (5) and (6) that, for 0<2< 1, and uniformly for 
ex r<1—e(<l), 


(8) ~ | log g (2 | logg as q— 1. 


In the classical case, where a = 2, the asymptotic formula (8) becomes 
dull, since F,(t) = a4 exp (— is free of fluctuations. But if a= 2n > 2. 
then, by Pélya’s formula, 


(9) F(t) ~ Ct” exp (—At*) cos + dav) as 


holds for the (even) function (2), and C and the four Greek indices occurring 
on the right of (9) are certain (non-vanishing) functions of n (> 1) alone 
(cf. Section 13), and (8) and (9) (where A>0 and y>0) show that, as 
the function (1) of is wobbly at every x distinct from 0 (mod 1), 
and uniformly for e<*#<1—e(<1). 

If a is not an even integer, then the asymptotic behavior (¢q—>1) of 


4 
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(1) is as dull as it is in the case a2. But (8) is then wrong, since the 
terms of the series (5) are damped (for increasing |&|) with sufficient 
rapidity only if a—2n (where a—1 is allowed). In fact, if 0<a<o but 
a~2n, then F,(t) —F,(—t) is asymptotic to A/|t|** as where 
A4=A(a) is a non-vanishing constant (cf. formula (4) of Section 2). 
Hence, if p—>oo, then, for fixed ¢ >0 (and uniformly for e<2<1/e), the 
function on the left of (7) is asymptotic to Awa(x)/p'**, where 


(10*) a(t) — 3 (a> 0). 
It follows therefore from (5) and (6) that, uniformly for e< #<1—e(< 1), 
(10) 9a(t3q) ~ Bya(x) logg as g—1, 

where B==— A =T(1+<a) sin (420). 


If 0, then, although (5) is valid, (8) is false, and (10) is meaning- 
less (because (10*) includes k=0). But if x0 and q—>1, then there 
is no issue, since (1) shows that, if r——logq (hence 0<r—0), then 
—} is 
Sexp(—rm*) ~1,(r), where I,(r) exp (— ru*) du, 


m=1 
0 


and since where I,(1) =T(1+ 1/2). 

Consider finally (1) as a function of x at a fixed g (0; so that the 
case const. will now be excluded). Clearly, is of class 
on 0x <1 (mod1) whenever a > 0, is analytic at every real z if 
and is a transcendental entire function of the complex variable x if a> 1. 
If a<1, then (1) cannot be analytic for all real x, since the coefficient of 
the m-th cosine fails to be majorized by the m-th term of a convergent 
geometrical progression. But (1) is analytic on the interval O< 24 <1 (with 
a singularity of the C®-type, like exp (—2?), at if a<1. This 
can be seen as follows: 

If the 1+ 2% of (1) is simplified to the sum & itself, then what results 
is the real part of P(z) on |z|—=1 (argz—222), where m=—1, 
%,- + >. Hence the assertion is that this power series P(z) (which, since 
>1) converges for |z|<1 to a function which 
remains regular at every point z41 of |z|—1. Actually, the analytic 


diverges if |z 


continuation of P(z) exists (as a single-valued regular function) on the 
domain which results if the half-line 1 z <0 is removed from the z-plane. 
In fact, the coefficient of z” in P(z) is of the form f(m). where f(w) is an 


0 
| 
e 
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entire function which, since |q|<1 and 0<a<1, is O(exp|w|®) as 
'w|—>oo, if «>0 is fixed. Hence the assertion follows from a known 


general theorem (cf. [7], p. 109). 

In order to exhibit the precise nature of the singularity of (1) at z=0 
(if 0<a<1 and 0<q<1), let the expansion (7) of Section 5, an 
expansion valid for all ¢, be inserted in formula (2) of Section 2. This 


shows that 


(11) F,(t) for 0< t<o, 
j=1 


where the coefficients 6; ==b;(a) are given by 
(11 bis) b;==c,,/T(j), = (aj) sin(4za). 


On the other hand, since (6) is positive and (2) is even, (5) can be written 


in the form 
=psFa(pk+ pr) + Fa(pk— pr), 
k=0 k=1 


ifr=0. Hence, if the F, of the latter two series are substituted from (11) 
and the summation order is interchanged (which is readily justified, since 
the coefficients (11 bis) decrease rapidly enough, and since F,(t) = O(t**) 
as t—>o), it is seen from (6) that 


(12) 28a = (x) /(— 
j=1 


holds for 0 << « <1 and for every a < 1, where the functions Xq1(2), Xq?(“), °° 
denote the following counterparts of the functions (10*): 
x 
(12*) Xai = 3 (kK 1-4, 
k=0 k=1 
The representation (12) of (1), a representation which in view of (12*) 
is (in an appropriate sense) of the type of an Eisenstein series (for a 
modular function), puts into evidence the nature of the singularity acquired 
by (1) when x tends to 0 (mod1) if a<1. This “decomposition into 
singularities ” was obtained in [19] by the above method but with algebraic 
errors, corrected in (12) and (12*) above (the errors were introduced in 
[19] by an erroneous copying (from [13]) of the exponents in (11) above, 
that is, in the [correct] result of [13]). 
Another application of (5) results if use is made of formulae (31)-(35) 
of Section 11. According to those formulae, which are valid for F,(t) if 
a <2 (rather than only if a<1), 


( 

I 

if 

] 

2 
( 
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(13) (t) exp (— t?/4s?) da(s) ds, 
0 
if 
(14) = sin sim (uy*) dy, 
0 
where, corresponding to the definitions (11) in Section 7, A—cos(az/4), 


p=sin(ar/4+). It is clear from (5) and (13) that 


0 

where, if p= /ja(q) is defined by (6), 

(15*) O(z3;s)=—p exp{— (pxr-+ pk)?/4s?}. 


But the case a2 of (5) shows that (15*) is of the form 6.(z;r), where 
6, is an elliptic theta and r=r(s,p) =714(s;q). Since the function (14) 
is positive for 0<s<o (cf. (20)-(21), Section 8), it follows that (15) 
is the analogue for “angular distributions” of that “Gaussian stratification ” 
the explicit form of which was obtained in Section 11. 

It was Zernike’s discussion of angular statistics ([20], pp. 477-478) 
which led me in [16] to the interpretation of the function (1) as the 
“densities of stable, symmetric, angular distributions.” Subsequently, these 
considerations were rediscovered, and further developed (also in the unsym- 
metric case) by Lévy [15]. The proof of a certain property (“symmetrical 
convexity’ mod 1) of the case a2 of (1) is incomplete in [15], p. 36; a 
simple proof of that property was given in [17], and a refinement (“bell- 
shaped graph” mod1; cf. Section 12 above) of that property in [18]. The 
existence of (15), without the explicit form, (14), of the weight function 
of (15), was shown in [17], where the weaker one of the two properties, just 
mentioned, was extended from a2 to 0<a<2 (that extension is con- 
tained in the fact that the weight function (15) is positive for 0<s<oo). 

It should finally be mentioned that there is a fundamental difference 
between the “linear” and the “angular” case. If the unit of length is 
suitably chosen, then the stable distributions having an even density are 
given by (2), where, however, the index a> 0 cannot be chosen arbitrarily 
(as proposed by Cauchy), since the density does not become negative if and 
only if a =2 (Lévy). In contrast, it is clear that there belongs to every a, 


k=- 00 
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where 0<a<oo, a sufficiently small g*—g*_, >0 in such a way that the 
function (1) (in which the value of the parameter g has the role of a 
standard deviation) is positive for all « whenever 0=9q < q”*. 


APPENDIX II. 


On certain unimodal distributions. 


In the nomenclature of [12], the result of [12], p. 78, refined to an 
explicit representation by Section 11 above, was as follows: 


(+) Every symmetric stable distribution (Cauchy-Lévy) 1s a convex 
distribution. 


The stable distributions are the simplest instances of the so-called L- 
distributions (cf. below). Hence (+) is contained in the foliowing theorem 
(*), the proof of which is the first purpose of this appendix: 


(*) Every symetric L-distribution (Khintchine-Lévy) is a conve 
distribution. 


In their monograph [22], Kolmogoroff and Gnedenko formulate, and 
attempt to prove, a theoerm which would contain (*). But as observed by 
K. L. Chung, the proof is based on an erroneous lemma. Cf. the footnote 
at the end of Appendix III below. Correspondingly, the following proof 
of (*) will have to be based on a more involved adaptation of the proof of 
(¢) in [12]. 


Let F¢(t), where <t<oo. denote the Fourier-Stieltjes transform, 
(1) Fe(t)— ft 
of a distribution 6=¢(zx), that is, of a function defined for —n»<r<a 
in such a way that 


(2) ¢(0) =1 and dd(x) 20. 


If ¢(x), when normalized by =~ ¢(x+0) + ¢(x—0), is identical 
with the distribution 1—¢(—-2), then ¢(x) is called symmetric. By a 
convex distribution is meant a symmetric unimodal distribution, that is, a 
distribution which for 0 << and —w<2<0 (but necessarily at 0) 
has a (not necesarily continuous) density which is a monotone function of 


|2| (0). 


he 
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The proof of (*) will be reduced to the following lemma: If S(t) 
denotes the (even, entire) function 


t 


(3) s(t) =f (sin u)*/u du, 


0 


and if g is any positive constant, then the Fourier inversion of the case 
(4) Fo(t) 


of (1) defines a unimodal distribution ¢—=¢_g—¢,(). Since (4) is even, 
hence ¢(x) =1—¢(—~72), this means that every ¢—dg is a convex 
distribution. 

It is clear that if ¢(#) is any unimodal distribution, and if p is any 
positive constant, then ¥(z) —¢(pz) is a unimodal distribution. It is also 
clear that if and are distributions 
satisfying ¢, > ¢ as n—>o0, then ¢ is unimodal whenever every ¢, is. Finally, 
a theorem of Hardy and Littlewood concerning “rearrangements” is sub- 
stantially equivalent to the following fact (cf. [12], p. 47 and pp. 77-78): 
If ¢ and y are two symmetric unimodal distributions, then their convolution 
¢*y is a (symmetric) unimodal distribution. 

In [12], the proof of (+) was based on the preceding three facts. The 
following proof of the generalization (*) of (+) will be an adaptation of 
the same proof (the first two of the three facts are needed, of course, only 
in the particular case of symmetry). 

As will be shown in Appendix III below, Lévy’s enumeration of all 
L-distributions (in terms of their Fourier-Stieltjes transforms; cf. [6], pp. 
192-193, or [22], pp. 145-151) implies that a distribution ¢(z) is a 
symmetric L-distribution if and only if there exists a sequence of distribu- 


tions satisfying as n—>oo, where every ¢n(2) is 
a convolution of the form 
(5) = yn(X) * (pit) ban (Pn@), 


in which y,(x) denotes the symmetric normal distribution of a certain 
standard deviation h=hg (20), the numbers pj=p;(n) are positive, 
the nm numbers g;—=qi(m) are non-negative and, for every gq, the dis- 
tribution ¢ = ¢,—¢,(z) is defined by (4) and (3), that is, by 


t 
(6) log Fg(t) =—q (sin?u) /udu; 


0 


a 
1 

n 

2 

f 
f 
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[In view of (1), this implies that ¢(7) =$+43sgnz if g=0; in what 
follows, this trivial distribution, which is certainly symmetric and unimodal, 
will be excluded, that is, g will be assumed to be positive. ] 

It now follows from the three facts, mentioned above, that the unimodal 
character of every symmetric L-distribution will be proved if (and only if) 
it is shown that (6) defines a unimodal distribution ¢ for every fixed q > 0. 
But it is clear from (6), where /'y—F'g,, and from the product rule of the 
transforms (1) of convolutions, that ¢g.r = ¢¢* ¢r whenever g > 0 and r>0. 
Hence, the third of the three facts shows that, instead of proving the unimodal 
character of ¢, for every qg on the range 0< gq <o, it is sufficient to prove 
the same for every g on the range 0 << q < qo, where qo (> 0) can be chosen 
arbitrarily small. 

Accordingly, it can be assumed that O0<q<1. Then a—q/4 and 
B=1—gq/2 are positive numbers satisfying a+B8+a—1. Hence, if 
p=p(r), where p(—o)—0O and p»p(o)—1, denotes the step-function 
having the jumps a and at r= +2 and respectively, then p is a dis- 
tribution. Clearly, F,(¢) is identical with the sum of 1—4$q and $q cos 21. 
Consequently, 

(7) F,(t) =1—qsin?t. 


It is now easy to conclude that there belongs to ¢— 4d, a distribution 
A =A, for which 
t 


(8) tFy(t) — f Fy(s)ds 


is an identity in ¢. In fact, if a prime denotes differentiation with respect 
to t, then Fy’/Fy =— q(sint)?/t, by (6) and (5). In view of (7), this 
means that (tF'9)’=—F F,. Hence (8) is satisfied by the distribution A 
which is the convolution of ¢ and up. 

Finally, since (6) is an even function of t, the distribution ¢ is sym- 
metric, and so the assertion, according to which ¢ is a convex distribution, 
is equivalent to the statement that “the distribution ¢ is unimodal, with 
z=0 as a mode.” But a theorem of Khintchine states that this will be 
the case precisely if there exists some distribution A satisfying (8) (in this 
regard, cf. chap III of Girault’s thesis [21], where further references will 
also be found; concerning Khintchine’s proof, cf. the presentation in [22], 
pp. 157-160, and K. L. Chung’s comments on it in [22], pp. 251-253). 
The unimodal character of the distribution ¢—¢,, defined by (6) and 


0 
4 
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(5), could be verified by an explicit determination (depending on a contour 
integration) of the Fourier inversion of Fg(t). This would avoid an appeal 
to Khintchine’s general criterion. The applicability of the latter is usually 
not straightforward, and it became straightforward above only because it 
was permissible to assume that q is sufiiciently small. 

The applicability of Khintchine’s criterion (8) to the case (7) (for 
small gq in ¢=p) seems to be one of the few instances in which the 
criterion happens to be amenable enough to lead to an affirmative result. 
In fact, the practical use of the criterion (which is a necesary and sufficient 
condition) lies perhaps in the opposite direction in most cases. This is 
illustrated by the proof of the following fact (f bis): 


(tbis) If 0< a2, then 
(9) (1—a|#|*) exp (—|¢|*) (—x<t<o) 


is the Fourier-Stieltjes transform Fy(t) of a (symmetric) distribution function 


A=Agq(T). 


In fact, (8) is equivalent to (¢F¢)’ =F) or 


(10) F(t) + =Fy(t). 
On the other hand, the sum on the left of (10) becomes the product (9) if 
(11) F(t) exp (—|#|*). 


Since the (non-trivial) symmetric stable distributions ¢ are characterized by: 
(11), where 0< a2, it follows that (bis) is equivalent to (7), the: 
result quoted at the beginning of this Appendix. (Note that the rule, 
used at the end of the proof of (*), cannot be applied this time, since the 
first factor of the product (9), being unbounded as t—>oo, is certainly not 
an F.) 


A similar argument leads to the following curiosity: 


If =(t) =é(4+ tt), where é(s) tis Riemann’s entire function, ther 


there exists a p==p(x) 2O for which 


(12) E(t) = f p(x) cos tz dx, 
0 
where =’ —d=/dt. holds for — <0. 
In view of the formulation (10) of Khintchine’s criterion. this is equi- 


valent to the result quoted in the footnote to Section 12. (The result of Jensen 


| 
) &§ 
e 
] 
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and Hurwitz, referred to in that footnote, is the weaker statement that (12) 
holds for another p= 0, say for p* —p*(zx), if the second term on the left 
of (12) is omitted.) 

The assertion of (f bis) (concerning Fourier integrals) is worth restating 
in terms of Fourier series. First, if f(a) is the density of ¢(z) in an 
absolutely continuous distribution function ¢(x), then 


(13) 

represents (almost everywhere) a periodic function and, according to Poisson’s 
summation formula, the Fourier series (ZL) of (13) is (2a)-? times 

(14) 3 Fo(nyerm, 

But (14) is the Fourier series of a non-negative function, 


(1—a| rn |*) exp (—| rn |*) 


n=- 


and this Fourier series can be written in the form 


(15) 14+23(1 + an* log q) cos nx 
n=1 


by placing r*——logg. Since 0<1r<o means that 0<q< 1, it is seen 
that (tbis) contains the following corollary: 


If 0<aX2 and 0<q< 1, then the function (15) is positive for all 
real x. This fact is the more remarkable because the coefficient of n*(—> 0c ) 
in (15) is a negative constant, alogg (an interpretation of the log q results 
if (15) is written in the form 


(15 bis) 6, + a00./0q, 6, == 04(25;¢q), 
where 6, is the function (1) of Appendix I if the z of (15) is replaced 
by 


Actually, the italicized corollary of the formulation (fbis) of (+) con- 
tains (fbis) itself. This is seen by an application of the rule 


lim & eg(me) = g(u)du 
€>0 m=1 e 
0 


(Euler-Maclaurin), the provisos of which are amply satisfied in the present 
ease (note that gq 1 as «—0). On the other hand, if (15) is multiplied 
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by 4 and if the argument of a complex variable z is denoted by z,. then what 


results is the real part of 


(16) $+ 3% (1+ log q"*2” 
n=1 
on the circumference |z|—1. Consequently. (ftbis) is equivalent to the 


following theorem : 

If 0<a=2 and 0<qS1l, then the real part of the power series (16) 
is positive in the circle |z| <1. In other words, the determinant conditions 
of the Carathéodory-Toeplitz criterion are satisfied by (16) for every positive 
qg<1if0<a<2. An algebraic verification of the positivity of the deter- 
minants involved, leading to a direct proof of (tbis), appears to be a 


hopeless task.* 


APPENDIX III. 


Symmetric L-distributions. 


1. Let ¢=—¢(x), where 24 <o, be a distribution (in the sense 
that not only 20 holds but also ¢(—oo) =0 and =—1), and 
let Fg(t) denote its Fourier-Stieltjes transform, 


(1) ff —oct<o. 


Clearly, (1) goes over into its complex conjugate if ¢(x) is replaced by the 
distribution 1—¢(—-z). If the latter is identical with ¢(z), that is, if 


(2) $(z) + ¢(—z) =1 for —w< 


* Corresponding remarks hold if (16) is weakened to 
(16 bis) $+ 3 
n=1 


(“ weakened ” in the sense in which the second of the two functions (l5bis) is 
“weaker ” than the first). In fact, a repetition of the preceding deduction shows that 
(i) the real part of the power series (16 bis) is positive in the circle | z| <1 when- 
ever 0<q <1 and 0<aX2, and that (ii) the truth of (i) is equivalent to the state- 
ment Cauchy’s symmetric stable distributions actually exist if a= 2; that is, to Lévy’s 
result according to which the function (32) of Section 11 will not become negative if 
8=2. If the Carathéodory-Toeplitz criterion is applied to (16 bis), then (ii) leads to 
a purely algebraic formulation (but not of course to a proof) of Lévy’s existence 
theorem: that is, of his result referred to under (ii). 
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(when ¢(z) is normalized by ¢(x) = 43{¢(x+ 0) + 4$(x—0)}), then ¢ is 
called symmetric. 

A fundamental result of Paul Lévy ([27]; cf. also [6], pp. 180-181, 
or [23], pp. 160-161) enumerates all function F¢(t) for which ¢(z) is an 
“infinitely divisible” distribution. An inspection of his general result 
shows that, in the particular case (2) (that is, if (1) is real-valued and/or 
even), the distribution is symmetric if and only if there exists on the closed 
half-line O=u<o a function »—p»(u) satisfying 


(3) du(u) <o and du(u) for OSu<o, 


1 


and having the property that (1) becomes representable in the form * 


(4) Fg(t) =exp (—f (sin tu /w)?*dp(w) }. 


Thus there is a one-to-one correspondence, ¢—¢*“, between all symmetric, 
infinitely divisible distributions ¢(x) and all functions p(w) satisfying (3) 
if, for the sake of the one-to-one correspondence, yw is normalized by p(wu—0) 
=p(u) for0O<u<o. It is understood that the jump 


(5) —p(0) 


need not be 0, and that (4) is meant to be 


(6) F(t) =exp {— ct? — f (sin tu /u)?dp(u) }. 


+0 


Lévy also succeeded in enumerating the distributions ¢ contained in 
the subclass of the infinitely divisible distributions which consist of L-dis- 
tributions, the latter being the distributions defined by Khintchine in terms 


* The distributions ¢ defined by (4) and (3), that is, by the particular case (2) 
of Lévy’s result, are precisely the distributions rediscovered by J. von Neumann and 
I. J. Schoenberg [28] in their “metric geometry of Hilbert screws.” This observation 
is made here because [28] as well as the subsequent publications consulted (cf., e. g., 
[26], pp. 434-438) on either subject (infinite divisibility, Hilbert screws) fail to men- 
tion the identity of the “ metric ” question with the particular case (2) of Lévy’s result. 

In this regard, the situation is particularly curious in the more recent text of 
Hille [26], who, loc. cit., not only fails to mention Kolmogoroff’s work on Hilbert space 
or the related corresponding considerations of [28] but it also ignores [25], even 
though it is precisely Lie’s point of view of infinitesimal generators of Lévy’s cyclic 
semi-groups which underlies [25]. 
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of the addition of “asymptotically constant” random variables; cf. [6], pp. 
192-193, or [22], pp. 145-151. An inspection of this result of Lévy shows 
that, in the particular case (2), a distribution ¢(z) is an L-distribution 
if and only if it is a = ¢“(x) in which »—yp(w), besides satisfying 
(3), has the following properties: »(w) is absolutely continuous for 0 << u <0 
(while (5) can be positive) and, if w’(w) denotes its density (almost every- 
where), then (if w’(w) is defined on the zero set in an appropriate way) 
the indefinite integral of p’(w)/u* is a monotone function of logu for 
0<u<o. It is readily seen that this is equivalent to 


(7) dp(u) =p’(u)du and d{p’(u)/u} [0, where u<co. 


The object of the following considerations is an analysis of the class of 
symmetric L-distributions. Except for (i) in Section 2 (a result an exten- 
sion of which to the unsymmetric case is not available; cf. the footnote at 
the end of Section 9 below), the symmetry assumption (2) is made only in 
order to simplify the formulae; the considerations will be such as to apply, 
mutatis mutandis, without the restriction (2) also. Incidentally, if ¢(2z) is 
any L-distribution, then (1—¢(—vz) is an L-distribution and) the con- 
volution of ¢(x) and 1—¢(—72) is a symmetric L-distribution ; conversely, 
every L-distribution can be factorized in this manner. This is seen by 
inspecting the jogarithms of the respective transforms (1). 


2. In view of Theorem (v) below, a fact proved in Appendix II, implies 
the following Theorem (i): 


(i) Hvery symmetric L-distribution $ is unimodal. 


By this is meant that ¢(x) is absolutely continuous for 0 << 4% <0 (hence, 
by (2), for —o<x<0), with a density which is a monotone function of 
|x| (if —o<x<oo but x40; if r—0, then can have a jump). 


(ii) A distribution ¢ is a symmetric L-distribution if and only tf there 
belong to it a constant c= 0 and, on the open halj-line0 Cu<o, a function 
A=A(u) satisfying 


1 
(8) A(u) = 0, dA(u) = 0, A(u)/udu<o, A(u)du <0, 
1 +0 


and leading to the following representation of the transform (1) of $(2) 
= 


(9) F(t) =-=exp {— cl? + f S(tu)dr(u)}, 
+0 
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where S(t) denotes the (even, entire) function 
(10) S(t) (sin v)*/v dv. 
0 
In fact, if A(w) is defined to be pw’(u)/u, then it is clerr that (3) and 
(7%) together are equivalent to (8), and that the relation (4), being identical 
with (6) by virtue of (5), appears in the form 


(11) F4(t) =exp {— cl? — f A(u) (sin tu)?/u du}. 


e 


+0 


But it is clear from (10) that dS(tu)/du= (sintu)*/u. Hence, a partial 
integration shows that the integral occurring in (11) is identical with 


f S(tw)da(w), 


since, in view of (8) and (10), the integrated part, A(w)S(tu), tends to 0 
whether woo or u—>0 (while ¢ is fixed). Since this means that (11) is 
identical with (9), the assertion of (ii) follows. 


(iii) Every symmetric L-distribution is absolutely continuous for 
O<4x<o (hence, by (2), for—o<2x<0). In order that $ be absolutely 
continuous for —0 <2 <0 (that is, in order that the jump $(-+ 0) — ¢(—0) 
be 0), it ts necessary and sufficient that the data c, A(u) determining ¢ = ¢,* 
satisfy the following alternative: Hither c>0 (while A(u) is arbitrary) or 
c=0 but 


(12) A(u)/u 


This can be concluded from (i) and (ii), as follows: In view of (1) 
and of the Riemann-Lebesgue lemma, the first assertion of (iii) implies 
that Fy(t) ¢(+ 0) —¢(—0) as Hence (8) and (9), where c= 0, 
show that ¢(+0)—¢(—0) if and only if either c>0 (while A(u) is 
arbitrary) or c=0 but 


(13) A(u) (sin as t—>oo. 
+0 
Since it is readily seen from (8) that (13) is equivalent to (12), this 


proves (ili). 


= 
ao 
+0 
27 
+0 
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8. With reference to any positive constant g, let ¢g—=—¢,(2) denote 
the symmetric L-distribution ¢,* for which c is 0 and A(u) is q or 9 
according as u<1 or u>1. Then (8) and (12) are satisfied, and (9) 


reduces to 


(14) F'g,(t) =e, where = (sin u)?/u du, 
0 


by (10). Hence (ii) and (iii) imply the first of the following three 
assertions : 

(iv) Jf q is a positive constant, then the Fourier inversion of the case 
(14) of (1) defines a distribution $(2) =¢q(x) which is absolutely con- 
tinuous for —o<«<oo (and is symmetric in the sense of (2), since (14) 
is an even function). The density oq’ (x) =¢q'(—), where oq =dd,/dz, 
is a monotone function of |x| (which implies that ¢,’(-- 0) 0, and that 
bd, (+0) = ¢_'(—0) exists if it is allowed to be o; actually, it will not 
or will be oo according as g does not or does exceed a certain critical value 
go, Which will be determined in (vi) below). For varying q, the distribu- 
tions ¢q, where 0<q<oo, form under convolution a semt-group which ts 


cyclic in q: 

(15) = Par * 

and $,(x) tends, as g> +0, to the (discontinuous) distribution 
(16) $o(t) = $+ 


The second assertion of (iv) follows from (i) (it is understood that, 
when the density ¢,’(z) is claimed to be monotone for 0<2<o, what is 
actually meant is that $,’(x) can be chosen to be monotone for 0 < 7 <0, since 
the density of an absolutely continuous distribution function is defined 
almost everywhere only; a corresponding understanding will hold when 
q(x) will be claimed to be continuous in (vi) below). Finally, since 
(15) is equivalent to the statement that the transform F,(¢) belonging to 
+ q is the product of the transforms belonging to and = q, 
and since the transform (1) of (16) is F¢,(t) =1, the truth of (15) and 
Of is clear from (14). 


(v) <A distribution is a symmetric L-distribution if and only tf it ts 
a limit, as n—> co, of distributions of the form 


(17) (x) = yn(©) * bq, (Pit) * bq, (Pn), 


where yn(x) is the symmetric normal distribution of standard deviation 
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h (= 0), the distribution ¢,(x) is defined by (14), and qxg=—q.(n) 20 and 
>0, where k=1,---,n, are 2n unspecified constants. 


This follows from (ii) and from Lévy’s compactness theorem of the 
transform (1) of arbitrary distributions ¢. In fact, it is readily seen from 
(10) that a given function F'g(t) of t (where —o<t<o) is representable 
in the form (9), with some c= 0 and with some A(w) satisfying (8), if and 
only if Fg(t) is a limit (a limit which is uniform on every fired finite 
t-interval) of functions of the form 


(18) F4(t) =exp (—el?) { (t/pu)}- 


But it is clear from (14) and from the definition of y, (where h= 0, and 
where (16) is meant to be the case h 0 of y,) that (18) is equivalent to 
(17), where c—c(h) =0 according as h=0. 

According to (v), the symemtric Z-distributions (and only these) can be 
reduced to the semi-group (0<q<oo) of the particular distributions ¢, 
defined in (iv), if these distributions, after the adjunction of the symmetric 
normal distributions, are extended by the following three operations: changing 
of the unit of length on the z-axis, the convolution operation (*), and 
operation of a limit process (n—>o). This is the reason why the distribu- 
tions ¢,, defined in (iv), will now be investigated in detail. 


4. If a distribution ¢(z) is absolutely continuous for —wo<r<co, 
then the Fourier inversion of (1) is 


7 
19 (x) = f = li 
(19) o(t) (f lim 


valid at all those points x (if any) at which the density ¢’ —dd/dz satisfies 
a certain local condition. Such a condition is the monotony of ¢’ in some 
neighborhood of z (if ¢’(x) is meant to be 4¢’(x4+ 0) + ¢’(z—0)). It 
follows therefore from the first and from the second of the assertions of (iv) 
that (with the preceding parenthetical proviso) the representation (19) of 
the density of ¢(x) is valid for every ¢,(x) at every x40. In view of 
(14), this means that 


oo t 
(20) (x) = f e-9() cos zt dt, where S(t) = f (sin u)?/u du, 
0 


0 
whenever 


(21) 


| 
a 
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and 

(22) 

(and (22) can be replaced by —o <4 since 

(23) = (2), 

by (2)). But the point 20 is excluded in this deduction. 


A partial integration of (20) shows that, under the assumptions (21) 
and (22), 


(24) thq f (sin ¢)*/é sin xt dt. 
0 

Since it is clear from (10) that 0 eS = where C > 0 is independent 
of t > 0, it is clear that, for every fixed g > 0, the integral (24) is uniformly 
convergent for —o<a<o. It follows therefore from (24), and from 
the fact that (23) is monotone (non-increasing) on (22), that the product 
¢, (2) (when defined at xO as its limit for r—0) is continuous for 
—o<2x<o. Hence, if g>0 is arbitrary, ¢,/(7) is continuous on (22). 


5. It also follows that there exists a constant c= c, satisfying 
(25) hq as x0, where cg=0 
(it is understood that (25) means 
(26) thy (x) > 0 as 0 
if ¢g=0). It will now be shown that c,>0 or cg=O according as q is 
or is not less than a certain critical value (which turns out to be the value 
q=2). 

[It is seen from (10) that, as to, 


t 
S(t) ~ const. f du /u, where const. = 7 f sin? u du = 4, 
1 


0 
hence S(t)~Jlogt, and that this can be refined to the existence of a 
constant C having the property that 
(27) S(t)—4logt>C as 
(in fact, the existence of such a constant follows from 31/n? <0 in the 


same way as the existence of the Euler-Mascheroni constant). It is clear 
from (27) that, for every fixed q>0, 


(28) e-WS(t) as t—>00, where =Q(q) > 0. 


q 

4 
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If g>2, then it follows from (28) that, as t—>0o, the integrand of 
(24) is majorized, uniformly for —o<a4<o, by a constant multiple of 
1/t'**, where e=e(q) >0. It follows therefore from (24) and (23) that, 
if g > 2, the density ¢,’(z) remains continuous at 0 and the graph of 
y=y(xr), where = ¢, (x) ==y(—2) and —wo<4x<o, will have at 
«== 0 a tangent parallel to the z-axis. If, on the other hand, 0 < qS 2, then, 
since (20) and (28) show that ¢,’(x) behaves, as x—> +0, in the same 


way as 
(29) f t-49 cos xt dt, 
+0 


the density will become infinite at 20, the order of infinity being that of 
log | z|-* or of |z|-*, where p= p(q) > 0, according as g=2 or 0<q <2. 
Accordingly, the situation is as follows: 


(vi) If gq (>0) ts arbitrary, then the density $q'(x) is monotone and 
continuous for (hence, by (23), for —wo<r<0). If q>2, 
then q(x) is continuous at also. If 0<qS2, then as 


In fact, the first assertion of (vi), that concerning any gq > 0, was the 


result of Section 4. 


6. The second assertion of (vi) can be generalized as follows: 


(vii) If g>2m, where m is a fixed posttiwe integer, then q(x) has 
a continuous (m—1)-st derivative for —wo<4t<o. 


In fact, the (m—1)-st derivative of the integral is majorized, uniformly 


for —wo<4<o, by a constant multiple of 


(30) {m-19-qS(t) dt, 


and (28) shows that (30) is a convergent integral if m —1—4q > —1, that 
is, Tf g > 2m. 

(viii) If (or then, whenever there 
exists a (continuous) n-th derivative d"bq(x)/dzx" for n=1,2,---. 

For n=1, this was proved (Section 4) by a partial integration, that 
leading from (20) to (24). For an arbitrary nm, the assertion of (viii) 
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follows, after n partial integrations, in the same way as-it did for n—1. 
Actually, (viii) is not the last word, since every ¢,(x) turns out to be 
regular (analytic) at every real 70. 

There is a general principle concerning arbitrary distributions ¢, which, 
roughly, is to the effect that “properties of smoothness,” possessed by $(2x) 
for —o<a<o, are not decreased, and have a tendency to be increased, 
if ¢(x) is replaced by ¢(x) *y(x), where y(zx) is any distribution. If this 
is applied to (15), what results is that, if 0<q<r, then ¢q is at least as 
“smooth” as ¢, (and perhaps “smoother”). Clearly, (vi) and (vii) contain 
precise formulations of this expectation. On the other hand, (viii) is a 
manifestation of the general principle only insofar as the C®-character of 
¢,(%) on (22) is claimed for every value q (large or small); so that the 
“smoothing effect ” (when ¢, is replaced by ¢,, where 7 > q) takes hold only 
at «==0, at the point excluded in (viii). This remark will be essential in 
what follows. 


7. Theorems (iv) and (vi)-(vii) are purely analytical in nature; they 
could hardly be expected from the réle which, according to (v), the semi- 
group (15), defined on (4) by the Fourier inversion of the case (14) of (1), 
plays in the theory of symmetric L-distibutions. As a matter of fact, all 
assertions corresponding to (iv) and (vi)-(vii) become false for the semi- 
group of distributions, say yg, which belong to the class of all symmetric, 
infinitely divisible distributions in the same way as the distributions ¢,, 
discussed above, belong to the more restricted class of all symmetric L-dis- 
tributions. This will be shown by a discussion of the distributions wy, just 
indicated. 

First, if the class of all symmetric L-distributions ¢(a) is replaced by 
the larger class of all symmetric, infinitely divisible distributions, then (11) 
and (8) become replaced by (6) and (3). Hence it is clear that the dis- 
tributions ¢,, defined for every g>0 by (14), must be replaced by the 
distributions ¥, which, for every g > 0, are defined by 


(31) Fy,(t) where R(t) (sin wu /w)? du. 
0 


In fact, it is clear that (4) reduces to (31) if the arbitrary p(w), which 
is subject only to (3), is chosen as follows: »(u) =0 or »(u) =q according as 


0SuSqorqg<u<o. Correspondingly, it is clear that (v) becomes true 
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for the extended ¢-class if ¢, is replaced by wg in (17) (incidentally, what 
corresponds to (12) in the appropriate analogue of (iii) is 
(32) f dp(u) 

+0 
ef. [25], Theorem (III), p. 289, formula (8), p. 286, and Corollary, p. 288). 
Finally, it is clear from (31) that, corresponding to (15), 


(33) Yar * Vas = 
and that Yg—>wy as gO, if y denotes the distribution which in (16) is 
denoted by ¢o. 

There is however a fundamental difference between ¢, and y, (for any 
fixed g>0). In fact, such results as (i) or (iv) depend on (27) and so, 
in particular, on the circumstance that S(o) =o in (14). In contrast, 
R(o) <oo in (31), since 

t 
(34) R(t) = f (sinw /u)?du—- as 

A first implication of this contrast is that the jump ¢(+ 0) —¢(— 0), 
which was 0 for is e477 >0 for 6—y,; in fact, Fy,(t) > e474 as 
t—>co, by (31) and (34). This contrast alone would not be serious, since 
the jump can be disposed of by first subtracting from w(x) the function 
e-§™94,(a), where ¢o(x) is defined by (16), and then dividing the resulting 


monotone function 


(2) 


(35) 6,(2) 


by the (positive) constant 0 )—e 0) 44, In order to 
simplify the formulae, this trivial re-normalization will be disregarded, that 
is, the function (35) (which differs from a distribution in a positive constant 
factor) will be used as it stands. Since F¢,(t)=1, by (1) and (16), it 
follows from (31), (35) and (1) that 
(36) Fy, (t) =Fy,(t) where Fy,(0) = e479, 

Clearly, (33) becomes a relation connecting the three functions 6,(7) 
belonging to = + qe, if is substituted from (35) in terms of 


But it turns out that (31). in contrast to (15), fails to induce an “increase 
in smoothness” (cf. the end of Section 6) when q increases. 
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8. This can be seen as follows: 
According to (34), there exists a positive constant C’ for which 


(37) R(t) ~C/t as (C>0) 


(this C is not the same as, and will play a more delicate part than, the C 
occurring in (27)). What corresponds to (28) is that, for every fixed g > 0, 


(38) Fy,(t) ~q/t as to, where ¢q=Q(q) = > 0, 
as seen from (31), (86) and (37). 


Since (38) and the relation F'4,(—?t) —F,(t) imply that the integral 
(over the entire ¢-region —o<t<o) of the square of Fy,(t) is finite, 
it follows from Plancherel’s theorem that the case ¢=6, of (1) belongs to 
an absolutely continuous ¢(z) possessing a density ¢’(x) the square of 
which has a finite integral over —o<a<oo. In particular, 0,(z) is 
absolutely continuous for —o<a#<o, with a density 6,’(x) which, corre- 
sponding to (19), is given by 


(39) (x) = Fo,(t) cos at dt, 
0 


as soon as any of the standard conditions for the validity of Fourier’s theorem 
is assured. But the proof of (viii), which depends only on successive partial 
integrations, can be readily repeated when (14) is replaced by (31). Hence 
6,(2) has derivatives of arbitrarily high order for 0 << «<oo, and therefore 
for —o<x<0. In particular, 6,/(x) is differentiable at every x0, and 
so (39) is valid whenever (21) and (22) hold. 

Finally, it is seen from (39) and (38) that, if qg (>0) is fixed, 
6¢ (2) —->c0o as x—>0, whether g be small or large. It follows therefore from 
(35) and (16) that the same is true if 6,’(2) is replaced by Wq’(z). Hence 
nothing like (vii) can hold if ¢,(x) is replaced by yq(z). 

9. In order to complete the proof of the statements made in Section 7, 
it remains to be shown that the first part of the first assertion of (vi) breaks 
down if =¢,’(—2) is replaced by =wq'(— 2) ; in other words, 
that it is not true that all the distributions y,(z)—1—y,(—¥2) are 
unimodal. 

According to the analogue of (v), formulated in Section 6, every 
symmetric. infinitely divisible distribution ¢(x) can be derived from the 
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particular distributions y,(z), belonging to the range (21), by certain 
trivial processes. According to [12], pp. 77-79, each of these processes pre- 
serves symmetric unimodal character.* Since every y,(#) is symmetric, it 
follows that, if every y,(z) were unimodal, then every symmetric, infinitely 
divisible ¢(z) had to be unimodal and so, in particular, such as to possess 
no jump at any z distinct from 0. But this is disproved by the example 
of the distribution which is the convolution of and 1—-(z) 
(cf. the end of Section 1), where z,(2) denotes Poisson’s distribution of 
standard deviations h (> 0). 


APPENDIX IV. 
Bell-shaped frequency curves mod 1. 


Let the case a2 of (1) be written in the form 


(1) =1+23q"" cos 


m=1 


There are two (substantially different) fundamental properties of this 6: 


what results from the “linear transformations” property of the elliptic 


modular functions (a result the explicit form of which is 


(2) 6(93¢) — + $)7/(20)"}, 27?Q? — — log q, 


the case a= 2 of (5)-(6) in Appendix I), and the existence of an Kulerian 


factorization (in the sense of Hecke), 
(3) =X (1— 92") (1 + cosa + 


(Jacobi; cf. Pélya-Szegé, chap. I, no. 53). In (2), the arbitrary parameter 


* The symmetry restriction is here essential, since the “ rearrangement ” lemma of 
Hardy and Littlewood, used in [12], pp. 77-79, cannot be generalized to the statement 
that the convolution of two arbitrary (not necessarily symmetric) unimodal distribu- 
tions is unimodal. This observation, made by Paul Lévy (cf. Revue Mathématique de 
?Union Interbalkanique, vol. 2 (1939), p. 22), was recently rediscovered by K. L. 
Chung (Comptes Rendus, vol. 236 (1953), pp. 583-584, and [22], pp. 254-255). Chung’s 
counterexample, which he needs in order to disprove the’ validity of a proof given by 
Gnedenko and Kolmogoroff (Lapin; cf. [22], p. 160), is substantially the same as 
Lévy’s. The non-existence of an extension of [12], pp. 78-79, seemed to be obvious 
when [12] was written. 
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Q (> 0) corresponds to the choice of the standard deviation of a symmetric 
normal distribution, a non-cyclic distribution (—»o<o@< 0) the density of 
which is the 0-th term (k—0) of the series (2). 

If f(¢) is any real-valued (and, for the sake of simplicity, continuous) 
function of period 27, let f(¢@) be called unimodal (mod 27) if, in the cyclic 
interpretation of the (¢,f)-diagram, the graph of f—f(¢) consists of a 
single convex and of a single concave arc (mod2z). If f(¢) has a con- 
tinuous second derivative f’(¢), this means that either f(¢) is a constant 
or f’(¢) changes sign (at most and/or exactly) twice within a period. If 
f(¢) =f(—¢), this will be referred to as the bell-shaped character (mod 27) 


of f(¢). 


In this terminology, the second (that is, the stronger) of the two 
properties, referred to in the last but one paragraph of Appendix I, can be 
formulated as follows: f(¢) =6(q;¢) ts bell-shaped for every fixed positive 
qg<1. This was proved in [18] (it seems to be surprising that a proof was 
not given many years earlier; an explanation may be that the issue was 
made acute only by the réle of (1) as the density of the “cyclic normal 
distribution,” that is, by the interepretation of (2) as the reduction mod 27 
of the linear “normal frequency law”). If Hilfssatz I of Pélya [31], p. 126, 
is applied to the second derivative of (1) with respect to ¢, then the difficulty 
in proving the bell-shaped character (mod2z) of (1) for a fixed g (>0) 
is seen to be a monotone increasing function of g (<1). 

The proof in [18] is not a pretty one: it starts out with (2) but, since 
(2) in itself cannot succeed,* the main point inethe proof depends on an 
appeal to Rouché’s theorem, which seems to be entirely out of place in this 
“explicit” context. Subsequently, the result of [18] was therefore verified 
by Koschmieder along “explicit” lines; cf. [29] and [80], where the litera- 
ture of earlier attempts will be found. But Koschmieder’s proof represents 
the other extreme, since it involves an impressive cross-section of the elliptic 
Formelapparat. 

Since (3) leads, cf. [17], to quite a trivial proof of the weaker statement 


* As a matter of fact, (2) and the mere circumstance that g(#) = exp(— ca’) is 
a monotone function of | «| if c>0 (or, for that matter, that this g(#) is bell-shaped 
for — 0 <a< ©) fail to imply even what in the last but one paragraph of Appendix I 
was referred to as the weaker property. For it clearly is not true that if g(a) >0 is 
an unspecified even function which is monotone for 0=2<o (or, for that matter, 
which is bell-shaped for —°© <a< ©) and tends to 0 with a sufficient rapidity as 
co, then the function f(¢) = + = where K=- - -,—1,0, 
1,- - -, must be monotone on the interval Tr. 
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that (1) is monotone for 0S (at every fixed positive <1), it was 
natural to try a similar approach to the stronger statement, that claiming 
the bell-shaped character (mod2z) of (1). The result turns out to be 
unexpected, since it shows that the matter has nothing to do with elliptic 
modular functions as such. In fact, the following lemma will now be proved: 


If any sequence of numbers satisfying 


(4) 21 and Se, <a, 


then the function 


(5) 
where 
(6) fu() =1 + COs + Cn’, 


is bell-shaped (mod 27). 


It is clear from (3) that the result of [18] on (1) follows from this 
lemma by choosing c, in fact, the factor II(1— q?") —const. > 9 
is immaterial. Similarly, (6) shows that (5) can be written in the form 


=Cl(1+ 4, ¢), Ay = 2Cn/(1 + Cp”). 


where the factor C=TII(1-+ c,”) is immaterial. Since the conditions (4) 
remain unaltered if every c, is replaced by the corresponding a,, it is seen 
that the lemma can be formulated as follows: 


If a1, isa sequence of numbers satisfying 0 Sa, S1 and 
then the function TI(1-+a,cos¢@) is bell-shaped (mod 2z). 


For reasons of continuity, it is sufficient to prove the lemma for the 
case in which the first two of the three conditions (4) are replaced by 
0<¢,x<1. Then the functions (6) and (5) are positive throughout. Two 
differentiations of (6) and (5) show that 


(7) — 47" =2(F2— Fi’) sin? + Fy cos 
if ’—d/dd, = (F,)?, and 


(8) Fj = F;(¢) = 3(Cn/fn)/, fn=fn(b) =fn(—¢?), 


where 71 or j=2 (eventually, (8) will be needed for j=3 also.) The 
simple structure of (7) and (8) will lead to a straightforward proof. 
It can be assumed that ¢ is confined to the interval O0<¢d?< xr. Then 


be 
q 
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the assertion, to be proved, is that f’(¢) does not change sign more than 
once. It is clear that if ¢t(¢) denotes the trigometric function 4 cos ¢/sin? ¢, 
then (7) shows that f’(¢) will vanish when and only when the function 


(9) F,—F,/F, 
of ¢ becomes equal to t(¢). But the derivative of t(¢) is seen to be negative 
(since 0<¢< 7), and so ¢(@) is decreasing throughout. Hence the proof 
will be complete if it is shown that the function (9) of ¢ is increasing 
throughout. 

Differentiation of (5) and (8) shows that F,’—2F.,sing and F,’ 
=4F;sin¢d. Hence the derivative of (9) is seen to be of the same sign as 


(F,°F., + F.* —2F,F3) sin ¢. 


Since sin¢d > 0 (for0<¢< 7), it follows that the function (9) is increasing 
throughout if it is true that 


(10) < + 


Let ¢ be fixed. Then every sum (8) is of the form 


(11) F;=% where pn > 0, 


n=1 


since ¢, > 0 and f,(¢) >0. But (11) implies that F,F; (Schwarz). 
Hence (10) is certainly true if 27; < F,F,+ F;, that is. if 


(12) PF, < 
Finally, since papm? > popn® if every p is positive, (12) is clear from (11). 
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THE DECOMPOSITION THEOREM FOR V-MANIFOLDS.* * 


By Watrter L. BaILy, JR. 


1. Introduction. The purpose of this paper is to give a more or less 
self-contained development of the analytical tools employed in the theory 
of harmonic integrals in such a way that the theorems we obtain may be 
applied to fairly general situations. More specifically we wish to present in 
fairly general context a proof of the so-called regularity theorem as well as 
a proof of the orthogonal decomposition theorem for compact V-manifolds 
in a form that will apply for C® forms with coefficients in a vector bundle. 
In this way we desire to complement a paper of Satake [9] by obtaining 
Hodge’s theorem for compact V-manifolds, present an analytical background 
for recent papers of Nakano [7], and lay the essential analytical foundations 
for a forthcoming paper of the author. In our proof we lay no claim to 
originality but simply make certain modifications in a proof presented by 
Kodaira in a course given in 1952-53 which in turn represented a certain 
modification of an earlier proof, also by Kodaira [4], which had been based 
on methods of Hadamard. 

The author wishes to express his thanks to K. Kodaira for many helpful 
suggestions and conversations. He also wishes to thank I. Satake for the 
communication of the unpublished manuscript of his paper in which the 
notion of V-manifold is introduced, and in which an analog of de Rham’s 
theorem is proved for V-manifolds. 


2. WV-manifolds and vector bundles. We recall here briefly the defini- 
tion of V-manifold due to Satake from whose paper we carry over certain 
definitions for reference. By a local uniformizing (l.u.s.) {U,G,¢} for an 
open subset U of a Hausdroff space % we mean a collection of the following 


objects : 
(7: a connected open neighborhood of the origin in R*. 


G: a finite group of C® transformations of U. 


* Received September 23, 1955; revised April 10, 1956. 

* The author wishes to acknowledge that the final correction of manuscript for this 
paper was carried out while the author was employed on a project supported by a 
National Science Foundation Grant. 
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~: a continuous map of U onto U, such that poo—® for all o€ G 
and such that the induced map of U/G onto U is a homeomorphism. (Here 
o denotes composition of functions.) 


Let {U, G,} and {U’, G’,¢’} be l.u.s.’s for U and U’ respectively such that 
U CU’; by an injection of {U,G,9} into {U’,@’,¢’} we mean a C® iso- 
morphism A of U into U’ such that for any o € G there exists o’ € G’ satisfying 
the relations Aoo =o’ 0A and ¢=¢’0A. Then a V-manifold shall con- 
sist of a connected Hausdorff space Y and a family F of 1.u.s.’s for open 
subsets of Y satisfying the following conditions: 


(i) If {U,G,¢}, and U=(U) is contained in 
U’ =¢’(U’), then there exists an injection of {U,G,} into {U’, G’,¢’}. 


(ii) The open sets U, for which there exists a l.u.s. {U,G, 9} € &, 
form a basis of open sets in V. 


Real and complex V-manifolds are defined in a similar fashion. Moreover, 
a V-manifold is orientable if all the injections in (i) are orientation pre- 
serving and if for any l.u.s. {U,G,9} the action on U of each o€ G is 
orientation-preserving. 

If © is an open subset of UY, we denote by Fo the subfamily of F 
consisting of those ].u.s. {U, @,} such that U C 6. By a differential form 
¢ on © we mean a collection of differential form {dy}, where ¢y is a 
differential form on U invariant under G for {U,G,¢}€ ¥o, such that if 
A: {U’, G, 9} — {U, G, 9} is an injection, A*¢dy = dy: where A* is the mapping 
of differential forms dual to A. 

By a V-bundle B over UY with group IT and fibre F we mean that there 
is given for each l.u.s. {U,G,9} € ¥ a bundle By over U with group T and 
fibre F together with an anti-isomorphism hy of G into a group of bundle 
maps of By onto itself such that if b lies in the fibre over z€ U, then hy(g)b 
lies in the fibre over ga for g€ G; and moreover, if » is an injection, 
A: {U, G9} {U’, G’, then we are given a bundle map A*: By | A(U) 
— By satisfying the requirements that if g€ @ and g’ is the unique element 
of G such that Aog—g’oA, then hy(g) oA*—A* ohg-(g’), and that if 
A{U, > {U’, G’, and 2’: {U’, — {U”, G”, are injections, 
then (A°X’)* 0 

If VY, T, F, and all By have a certain type of differentiable structure 
and if each A* and each hy(g), g € G, is compatible with this type of differ- 
entiable structure, we say that the given V-bundle has this type of differ- 
entiable structure. In this paper we shall be concerned mainly with V-bundles 
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for which F is a real or complex vector space and I a real or complex linear 
group. Without loss of generality we may always suppose for a given V-bundle 
B over WV and for all l.u.s. {U,G,9} € F that By is the product bundle over 
U; then if B is a V-bundle with g-dimensional vector space as fibre, hy(q) 
is a continuous mapping of U into the manifold of non-singular g X gq matrices, 
for g€ G. 

If B is a V-bundle over Y and @ an open subset of Y, then by a section 
¢ of B over © we shall mean a collection of functions {¢y7}, where ¢y is a 
function from U into By for each {U,G,9}€ ¥o satisfying the following 
conditions : 

s(i) Ifxé€U, is in the fibre over z and hy(g)¢u(r) = 
for each g€ G. 

s(ii) If A: {U,G,~}— {U’, G’,¢’} is an injection, then 

A* (AL) = 

We speak of ¢ as being measurable, continuous, C”, etc., when all the func- 
tions ¢y are respectively measurable, continuous, C”, etc. Moreover, from 
this definition it is also obvious what we will mean by a C® or analytic real 
or complex valued function on @. If, moreover, B is a vector bundle, then 
by a metric a for B we shall mean a collection of functions {ay}, where for 
each {U, G,¢} € # ay is a function which assigns to each +€ U a (symmetric 
or hermitian) positive definite bilinear form ay(z) in the fibre of By over 
x such that the following conditions are fulfilled: 


m(i) If « and B belong to the fibre of By over z, then 


av (x) («, 8B) =av(g*2) (ho(g) 4, ho(g)B) 
for g€ G. 


m(ii) If A: {U,G,~}—-{U’, is an injection, then 
au (Zz) (A*a, A*B) ay’ (Az) (a, B), 
a and £ being in the fibre of By over Az. 


m(iii) If y and ¢ are continuous sections of B, the function a(y, ¢) 
on WV defined by 


a(y,$) (%(x)) (yo(x), du(z)), U, 


is continuous. 


If a(y,¢) is a C” function on Y whenever ¢ and y are of class C”, then we 
say that a is of class C™. 


| 
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From now on we assume that Y is paracompact. Let {U;} be a locally 
finite covering of Y by open sets U; such that {Ui,Gi,e}€ F. By a C” 
partition of unity subordinate to {U;}, we mean a collection of C® functions 
{1;} on Y such that the support &(1;) of 1, is contained in U; and such that 
for each y€ VU, SJi(y) =1. It is easily seen that given a locally finite 


covering {U;} of Y, there exists a C® partition of unity subordinate to {U;}. 
We simply let {V;} be a shrinkage of {U;} and by an obvious averaging process 
on U; with respect to G; obtain for each i a C® function m; on VU such that 
m;—=1 on V; and m,;=0 outside Ui; we then put ,=m,/(>m). 

We can now show that if B is a V-bundle over Y with a vector space 
as fibre, then there exists a C® metric for B. Let {Ui} be a locally finite 
covering of Y such that {Ui, Gi, 4¢i:} € F and such that By, is the product 
bundle, and let {1;} be a C® partition of unity subordinate to {Ui}. Then 
By, =U; X V, where V is a g-dimensional vector space. Let be 
a fixed basis for V and let 


by, (x) (X cere, dure) = Cede. 
If « and B belong to y X V, y€ Ui, define 


by,*(y) (%, 8) (%:(y) ) (ord bo, (hu, (9) hu, (9) 


Finally define 
(a, B) = = (xij) AB), TE Ue, 


where the summation extends over all j such that 9;1°9%;(2) is not empty, 
where a; is a point of 9;1°9;(z), and where A; is defined as follows: 
Let CU; NU;, {U,G, 9} € F, and let A*:By, | By and 
\j*: Bu, | A4;(U) > Bo be the bundle maps associated with injections 44 and 
Aj; then Ay; = A;*10A;*. From the construction of by,* it is clear that ap, 
is well-defined, that the collection of functions {ay,} satisfy m(i) and m(ii), 
and that a(y,¢) is a function of class C®” if y and ¢ are of class C®. Finally 
a, is uniquely defined by the requirement m(ii) for all U such that 
{U,G,9} € F, for the totality of all such U is a base of neighborhoods 
for Y. 

If B is a V-bundle over UY with a finite dimensional vector space X 
as fibre, we can define the dual V-bundle B’ of B. The fibre X’ of B’ is the 
dual space of Y and the maps hy(g)’ and A*’ for B’ are defined to be the 
inverses of the transposes of hy(g) and A* respectively, the latter being the 


bundle maps previously defined for B. A C® metric a for B gives rise to a 
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C” metric a’ for B’ in the following way: If {U,G,¢}€ #, then for each 
2€ U, ay(x) is a positive definite bilinear form in the fibre X, of By over z. 
ay(x) gives rise naturally to a positive definite, bilinear form a’y(x) on the 
dual space X’,, the fibre of B’y over x, such that the matrical form of a’y(z) 
with respect to a fixed basis in X’, is the transposed inverse of ay(x) with 
respect to a dual basis in Y,. It is easily seen that the functions a’y define a 
C® metric a’ for B’. 

The tangent bundle T of VU is defined by taking for Ty the tangent 
bundle of U, for hy(g) the inverse of the mapping of tangent vectors induced 
by g, and for A* the inverse of the mapping of tangent vectors induced by 
the injection A. If g is a metric for 7, then for each {U,G,9}€ F gu is a 
G-invariant Riemannian metric for U. The dual bundle 7” of T is the 
bundle of differential 1-forms for Y which we henceforth denote by A’. 
In general we use A” to denote the bundle of differential p-forms for UV, where, 
by definition, Ay? is the bundle of differential p-forms over U, hu(g) =g’*, 
the mapping of differential forms dual to g, and A* is the mapping of differ- 
ential forms dual to A. The metric g on T gives rise to a metric g’y in a 
well-known manner. 

From now on we assume that the V-manifold is oriented. If {U, G, 9} 
is a l.u.s., and ¢@ is an n-form defined on an open subset @ of ¢(U), we 
define the integral of ¢ over @ by 


¢=(ord G) 
y-(O) 


From this it is obvious how we define the integral of an n-form over any 
measurable subset of Y. It is easy to show that if y is any differentiable 


(n—1)-form with compact support on Y, then f. dyn=0. We let {1;} be 


a C” partition of unity subordinate to a locally finite covering {Ui} of V 
such that {U;. Gi,¢;} € F¥. Then 


However, since the support of Jj is compact and contained in Uj, 
d(lim) = (ord G;)> f =0 
JU 7 


by application of the ordinary Stokes’ theorem, where 1;/(y) =1:(%:(y)), 


~ 
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If in particular n is the real dimension of VY, the n-form dV defined 
by dVy = (@’nv) A -- A da", where z',- --,2" are the coordinates 
in U, gives us a measure for Y, which measure we also denote by dV. (Note 
that g’nv is a positive real-valued function; in fact if g has the matricial 
form (gi) in the coordinates on U, g’ny —det (gi)-?.) Then if B is any 
vector V-bundle over Y with a given metric a and ¢, y are measurable 


sections of B, we define | a($,6)4¥, (9) — 


We now suppose Y to be supplied with a C” Riemannian metre g. If 

= {dy} is a differentiable form of degree p on VU, we take d¢ to be defined 

by the collection {d¢y} of differentiable forms of degree (p+ 1), where d¢y 

is the ordinary exterior derivative of dy; d¢ is well-defined since d commutes 

with the mapping of differential forms dual to a mapping of one differen- 

tiable manifold into another. Moreover, for any p-form ¢ on VY we define 
*h = {*hy} to be the form of degree (n—~p) such that for any p-form y, 


wu A = dV 0, 


where dVy is the previously defined n-form representing the invariant measure 
on U. If ¢ is differentiable, we define 56 = (—1)"*"*!xd+*g. Finally we 
define A = d§ + $d. 

If ¢ and y are differentiable forms of degrees p and p+ 1 respectively, 
of which at least one has compact support on Y, it follows from the identity 


d(d A A *y— A 


that (dd,y~) = (¢, dy). Hence if @ and y are twice differentiable p-forms 
with compact support, (Ad, y) = (¢, Ay). 

Suppose now that Y is a complex analytic V-manifold of complex 
dimension n. For each {U,@,9}€ ¥ the complexified tangent bundle Ty“ 
of U splits into a direct sum Ty°=7Tr @ oa. where Jy is a complex ana- 
lytic bundle with C” as fibre and where Jv is the bundle with ( as fibre and 
whose coordinate transformations are the complex conjugates of those of Jv. 
This splitting is preserved under the complex analytic bundle maps hy(g), 
g€ G, and A* of T. Correspondingly, the bundle A%7, p—1,- - -,n, splits 


in an invariant way into a direct sum © A"*, where A”*y is the bundle 
r+8=p 
of forms of type (r,s) over U, and the exterior differentiation d also splits 


into @-+- 6 where both @ and @ commute with all g* and A*. A Hermitian 
metric » on Y is simply a Hermitian metric for J ={Fy}, and gives rise 
to a metric for J, i.e., a Riemannian metric for UY, in a canonical fashion ; 
moreover, there is associated with w a differential 2-form also denoted by », 


? 
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and if dw =0, we say that w is Kahler. We denote by wo’, the metric on A? 
induced by o. If B= {By} is a V-bundle over Y with the complex plane ( 
as fibre and non-zero complex numbers C* as group, briefly, a complex line 
bundle, and if a is a Hermitian metric for B, then a@o’,= {ay @ opp} is 
a metric for B® A?—{By@A*y~} whose bundle maps corresponding to 
elements g of G, {U,G,¢}€ J, and injections A are the tensor products of 
those of B and A. It is clear that B@A?— @ B@A", the terms of the 


r+s=p 
direct sum having an evident meaning. We denote by a®v’,, the metric 


a®w’, restricted to B@A"*. We also denote as before by dVy the n-form 
defining the invariant measure on U associated with wy. A section of B@ A” 
is, by definition, a form of type (r,s) with coefficients in B. By —B we 
mean the complex line bundle for which the non-zero holomorphic functions 
representing the coordinate transformations and bundle maps hy(g) and d* 
in particular coordinate systems are the reciprocals of those of B. Then if ¢ 
is a form of type (r,s) with coefficients in B, we let # be the form of type 
(n—r,n—s) with coefficients in —B such that for every form y of type 
(r,s) with coefficients in B we have 
wu #ou = 

in U. If ¢ is differentiable, we take 4¢ to be defined by the collection {d¢y} 
of forms of type (r,s-++1) with coefficients in B; it is easily seen that d¢ 
is well-defined, and in particular that the collection {abv} satisfies the con- 
ditions s(i) and s(ii). Moreover, we define Dp—— #0#¢. Finally we put 
O —29+ 4D. It follows from the identity 


that if ¢ and y are differentiable forms with coefficients in B having compact 
support and of types (r,s) and (r,s -+1) respectively, then (¢, Dy) = (44, 
Therefore, if ¢ and y are twice differentiable forms of type (r,s) with coeffi- 
cients in B, then (O¢,¥) = (¢, OY). 


3. Facts about geodesics. In this Section as in the following two 
Sections we let U be a small neighborhood of the origin & in R” and let G 
be a finite group of orientation-preserving linear transformations of U onto 
itself. Instead of the usual Euclidean metric we suppose given some G- 
invariant, C® Riemannian metric in U. We let this metric be represented 
by the positive definite matrix function (g;;) with respect to the coordinates 
x,- - +,a" with center at &. Then Euler’s equations for geodesic lines para- 
metrized by are 


(3.1) d(L4> /dt —4 ¥ = 0, j=1,- 
k i,k 


4 
big 
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where ; denotes differentiation with respect to ¢, 0; is partial differentiation 
with respect to 2;, and Z is the Lagrangian, L—=>\gur',a%, If we let s 

isk 


ty 
denote arclength, s = [4 dt, then the equations (3.1) become 
to 


(d/ds) ( Gix(da*/ds)) = (da*/ds) (da*/ds) = 0. 


If we put (det/ds), and g*yyx, where 
isk 


we have 


(3.3) == (0H /dyx), 
while our equations (3.2) become 


We then have the following easily verified facts: (See Kodaira [4] and 
deRham [8], pp. 132-138) .? 


3(i) If {&} and {mi}, +—1,--+,n, are sufficiently small real 
numbers, there exists one and only one system of solutions r= z‘(t;é,») 
and ¥,=yi(t;é,) satisfying (3.3) and (3.4) and the initial conditions 
= y;(0) moreover, these solutions are C” functions of », 
and ¢. 


that if we put ) and =yi(1;§ 7), we have 
3 (ii)’ t*yi(&, tn) and = ty). 


3(iii) Letting => gy, we have 
k 


(E,9) = + 4° + 
or, what amounts to the same thing, 
ot — + + O[ 
the terms O( ) and O[ ] denoting terms of the second order. The coordi- 


nates y',- - -,", having center € and valid in a small neighborhood of &, 


are called normal coordinates. 


* The existence and uniqueness of solutions w‘(t; &), yi(t; & 7) is assured by 
Theorem 2, p. 42 of [6]. That the solutions are of class C® in &, , t is assured by 
Theorem 6, p. 101 of [6]. The formula (ii) follows from (i) by direct calculation; 
(iii) follows from (ii) by Taylor’s theorem with remainder in integral form. The rest 
of the formulas are a matter of direct calculation. 
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3(iv) Along a geodesic H is constant. 
3(v) Letting r(z,£&) be the geodesic distance between a and é, and 
putting =r(a,é)* we have P(2x,é) = = 
3(vi) OP (x, = 2y;. 
3(vii) P:P'—4P, where and 
P'(x,€) = Px (2, €). 
k 

3(viii) if f is a differentiable function, the derivative df/dr of f along 


a geodesic is given by 


/dr = > P* (df /dr*), 


i 
r being geodesic distance. 
3 (ix) gt" (x) (@P (2, é) = 2n. 
km 
3 (x) =0. 


4. C” approximation of an elementary solution. We retain the nota- 
tion of the preceding section and for each g€G we let IM,—(9/1,,), 
I,J =1,---,N, be a C*® mapping of U into the manifold of (real or 
complex) non-singular N X N matrices such that if x€ U, g,g’€ G, then 


M go (2) = My (g’x) My (Zz). 


We let @ = (C’) be a fixed C® mapping of U into the manifold of (sym- 
metric or Hermitian) positive definite NY X N matrices such that 


(x) A (gx) = A(z). 


In other language, g—> 9%, defines an isomorphism of G into a group of 
covariant bundle maps of the bundle U & R* (real case) or U XC’ (com- 
plex case) onto itself (by (x,v) > (gz,M,(x)v)), and @ is simply a G- 
invariant metric for the bundle. Let ¢=(¢:,- - -,¢y) be a (real or complex) 
vector-valued function on U, which we also view as an N X& 1 column matrix 
to simplify notation. We define the dual ¢* of ¢ to be the vector-valued func- 
tion with components (¢%,---,¢%) defined by ¢!(x) => G"(z)¢,(z), 
J 


and if is another N-dimensional vector-valued function, 


we define 
JU Ul 


where dV is the measure arising from the G-invariant metric and *¢ denotes 
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the transpose of $, and define || ¢ ||?7 = (¢, ¢)v, provided the integrals defining 
these quantities exist. In general ¢, is defined by ¢,(x) = M,(z)*$(gz). 
We say that ¢ is G-invariant if ¢,(7) —¢(z) for U. Then if ¢ 
and y are vector-valued functions, and if ¢ is G-invariant, we have 


(4.1) A(x) p(x) (gx)? (2) y(z) 
A(gx) M,(x)y(x) (gz) A (gz) 


and hence if ¢ and y are square summable in the sense that || ¢ ||l?p < +0 
and << +, 
(¢, Yo) ge G, 


since the measure dV is G-invariant. 


We then suppose given a strongly elliptic differential operator Y ; which, 
by definition, means an operator which carries a vector-valued function ¢ of 
class C* into a vector-valued function Yq defined by 


a”, and b’; being functions of class C*. We let A” and B denote respectively 
the matrices (w7;) and (b’;). Then (4.2) becomes 


(4.3) + LA"Ind + Bo. 


We note here that all our dealing for the time being have only to do with a 
fixed system of coordinates and that a”; and 6b’; are not generally invariantly 
defined. We remark in passing that the Laplacian A—é8d- dé is strongly 
elliptic on the module of differential forms of degree k. See [4]. 

In what follows we use $#=ymodM to mean “¢ equals y almost every- 
where,” and ¢€ A mod 9 means there is a member of the class of functions 
A to which ¢ is equal almost everywhere. Moreover, if K(2z,é) isan NXN 
matrix function on U X U, YV2K(2,€&) is the N X N matrix function whose 
J-th column is obtained by applying V to the J-th column of K( ,€) for a 


fixed value of é. {x (z,€)dV, means that we integrate each entry of K 


with respect to x holding € fixed. 
Our first problem in this Section is to find an N X N matrix function 
Kv — such that: 


(a) VE" (2, é) is a matrix function whose entries are real functions 
which belong to C’mod on U X U. 
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[(n — €)-7U (a, €) + log P(x, )V (2,6), 


— log P(x, + V(2,6), n=2, é, 


where r= (n—2)/2, where w, is the “area” of the unit sphere in R', 
U and V are matrix functions of class C” in z and é, and U(&,€) is the 
identity matrix which we denote by 1. To achieve this end we tentatively 
seek to replace the condition (a) by the stronger condition 


(a)’ =0 

and begin by writing W¥ = {E’;(x,é)} so that we have 

(4.4) VF =— + + 


all terms being N X N matrices and multiplication being matrix multiplica- 
tion. We then seek to find U and V in the form 


U =M(1+ 

(c) 

V = M{ > P'Vx}, Ps = [P(2,€)]*, 
K-0 


where M is a matrix which we will shortly define and where Ux and Vx are 
matrix functions of class C® which we will find by a simple recursion formula. 

Let 1(P) be any (twice differential) scalar function of P= P(z,é) and 
let W be a (twice differentiable) NV x N matrix function of x and é. Then 


direct computation gives 
—U"(P)4P-W. 


We set in turn 


(4. 6) g*"0,.0mP — > A*P, = 2m — (2, 
(4.7) M* (E, = 
(4.8) L(é,, t) (ty), 


and obtain immediately from 3(ix) and 3(x) above, that M(éé) =0, 
M*(E,0) —0, from which it follows* that L(£é,y,¢) is a function of t,&y 
of class C®; moreover, (4.5) becomes 
(4.9) =UP): {2n—4 (2, é) + 
ar 


* This is a consequence of Taylor’s theorem with remainder in integral form. 
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Now put 
M (2, €) = M(2(é, 1+ + 


where L(t;) = L(é,y,t). That M is actually a function of xz and é follows 
from 3(ii), 3(ii)’, and 3(iii), and that the series converges can be seen in 
the following way: If | Z| denotes the norm of the matrix L (see [4], p. 613) 
and if | L(t, é,)| << K-r(a,é) for OS ¢S1, | <e, <e, the (m+ 1)-th 
term of this series has norm less than m!*(K"r™) in this region. Thus the 
series converges absolutely in this region, and since the series when differen- 
tiated term by term with respect to ¢ also converges uniformly, it follows that 
dM/dt = LM = or along a geodesic r(@M/dr) (az, €)M. 
Therefore, if we sect Y* —=M"YV.M, (4.8) becomes 


(4.10) M?*V.(UP)MW) =1V*W—Il(P){2n + 4r — 4PI’(P)W. 
We refer to equations (b) and (c) and consider 3 cases. If n is odd, we 
put all V.—0, for notational convenience put U_,—0, and obtain 
«=0 
then 
(4.11) [e+ V*U =0 
is satisfied if we take Up) 1 and define Ux for x >0 by 
0 


l.e., if and if we put {=s/r, 


from which it is evident that all Ux are of class C”. If n is even and > 2, 
Ux and Vx are determined by similar recursion formulae (see [4], p. 614) 
in such a manner that the partial sums in the corresponding expansion of 
M“*V.T are made to “telescope.” Finally, the case n= 2 is to be treated 
separately, and it too gives rise to similar recursion formulae (see [4], p. 615). 
In each case we choose Up=1. Then if n is odd we put 


¥+3(n-1) 
P'Us, 


=0 
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from which we obtain, using (4.11), 


which is of class C’. If n is even we put 
- v+1+T y+1 
+ M log PS 
K=1 K=0 
which gives 


= * + (log P) PV * Vy}, 


which is of class C”. Thus we have found I” satisfying (a) and (b). It is 
at this point that the procedure of [4] is modified to eliminate discussion 
of the convergence of the infinite series appearing in (c) which is established 
in [4] only for the analytic case; and it is our desire to discuss the C™ case. 
IF” has been called by Kodaira a C” approximation to an elementary solution. 

For suitably small «> 0 we let U, be a neighborhood of € such that 
if x€ U, and r(z,é)? < 3c, then €€ U. We let p be a non-negative, real- 
valued function on the positive reals such that 0 p(y) =1 for all y and 


p(y) =1 if ySe, and p(y) =0 if y= 2, 
and then define 
(2, €) = p(r(z, é)?) ©" (2, é). 


From now on we assume that Y commutes with IM,, i.e., 
M,(x) (Vd) (xz) = (92), 
for each g € G and every (twice differentiable) ¢. 
We then further define 
I’ (x, €) = (ord Ms (2) "Te? (92, g&)M,(é), 
so that (gz, Then is defined’ by 


Q’ (a, €) = V.T"’(z,é). It is clear from the construction of I’ that Q” is 
of class C”. Since 


Ty” (2, €) = [(m—2)onr(z, €)"?] (a, €) + O(r(2,€))}, 


where M (é, €) = 1, and since the metric and therefore r(z,é) are G-invariant, 


we have 
(4.12) €) = [(n—2)onr(z, €)"?]7 {M* (2x, €) + O(r(z, €))}. 


where M*(é,é) is the identity. The case n =2 is slightly different in form, 


; 
4 


DECOMPOSITION FOR V-MANIFOLDS. 875 


but we will not give it special attention except when necessary. It should 
be pointed out here that T’(2,é) and Q”(x,€) are not symmetrical in @ and é. 


5. The regularity theorem and auxiliary lemmas. Retaining the nota- 
tion of the previous sections, we define § as the module of vector-valued 
functions ¢ on U such that || ¢ |v <--0 and 9[U,] as the module of vector- 
valued functions ¢ on U, such that || ¢ |v < +, while we let 


Then 9 and $[U,] with the norms || |ly and || |v, give rise to Hilbert 
spaces which we also denote by 9 and 9[U,], but in which we identify two 
functions which are equal almost everywhere. It is trivial that the sub- 
space of G-invariant functions are closed since the group G acts continuously 
in and $[U,]. 

In what follows it would be possible to use certain formulas from [8], 
pp. 132-159, if we were speaking of differential forms only. Inasmuch as 
it is more convenient for our purposes to speak of vector-valued functions 
instead of differential forms, de Rham’s formulas would have to be modified 
slightly to apply here. The point is that we wish to include the case of 
differentia! forms with coefficients in a vector bundle, and in order to avoid 
complicated indicial notation it seemed desirable to us to speak of vector- 
valued functions. As remarked in [8], p. 35, however, no really essential 
changes are needed to pass over to the case of vector-valued forms, and the 
reader who desires to do so may interpret what we say here in the notation 
of de Rhams’s book without great difficulty. 

We define the integral operators IT” and Q” by 


provided that the integrands are summable. 


Using this notation we wish to prove the following theorems and lemmas 
from which our desired results follow easily: 


LemMA a. Suppose p ts a measurable real function on the non-negative 
real axis such that | C > 0, and such that p(r) =0 if r? = 2c. 


and 
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Let W(2x,&) be a matrix function of class C” on U 
Suppose $€ C”, C where & denotes support. Then y, defined by 


€€U, 
is of class C® and 2(y)C U. 


(The most essential part of Lemma «, namely that y is of class C”, can be 
obtained under the stronger hypothesis that pw is 0(r?), and this is sufficient 
for our purposes in view of (4.12). This weaker result is practically the 
same as part of Lemma 4, p. 138 of [8].) 


Lemma 8. Suppose B is C®, 2(B)C Then f I’ (2, é)B(é)dV_ 
U 


is of class C® 
Lemma y. If 9, 


Lemma 6. Q” is a completely continuous mapping of § into 9,[U,}. 


im 


LemMA «. I” is a bounded mapping of J. into 9.[U;]. 


Before stating two more theorems, we remark that V has an adjoint V* 
such that for all (twice differentiable) ¢,y€ (¢, Vv) = (V*¢,¥), pro- 
vided either ¢ or wy has compact support contained in U. In fact,V* is 
defined by 


l,m m 


=— + DA" + Bad, 


i,m m 
where g = det (gi;) is the determinant of the Riemannian metric form in 
the given system of coordinates. This formula may be verified by repeated 
integration by parts. The main fact we need is that the sum of the terms 
involving second partial derivatives of ¢ is — > g"”"0j0m, and since we already 


l,m 


know that A*—A and 0*—O (see Section 2), we do not stop to verify 
the above formula here. 


THEOREM Ay. Let N have the same meaning as at the beginning of 
Section 4. Let p€ be such that Put 
Then we C”, C U, and 
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THeoreM A*y. Let be such that Then 
*n(é) =n(€) + O'n(é), Ui. 


The proofs of Lemmas ¢-e are relatively simple. As for the proof of 
Theorems Ay and A*y, we shall show that if we assume Lemma a, Theorem 
Ay is equivalent to Theorem A*y; we shall then show that Theorem A, 
implies Theorem Ay, and shall finally prove Theorem Ao*. 

Let U and S be open subsets of Euclidean space and let F(2,y) be a 


measurable matrix function on SU. We say that f F(2,y)dVy con- 
. U 

verges boundedly on 8S if Jf | F(a,y)|dV,<M for all ce 8. We will 
U 

need the following preparatory 


Lemma 0. Let F(2,y) be a matrix function on S XK U and continuously 
differentiable in x for xy such that OF /dx‘ is absolutely summable over 
K XU for any compact 1-dimensional interval K 8S, -,n. 


Then F(a, y)dV,|/0x‘ exists and equals [oF (a, y)/dx'|dV, gor 8. 
U U 
In particular, this 1s true af f [oF (x, y) /dx‘|dV, converges boundedly on S. 
U 


Proof. Let a= (a',: - -,a*)€S and let c= (a’,- - -,2,-- -,a*)ES 
be such that the straight line segment [a,z] lies in S. Then for fixed y 


(uy) — F(z, y) —F(a,y) if yf 


Since [a,x] is a set of measure zero, 
U 


= f F(x, y)dV, + const. 
U 


Then by Fubini’s theorem, 


[aF (u, y) /dut]dVy dut f F(2,y)dV, + const. 
Ja U U 


Taking the derivative of both sides, we have 
[aF (x,y) /ae*]aV, f, F(z, y) dV] g.e.d. 


1. Proof of Lemma a By assuming U suitably small we may assume 
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that there exist C® functions h’;, v,j7—=1,---,n in U such that for each 
€€U we have => h,(é)h%(é). This is true since {gj} is positive 
p=1 


definite and of class C”. We then let y',---,9" be normal geodesic 
coordinates with center é and write 6’(x, = > é). Since {h’,(é)} 
is a non-singular C” matrix, 6',- - -,@" can be used as local coordinates. 
(Such coordinates are called orthonormal coordinates.) Then 


r(z,€)?—= 2 (ax, €))?. 
Moreover, z‘ =z‘ (£,6) is a C® function of and 6. Therefore 


where X is a C” matrix function of é and 6. Since »(r) =0 if r? > 2, and 
since | »(r)| = Kri 


r?S2e 


Therefore, not only does the integral expressing y(é) converge absolutely and 

boundedly for €€ U, since the support of ¢ is contained in U,, but so also 

do the integrals f - - dé", where Y(é,6) is any of 


the mixed partial derivatives of X (é,6) with respect to é',- - -,é". Hence, by 
using Lemma 0, it is easily seen that integration and differentiation may be 
interchanged, and therefore y possesses continuous derivatives of all orders. 


2. Proof of Lemma Bg. This is an immediate corollary to Lemma a since 
T’(z,é) is a sum of a finite number of terms having the form p»(r(z, €))W(2, é) 
considered in Lemma z. 


3. Proof of Lemma y. We only need show that the integral 


is differentiable of class C” in U, provided ¢ is square summable over U. 
However, Q’(z,é) =0 if r(z,é)*= 2, while if €€ U, and r(z,&)? 
then r€U. Henee, if Y is one of the mixed partial derivatives of Q’(2, é) 


| 
= 
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with respect to é',- - -,é" of order <v, then since Y is continuous in both 


variables, the integral 


J, Y (2, 


converges absolutely, and boundedly, as we see using Schwarz’s inequality, 
for c€ U,. Therefore, integration and differentiation are interchangeable, 
and therefore qg.e.d. 


4. Proof of Lemma 8. This lemma follows immediately from the facts 
that the kernel Q”(z, (x) of Q” is uniformly continuous over (U, + X Ui, 
where U, + 2« = {x | lim. inf. r(z,é)? S 2} (in fact, Q” is continuous on 


U XU), and that Q(a,é) =0 if r(z,é)? =e. See Banach [2], p. 97. 


5. Proof of Lemma «. We wish to prove that there exists K >0 
(depending on v) such that if ¢€ J., then |¢ (See 
Kodaira [4], p. 624.) If P is a continuous positive definite (symmetric or 
IHIermitian) NV N matrix function on U, we define 


M(P(x)) =maximum (> U, 
and let W(?P) be the least upper bound of the numbers M(P(z)) for 
r€U,+ 2. We let (x) and define 
| (a, €)| = V | (2, 


Since | Kr’ uniformly on U,-+ 2 and since I’(a,é) =0 if 
r(x, €)? = 2, the functions 


are respectively bounded on U, and U. We let K, be a common bound for f 
in U, and g in U. Then by repeated application of Schwarz’s inequality 
and by Fubini’s theorem we have: 


U U 
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{ 


mA) Ju 
where ~g.1.b. (minimum > which is our desired result. 


aw € U+2e€ 21\21|2=1 


6. Proof that Theorem A*y is equivalent to Theorem Ay. Suppose that 
K(a,é) is an absolutely summable (entry by entry) matrix function on 
(U, + 2) U, and that K(a,é)=0 if r(z,é)? 22%. Let 4, 9. and 
suppose that &(¢)C U,. Then by Fubini, 


Hence we have 


U, U 

U U, 

f 

U, U 

U 


and 


Therefore ; 


U; U U 


U Ui Uy 


Because of Lemmas « and 6 we see that the right hand side of this equation 
vanishes for all »,¢€ §. such that 2(¢)C U; if and only if Theorem Ay 
is true. while the left hand side vanishes for all such y and ¢ if and only 
if Theorem A*y is true. Hence the equivalence of the two theorems is 
established. 


7. Proof that Theorem Ay implies Theorem Ay. Let K(z,€) be an 
N XN matrix function in U which is differentiable in z. Let $€ $s 


L(¢)C U,. Suppose that [0K (2x, €) /dx*]$(é)dV_ converges absolutely, 
U 
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and boundedly for x in any compact subset of U,. Then from Lemma 0 we 


obtain 


al f K (2, £)6()dV_] — f [aK (2, £) for 2€ Ui. 
U U 


By hypothesis 
(5. 1) (Vo)1=— + + 
lm 


mJ 
and by construction 
[(n — 2)onr(z, €)"?]*{1 + E,(2, €)} 
= [(n— 2)wnr(a, An(z,6), n¥2. 


log €){1 + €)} 
= (4r)* log r(a, 1+ n=2. 


é) 


The point we wish to make is that 

| 0A,(2, €)/da* | Cir(a, | (a, | Cor(z, é)*"", 
and since I'’(x, é)) = 0 if r(a, €)*? = e, we see that and 0,0;An(a, €) 
are absolutely summable over U with respect to é for € U, + ¢, and boundedly 
for x€ U;. Moreover, | é)| Csr(z, é)' and | €)| S Cur(a, 
Hence by our previous remarks, the J-th component of 


is simply 
[(m — — f 6)? "dV + f >} €)? (E)dV eg} 
U, 


+3 D(a, )dV_— hy (a, £)dV ¢} 


where D and C are such that @,0,D(a,é) and 0,C(x,é) are absolutely sum- 
mable over U and boundedly for +€ U,—hence, by Lemma 0, the terms in 
{ }’s vanish and we have that the J-th component of 


is 


(5.3) {[ (n— 2) onr (x, (€)dV 


J, (mn —2) oar (a, 


882 WALTER L. BAILY, JR. 


Hence it is sufficient to prove that the latter expression is equal to ¢,(z), 
and this just amounts to proving Theorem Ay. We remark further that 
(5.3) is just what the whole expression (5.2) would equal if VY were the 
Laplacian A= d8-+ 8d, @ were the metric induced by the given invariant 
Riemannian metric, and ¢, were the sole component of a C” differentiable 
form of degree 0. Hence it is sufficient to prove Theorem A, when VY =A. 
Therefore it is sufficient to prove Theorem A*, if Y=—A. But since 
A= &d is self-adjoint, Theorem A*, becomes: 


(5.4) n(€) (z, €) (An) (x) (z, €)) n(x) 


because —1, A is real, and I’(2,é) is 1X1. (Though 
our operators T” and Q” do not coincide with the operators 2 and Q’ of 
de Rham, our equation (5.4) is practically a special case of Lemma 3(1) 
p. 146 of [8] as far as the terms of significant contribution are concerned, 
and the calculations involved in the proof of Lemma 3, pp. 146-148 are prac- 
tically the same as our calculations in proving (5. 4).) 


8. Proof of equation (5.4). If y,T are functions (0-forms), 8) —0, 
Hence 
1” (2, An (x) — €) — (2, £))9(2). 
On the other hand, for 0-forms T and 7, 
d* (dy — = d(T*dyn — 
= dT *dy + Td*dyn— dyn A — 
= T'd*dy — nd*dl = (ddI! 


Hence it is enough to prove that 


=— d*(Tdy—vndT), €€ 
where €), and d and * are “with respect to the variable x.” 


We introduce normal coordinates ¢‘ with center é such that in these 
coordinates our given metric {g;;} satisfies gi;(€) —8,;. Then the geodesic 


n 
distance from é of a point with normal coordinates f',- - -,£" is > (£*)?. 
i=1 


For sniall « > 0 we let og = {£| }(¢‘)*? S a} be the geodesic sphere of radius 
a with center ¢. Moreover, we let S, be the surface of og, Sa = {£ | }(¢*)? = 27}, 
and let Ue =U Then since 2(7)C UV and is compact, we may 
apply Stokes’ Theorem to obtain 


a>0 


a->0 Ue Ue 


TH) 


owe 
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Since the (n — 1)-dimensional “area” of Sq is 0(#"-*), and since || = Ca? 


on S,, lim *(Tdyn) =0. Therefore 
a>0 e/ Sa 
f —lim f # (dP). 
U a>0 Sa 


Moreover, I’(z, €) = [ (n — 2) on] *r(a, €)?" + A(z, where r(z, €)"-?A(z, é) 
approaches zero as 17(x,é) approaches zero, so that 


lim = lim [(n—2)on]* nd (r(a, €)?*). 
a a>0 Sa 


C*, and therefore on S, + O(a). Hence 
lim § = (€)[(n—2) lim #d(r(a, €)?-"). 
a>0 Sa a>0 Sa 
We re-employ our previous notation, P(z,é) =r(z,é)*, r= (n—2)/2 (the 
treatment is similar if n=2). Then 


e Sa Sa Sa Sa 


since P(z,é) =a? for r€ S,. However, P€ C”, and hence we may apply 
Stokes’ theorem again obtaining 


#d(r(az, €)?") ra" f d*dP = 7a" f *§dP 
Sa Oa oa 


== f *AP =ra-" f AP*1, 
Ca Ca 


where, in the given system of coordinates, +1—gidgi A---/A dé" and 
g3 = (det(gi;))*. Referring to formulas 3(ix), 3(x), and (4.9) with W=—1 
and 1(P) =P, we see that AP=2n— where = Ka for 
x€ oq, K being a constant independent of «. Therefore 


lim ran AP+1 —limn(n—2)a" #1. 
Oa Ca 


a-0 


Since Vq(é) =1, =1+O0(«@) for x€ og, so that 


lim #1 "(14+ 0(a)) = 


a->0 a-0 n 


Therefore 


a>0 nN 
which is our desired result. 


We can now prove the regularity theorem: 
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THroreEM W. Let VY be a strongly elliptic operator as above. Let 
$€ § and suppose that for all ye 9. such that the carrier of y is compact 
and contained in U we have 


‘eA =0. 
(v) f 
Then $.[U:] mod and Vo=0. 


Suppose, moreover, that all IM, commute with YV and Y*. Then tf 
$€ J is G-invariant and if (w) holds for all G-invariant y€ 9. such that 
the carrier of w is compact and contained in U, we still have $€ $.[U;] 
and Vo=0. 


Proof. Let »€ §.[U:] be such that the carrier of » is compact and 
contained in U;. Let 


= 1” (2, 


Then 2(y) is compact and contained in U, and by Lemma B, y€ C”. There- 
fore, by Theorem Ay, 


> 


or, since (7) is contained in U,, 


This holds for all 7€ $.[U:] such that 2(y) is compact and contained in Ui. 
This shows that on U, 


th(é) =— th(z) A(x) é)dVz, modM; 


but it follows from Lemma §$ that the right side is of class C”; since v is 
arbitrary, we conclude that ¢€ C® mod¥. Then by the definition of V* 
it follows immediately that Yo==0. This concludes the proof of the first 
part of the theorem. 

Now suppose that ¢ is G-invariant and that for all @-invariant y€ }., 


L(y) C U, we have f t¢aV*¢dV =0. Let $2, CU. Since our 
U 


chosen Riemannian metric is G-invariant, since our chosen metric for the 
bundle is G-invariant, and since 9, commutes with Y and Y* for each 


g € G, we have, because ¢ is G-invariant, 
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/ U U 


U U 


where 6, has the same meaning as at the beginning of Section 4. Therefore, 
if we put 6* = (ord > 6,, 6* is G-invariant and 
g 


— *6* dV =0 
U U 


by hypothesis. Therefore, by the first part of the theorem, ¢€C™”, and 
Vo=0. Q.E.D. 


6. The decomposition theorem for compact V-manifolds. Let Y be a 
compact C® V-manifold of real dimension n, and let YU be supplied with a 
C® Riemannian metric g. Let dV denote the measure on Y associated with g. 
We let B be a C® V-bundle over Y having a N-dimensional vector space as 
fibre, and let a be a C” metric for B. Finally, denote by M the module of 
C® sections of B. We return to our previous assumption that for each 
{U,G,9}¢€ F, By is the product bundle. Then we employ the notation 
of the preceding section and in a given l.u.s. let hy(g)-'—=M,, denote ay 
simply by @, and dVy by dV. If V is an endomorphism of M, we say that 
V is strongly elliptic if (4.2) holds in each ].u.s. {U, G, 9}, it being under- 
stood, by definition, that Y commutes with the action of MM, on By for each 
g€G. We let V be a strongly elliptic endomorphism of M for the rest of 
this section. Then VY _ has a strongly elliptic adjoint Y* which satisfies 
= 

We let $q denote the space of square-summable measurable section of 
B supplied with inner product of Section 1. We let &# and #* denote 
respectively the null spaces of YV and YV* in MC $a. We first observe that 
H and H* are closed in Jy. This is an immediate consequence of Theorem 
W. We then let & and &* denote respectively the orthogonal complements 
of and in $a and define Clearly 
+ H*. We first prove 


Lemma M. (Minimum Eigenvalue). There exists ¢c>0 such that for 


all 6€ Ly, || Ze. 


Proof. If the lemma were false, we could find a sequence {dm}, dm€ Lx, 
such that || | and lim || Vom || At each we can find a 


lLu.s. {U(x),G,9} and U,(x)C U(x) such that U(x) and U,(x) enjoy 


~ 


respectively the same properties as U and U, of Section 5. We let 


885 
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U,(2'),- - -,U,(a*) cover and denote U(z‘) and U,(z‘) respectively 
Vi and i=1,:--,k. Moreover, for U‘ and U,* we let Ty” and Q,’ 
be the integral operators defined previously for any integer v>0. Since 
I,” is a bounded operator, 


(6. 1) lim | dm + lim dm = lim K; | Vom | 0, 


m-> 
i=1,:--,k, 


and hence lim || ¢d» + Qi’m || =0, while on the other hand, since Q,” is 


m-> 


completely continuous, we can, by a diagonalization process, find a subse- 
quence {¢m,} of {¢m} such that for each 7, lim || Q;’¢m,— Xi ||v,« = 0, where 


mj> 
Xi€ 9[U,‘]. Then by (6.1), ¢m,—-— Xi, on U,‘ and we may take X;, to be 
G‘-invariant since the subspace of G‘-invariant elements of }[U,‘] is closed. 


It is seen that on U,‘N U,*, X,=X;, mod M, and hence ¢ defined by ¢==— X; 
mod 9 in U,‘ is a well-defined measurable section of B, lim || $n, —¢ || = 0, 


and ||¢||—1 since || ¢m || On the other hand, since lim || Vdm || = 0, 
and |(V*n, | | = | V dm; Il - ila || for each M, it follows 
that (YV*n,¢) =0 for all »€ M, and hence, by Theorem W, ¢€ C® and 
Vo=0, ie, 6€H. But then (¢n,¢)—0O for each m and therefore 
|| @ || 0, which contradicts || ¢||—1. Therefore our lemma is established. 

If V is self-adjoint, i.e. Y= V*, thn and We 
can now prove 


THEOREM B. Assume that Y is self-adjoint. Then for each BE &, 
there is a unique d€ ¥&, such that Vo=—B. 


Proof. Since & is the null-space of Y=Y*, it is clear that 

Moreover, is everywhere dense in To see this, let be 
the closure of YV&z in ¥& and let %M be its orthogonal complement, 
Let me Then mL Since M—=¥,4+H, 
VM=Vz. and hence mi VM. Therefore, by Theorem W, m is of class 
C® and Ym thus m€ However, mE MC L1H. Hence m—0. 
Therefore [V¥%.] 

Now let BEL, CY. Then there exists a sequence {dm}, ¢m€ La, 
such that YVén—> 8. Hence Vom is a Cauchy sequence and thus, by Lemma 
M, {¢m} is itself a Cauchy sequence with limit ¢€ Z. In each U,', 


Ti’ V bm Pm Oi" bm- 


We know by Lemma that || S Ci || while 
since Q;” is completely continuous it is automatically bounded and therefore 


{ 
I 
i 
I 
T 
i 
=. 
al 
| 
& 
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| — || S Ci* || ||. Therefore TYB=¢+ modN. By 
Lemma «, [;’8 is of class C® and by Lemma 84, Q;’¢ is of class C”. Since this 
is true for each positive integer v and all 1, 6€ C*® mod MN; thus ¢€ ¥ mod M. 
Moreover for if M, 


(Vom 7) (dm, Vn); (Vom; ”) (B, 


and (¢m, Vn) > (¢, Vn) =(V¢,7). Hence (8— V¢,7) =0 for all M 
and therefore YVo=0. 

If V¢'=B8, | | SC| | and hence ¢=¢’ mod &. 
Therefore ¢ is unique and our proof is complete. 

We have as a corollary 


THEOREM |) (Decomposition Theorem). If VY ts self-adjoint, 
M=VM OH. 


Proof. By what we have just proved, YVi/—&,, and by construction 


M=£¢,@H. Hence M—=VUGH. g.e.d. 
THEOREM F. & is finite dimensional. 


Proof. It is sufficient to prove that we can extract a Cauchy sequence 
from every bounded sequence in #. Let U‘, U,', Ty”, and Q,” have the same 
meanings as in the proof of Lemma M. Let {¢m} be a bounded sequence 
in We have 

0 bm = dm + Vi'dm, on Uy', 


for each i and every dm. Since {¢m} is a bounded sequence and Q;” is com- 
pletely continuous, we can find by diagonalization a subsequence {¢m,} such 
that for each i {Qi’m,} is a Cauchy sequence on U,‘* under the norm || ||p,-. 


Since | dm; dm, | = ~ I dm; — dm, | | Qi’bm, — | is 


itself a Cauchy sequence, and our proof is complete. 


7. Hodge’s anc Kodaira’s theorems for V-manifolds. Let VU be a 
compact V-manifold supplied with a C® Riemannian metric g. Let A* be 
the V-bundle of differential forms of degree k over Y (see Section 1). Then 


A* is a C* V-bundle over UY with a vector space of dimension @r fibre, 


and the Laplacian A = d8-- éd is a self-adjoint, strongly elliptic endomor- 
phism of the module M* of C® sections of A*. Denote respectively by #* and 
Z* the null-spaces of A and d in M*. Then by Theorem D, M* = AM* + *. 
It is clear that the spaces diM and 8dM are orthogonal since d?—0O and 
Therefore M* d8M* @ 8dM* H*. Since 


3 

4a 

| 

4 : 
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(¢, A¢) (d¢, dp) (8¢, 


it is clear that if ¢€ #*, then dp—0. Suppose now that gE M*, 
sdb +h, dpb—0; then d3db—0, which shows that 8db—0. 
Moreover, it is clear that d83M*—dM**. Hence #*—Z*/dM*. On the 
other hand, Satake has shown that H*(V, R) = Z*/dM*" where H*(V, is 
the k-dimensional Gech cohomology group of UY with real coefficients. 


THrorEM H (Hodge’s Theorem). H*(VU,R) = H*. 


Let B be a complex line bundle over Y, and let B be supplied with a C” 
metric a. Denote by M(B)"* the module of C® sections of B® A"*, and 
denote by #(B)"* and Z(B)"* respectively the null-spaces of and @ in 
M(B)"*. Then reasoning parallel to that above (see Kodaira, [5]) yields 


THEorEM K (Kodaira’s Theorem). 
This will lead to a natural generalization of Dolbealut-Kodaira’s Theorem 
(see [5]) for V-manifolds, which we shall prove in a later paper, and which 
we shall in turn use to prove an imbedding theorem which slightly generalizes 
that of [1]. 
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RIEMANN METRICS ASSOCIATED WITH CONVEX BODIES 
AND NORMED SPACES.* 


By Detter Lavewitz and Epaar R. Lorca. 


1. Introduction. It is the aim of this paper to develop a connection 
between convex bodies in normed spaces (or Minkowski spaces) and Riemann 
differential geometry. 

We shall use the following notations of tensor calculus with the extension 
to infinite-dimensional spaces as introduced in [3]. Vectors of the Banach 
space $7 will be denoted by 2, y, z, and these letters may bear a superscript : 
x, y*, etc. Let 8, denote the adjoint space of 8* (space of covariant vectors). 
We shall denote the elements of 8, by £,,- - -, or also by these same letters 
with a subscript. We shall be concerned only with reflexive spaces 8, for 
which the definition of a tensor of higher order is simply the following. Let 
us consider bounded multilinear functionals defined upon 8X: - - x B 
(n times) and 8, X: - -X Bi (m times). Such a functional will be denoted 


by The Banach spaces 8,” constituted by these (n, m)-multi- 
linear functionals permit a generalization of the classical summation con- 
vention: If in an expression the letter i, say, occurs twice, once as subscript 
of one functional, and once as superscript of another one, the associated 
linear operation is to be effected. For instance, ¢,‘a*y; stands for the numerical 
value of the bilinear functional ¢ for 7€ B*, y»€ B,. For a detailed statement 
the reader is referred to the paper [3]. 


For finite-dimensional spaces this notation may be considered in the 
manner of classical tensor calculus after the choice of any special base. But 
it should be noted that our interpretation permits a direct operation with 
vectors and tensors and not only with their components with respect to a base. 
This point of view seems to be useful for the study of vector spaces. There 
is no longer any need for proofs of invariance of formulas under a change of 
base. 

These conventions apply to Fréchet differentials. For instance, the 
derivative of a scalar function f(x) is a bounded linear functional and may 
be written df (x) /dz?. 


* Received April 26, 1956. 
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2. The Riemann metric in B' associated with a convex body @. We 
consider a bounded convex body @ in Hilbert space B' containing the origin 
0 as an inner point. It is well known that with @ a norm or Minkowski 
metric F(z) is associated which is continuous, positively homogeneous of 
order 1, and convex, and such that @ coincides with the point set F(z) =1. 
We shall suppose that @ is sufficiently smooth, precisely, that y(r) = }F?(2) 
has Fréchet differentials (for 40) up to the fifth order. 

Denoting the Fréchet derivatives of g by subscripts, we have g,€ B,, 
Gix € Bo, Jin € Bs, etc. We shall now impose a last condition on @: 


(1) = m- || y ||? for with m—m(z)> 0. 

This condition implies convexity of @ in the usual sense [6, $5]. The 
functional g(x) is homogeneous of order zero, and 

(2) Jix (x) 29(x) = F(z). 

From Euler’s theorem on homogeneous functions we have 

(3) Ginn (x) = 0. 


It has been stated previously [5, p. 107], that gy is not only the funda- 
mental tensor of the Minkowski metric F(x), but moreover defines a Riemann 
metric throughout %* (with the exception of the origin 0): 


(4) ds? = 


In the present paper the authors begin the study of this Riemann metric 
defined by @. 


3. The curvature tensor. We shall denote by g‘/(x) the inverse tensor 
of g(x), 
(5) (©) = 


where 8,‘ denotes the identity operator $,‘«* =z‘; gii exists because of (1) 
and [3, Satz 3.1]. The affine connection of the Riemann metric gy%(2) is 
represented by 


(6) = 39" — + = 4G" Geng 


From this we may compute the curvature tensor (definition for the infinite- 
dimensional case see [3, p. 137]): 


(7) = — JminGrsj)- 


q 
& 
2 


CONVEX BODIES. 891 


This formula follows by the use of gijmg4* + = 0, which is obtained 
by differentiation from (5). 


3.1. For two-dimensional spaces ®' the curvature tensor (7%) of the 
Riemann metric gix(x) associated with any body @ vanishes identically. 


Proof. Let x denote an arbitrary point, s40. We introduce a special 
base ¢€,, by =x and gix(e1) = 0, gix(e:) e2*e2* 1. The components 
of with respect to this base are g111(€1) = gijn(€1) etc. By 
Euler’s theorem (3) we obtain 


(8) O = (€1) = (41), 


or, in other words, gijx(e:) 0 if at least one subscript equals 1. Now 
the only interesting component of the two-dimensional curvature tensor 
Rijnt= Gink" is but if the expression on the right hand side 
of (7) vanishes because of (8). From the tensor property of R we have 
0 in every coordinate system. 

Nothing shall be said here about the value of the curvature tensor for 
higher dimensions except the following remark: 


3.2. If the metric gy, ts of constant curvature K, then K =0. 


Proof. R'j.a(x)ai=0 from (3) and (7). By this the curvature scalar 
vanishes for any two-dimensional surface element passing through the direc- 


tion x. This proves 3. 2. 


4. Applications to E. Cartan’s theory of Finsler spaces. The object: 
of K. Cartan’s theory of Finsler spaces [1] is a fibre space with a n- 
dimensional manifold as its basis space and the manifold of directions in 
n-dimensional vector space as its fibre. (Our results shall hold good for the- 
infinite-dimensional Finsler spaces introduced in [4].) We consider here only 
the local point of view, that is, the tangent space of one fixed point. For: 
this special case, Cartan’s metric is 9i,(%) —6?g(z)/dx‘dx*, and the com- 
ponents of the euclidean connection are 


Ci = 39 Orin 


(To simplify notations, we write x instead of Cartan’s 2’, which is possible 
since we consider a fixed point of Finsler space.) Obviously these geometric 
objects have the same expressions as the corresponding ones, namely gy and 
Tx‘, in Section 2 of our paper, if we take for @ the indicatrix of the local 


— 
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Minkowski metric. A more interesting connection is the relation between 
the curvature tensor Rj,, of formula (7) and Cartan’s tensor Sijx2 


which follows directly from the analytic expressions (7) and [1, (XVI), p. 34]. 
From (9), (1), and our Theorem 3.2 follows at once: 


4.1. For two-dimensional Finsler spaces Cartan’s tensor Si. vanishes 


identically. 


The Landsberg angle dd ([2]; métrique angulaire en un point, [1, p. 
13]) of two directions x, x+dz (F(x) =F(2+dzr) =1) is defined by 
dd* = gi,(x)dxida*. Its geometrical meaning in the Riemann geometry 
introduced here is: dp equals the Riemann length of the arc joining the end 
points of the two unit vectors. (See also O. Varga [8]) 


5. Connections with results of Varga. Recently O. Varga [8] has 
studied other Riemann geometries associated with @. In our terminology 
we may state his point of view simply as follows. Varga introduces the 
tensor yag = = 0x'/du*, where x‘(u*) is a parametric represen- 
tation of the hypersurface (sphere) F(x) =1/V K =const., K >0. Obviously 
Yap may be interpreted as the Riemann metric induced in the sphere by the 
Riemann metric (3) of the embedding space. Hence Varga’s results con- 
cerning the curvature of this sphere may easily be regained by standard 
argumentations on subspaces of Riemann spaces. (See [7], and for the 
infinite-dimensional case to which we may as well extend Varga’s theorems, 
see [3, p. 143].) We apply the general definition to the calculation of the 


second fundamental form I,g of the hypersurfaces: 


lag = V = Lqixg* —Tix’n-) = — xg* ( 
af B B BAG 


where Ricci’s lemma, equation (3), and the normal vector nit—dai-K. 
ms; = giz" have been used. From Gauss’ equation [7, p. 242] we obtain for 


the curvature of the sphere 
Rapys = tp! Rijxi — K (Jay9 ps — 


which implies Varga’s theorems. 


(9) R=2g°8, 
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6. A theorem on geodesics. By (6) the differential equation for the 


geodesics of the Riemann metric (4) is 
(2) grim (x) — 0. 


Obviously the straight lines through the origin x‘(t) =¢-y? are geodesics. 
Now the following question arises: What are the conditions for @ (or g) 
which imply that all straight lines (not only those passing through 0) are 
geodesics? The answer is: 


6.1. The system of geodesics of (4) coincides with the system of all 
straight lines if and only if @ is an ellipsoid having 0 as tts center, or, in 
other words, = const. 


Proof. Obviously this condition is sufficient- We shall first prove, that 
it is necessary for n—2. By a well known theorem [7, p. 287] a necessary 
and sufficient condition for the geodesics to be straight lines (in a linear 
coordinate system) is Ty,;' = 6;'d; + 8;';, or, for any base, 


In our case (equation (6)) these four equations may be written 


97 91 + 9779112 
— + ire + 29729122 


The determinant of this system of four linear equations for the four unknowns 
Jrsts Jr125 is [ (gig?) — (g'*)?]? > 0. Hence the system admits 
only the solution gij,—0. That proves 6.1 for the two-dimensional case. 
For spaces 8* of any dimension greater than 2 with the straight lines as 
geodesics of (4) the argumentation runs as follows. The straight lines are 
then a fortiori geodesics with regard to the Riemann metric induced in a 
two dimensional plane passing through the origin which is again of the form 
considered here. By the above result every two-dimensional subspace is 
euclidean (or, the indicatrix in it is an ellipse), and from this the euclidean 
character of the space follows by a well known theorem. This completes the 
proof of 6.1. 


MATHEMATISCHES FORSCHUNGSINSTITUT, OBERWOLFACH, SCHWARZWALD 
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ADDENDA TO THE PAPER ON BOCHER’S THEOREM 
(vol. 76 (1954), pp. 183-190).* 


By AuREL WINTNER. 


If (ay) =a—a(t), where O=t<oo, is an n by m matrix of con- 
tinuous functions ay,(¢), let a€ S mean that a(t) has the following property: 
Corresponding to every constant vector c, there exists a solution s—~7(t) 
of dr/dt —a(t)z satisfying x(t) as (in view of the principle of 
superposition, there is just one z(t) —2,(t) belonging to the “initial con- 
dition” z(co) —c, if a€ 8). If a€R means the conditional integrability 
of a(t), that is, the existence of a finite limit, as T’—>0o, of the integral of 
a(t) over O=t=T, and if n>1, then a€R is neither necessary nor 
sufficient for a€ S (ef. the paper quoted in the title, which will be referred 
to as loc. cit.). On the other hand. if a€ Z means (as usual, with L = JL’) 
that y€ R holds for the norm, y—|a|, of a also, then, according to a cri- 
terion which goes back to Bécher, a€ L is sufficient for a€ 8 (for references 
to the implication L>S, and for generalizations of L>S derived from 
L>S itself, cf. loc. cit.). 

There is, however, something unsatisfactory in the standard criterion, 
L>8. In fact, this criterion fails to contain the fact that, as readily 
seen from a quadrature, a€ R# is sufficient (and necessary) for a€ § in the 
scalar case, n=1. It is therefore of interest that L>S can be improved 
to the following criterion: If a(t) denotes the diagonal matrix the diagonal 
elements of which are those of a(t), then ao€ R and a—a .€ L together are 
sufficient for a€ S. It will be clear from the following proof that (and in 
which manner) this extended criterion can be combined with the criteria 
given loc. cit. 

First, it follows from L>8S by a known application of the method of 
the variation of constants (cf. vol. 68 (1946), p. 200, of this Journal), that 
if B= f(t) is any continuous matrix the real part of the trace of which 
has an indefinite integral posessing a lower bound (>—oo), then BE S and 
a—fB€L suffice for a€ 8. Since the trace condition is certainly satisfied if 
BE R, it follows, by choosing B =a», that the italicized assertion is proved 


* Received September 26, 1956. 
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if it is ascertained that a,€ S. But a,€ S follows from the assumption ay € R. 
In fact, since 8 € F is sufficient (and incidentally, as mentioned above, neces- 
sary as well) for 8B=S in the scalar case, it is clear that the same is true 
in the case of any diagonal matrix £. 


* 
* 


If a scalar function f(t) is continuous for 0=¢ <0, what kind of its 
“smallness” (for large ¢) will ensure that the scalar differential equation 
+ {1+ f(t)}2—0 represents an “adiabatic” perturbation of harmonic 
oscillator y’-+-y=0? By this is meant the existence of two solutions, say 
where 7 = +1, satisfying x;(t) ~ and (t) ~ as 00. 
Let this property of the coefficient function 1+ f(t) be symbolized by f € P. 
Corresponding to the preceding notations, f€ R and f€ L will refer to the 
integrability and the absolute integrability of f (on OS¢<o) respectively. 

It is well-known that, as a consequence of the standard criterion L>S 
for an a, the criterion L >P holds for an f (for a direct proof, cf. pp. 71-73 
of the London (1931) edition of Weyl’s Quantum Mechanics). But the 
assumption f€ LZ is quite drastic. It can be greatly improved by having 
recourse to the refinements of L>S given loc. cit. In fact, the following 
improvement of L >P can be obtained: For f€ P tt is sufficient that each 
of the three functions f,, where k =—1,0,1 and f;,(t) satisfy 
the following two conditions: f,€ R and F,(t)€ L, where 


e 


The involvement of f.,(¢) =f (t)e**#* (besides f,(¢t) ~f(¢) itself), being a 
resonance restriction, is curious, since the problem concerns itself with a 
homogeneous linear differential equation (in this connection cf., however, 
O. Perron, Math. Ztschr., vol. 32 (1930), p. 705 and Satz 1). 

The proof proceeds as follows: It was shown loc. cit. that a€ S when- 
ever a€ Rf and y€ L, where y(t) is either of the matrix products a(t)a°(t), 
a°(t)a(¢) in which a®(¢) denotes the integral (R) of a(t) over the half-line 
(t,0o0). On the other hand, it follows by a known application of the method 
of the variation of constants that f€ P is equivalent to a€ S, where aay 
denotes the following binary matrix: 


ay(t) where u cos ft, v=sint 


Uv 
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(cf., e.g., vol. 69 (1947), pp. 262-263 of this Journal, where the corre- 
sponding relation is calculated for the generalization y’ + 9(t)y—=0 of the 
present y”-+y—0). But it is readily seen that, for this a(t) —a,(t), the 
two matrix conditions a€ R, aa®€ L can be reduced to three pairs f,€ R, 
F,€ L of scalar conditions. 

An instructive illustration results by choosing f(t) = (sinat)/t, where 
ais a real constant +0. Then the standard sufficient condition, f € L, for 
f¢€ P is violated for every a. But it is clear that all 3+ 3 conditions f;, € R, 
F,,€ L (with F;,(t) =O(t-?) as to) are satisfied unless a= + 2. Conse- 
quently, f€ P if f(t) = (sinat)/t, provided thatafA+2. This is the more 
interesting as the proviso, taking care of the “resonance effect” referred to 
above, is known to be indispensable. Cf. vol. 69 (1947), p. 269 of this 
Journal, where a2, and, for a result which claims much less (in fact, 
just the boundedness of the solutions) than the last italicized result if 
aA~ + 2, G. Ascoli, Rend. Acc. Naz. Lincei, ser. 8, vol. 9 (1950), pp. 210-213. 
Ascoli’s corresponding general statements (p. 131) are based on the assump- 
tion that boundedness is the same thing as asymptotic equivalence, an assump- 
tion which, however, is not in general satisfied. 

It may finally be mentioned that if the 3 + 3 conditions of the preceding 
general theorem are satisfied by an f(t), then it is seen, by a repetition of 
the preceding proof for the asymptotic equivalence with y” -+y—0, that 
the general criterion remains true if the preceding + {1+ f(t)}4=—0 
is replaced by x’ +f(t)a’ 
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CORRESPONDENCE. 


A correspondent, who wishes to remain anonymous, writes as follows: 


Sir, 
In a paper which has been published by your Journal (October, 1949), 
W. L. Chow proved the following theorem: 


Every closed analytic subvariety V of the projective space P,(C) ts 


algebraic. 


I should like to point out that there is a very simple proof for this 
if V is assumed to be free from singularities. 

It is no restriction to assume that V is connected; let n be its complex 
dimension. In the polynomial ring C[X>,- - -,X,], the homogeneous poly- 
nomials which vanish on V generate a homogeneous ideal p. Since V is 
connected, p is a prime ideal and defines therefore an irreducible algebraic 
variety W, which is the smallest one containing V; call m its dimension; 
we have m=n. Every rational function f on W can be written as f = P/Q, 
where P, Q are homogeneous polynomials of the same degree and Q is not 
in p; therefore f induces a meromorphic function on V. This shows that 
the field Z of rational functions on W is isomorphic to a subfield of the 
field K of meromorphic functions on V. It is well-known (cf., e.g., C. L. 
Siegel’s proof, Gottingen Nachrichten 1955) that K has at most the degree 
of transcendency n; so we get mn, and hence m—n; therefore W has 
the same dimension as V. It is also well-known that W is analytically 
irreducible (this follows from the fact that the set of all simple points on W 
is connected, which is easily proved by induction on the dimension, using 
suitable hyperplane sections). Therefore W=V. 


Yours, etc. 


X. X. X. 
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CORRECTIONS TO “ ENGEL RINGS AND A RESULT OF HERSTEIN 
AND KAPLANSKY.” * 


By M. P. Drazin. 


I. N. Herstein has pointed out to the author that the proof of Theorem 
2.1 in the paper named above (this Journal, vol. 77 (1955), pp. 895-913) 
is invalidated by the use of an incorrect expression for the typical element d 
of the ideal generated by 2” (the theorem may nevertheless be true, but must 
now be regarded as unproven). This in turn invalidates the proofs given for 
Lemma 4.1 (i) and Theorems 3.1, 4.1 and 6.2 (i.e. all those results depending 
on the explicit use of the Koethe radical). 

These deletions involve consequential modifications in Theorems 5.1 
and 6.1. In Theorem 5.1, we must disallow the maximal alternative, and 
the proof in the minimal case must be based on Theorem 4.5 rather than 
on Theorem 4.1. In Theorem 6.1, the final clause “in particular, by 
Theorem 4.1, & is commutator-nil” should be deleted. Also, in the proof 
of Theorem 5.4, the second sentence must be based on A. S. Amitsur’s paper 


[1] (“On rings with identities,” Journal of the London Mathematical Society, 
vol. 30 (1955), pp. 464-470) rather than on Theorem 4.1. 

Further, as already stated (this Journal, vol. 78 (1956), p. 224), Theorem 
6.5 can no longer be upheld, and, in place of Theorem 6.4, we can sub- 
stantiate only the following weaker assertion: 


If a division ring D has the weak K-property, 1.¢. if there correspond to 
each pair x,y€ D integers k=k(2z,y), m—=m(az,y) and n—n(a,y) such 
that e,(x™,y") =0, then, tf we modify n appropriately, we may always 
replace k by 1 while keeping m as gwen; if D has characteristic zero then 
in fact no modification of n is needed, yr(ev)] 0 for all x, y. 


It goes without saying that many of the linking passages and informal 
remarks in the paper under correction must now be looked on as (at best) 
misleading, but we shall not discuss these here. However, the remaining 
formally enunciated results, and in particular the key Theorems 4.3, 4.4 
and 4.5, are indeed true as originally stated. 


TRINITY COLLEGE, CAMBRIDGE, ENGLAND. 


* Received August; 27, 1956. 
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ERRATA. 


S. Abhyankar, “On the ramification of algebraic functions,” this JOURNAL, 
vol. 77 (1955), pp. 575-592. 

(1) Page 580 line 6 in the proof of Theorem 1: Instead of “ P* is at 
finite distance” read “g,;¢M* for 1=1,2,- - -,m.” 

(2) Page 581 line 6: Instead of “VY.” read “ Ym,” 

(3) Page 581 lines 7 and 8: Instead of “t—=m-+1,m+2,---,m-+r,” 


read “¢=—=1,2,- - -,m.” 
(4) Page 581 line 26: Instead of “G as a point in / (G15 * 
Ty+),” read “U* as a point in Sm.1/k (22, 
(5) “Page 581 lines 27 and 28: Twice instead of “at Y;—y,, Yo=y,, 
law Teed “at U*.” 
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ON THE PREPARATION OF MANUSCRIPTS. 


The following instructions are suggested or dictated by the necessities of the technical pro- 
duction of the American Journal of Mathematics. Authors are urged to comply with these 
instructions, which have been prepared in their interests. 

Manuscripts not complying with the standards usually have to be returned to the authors 
for typographic explanation or revisions and the resulting delay often necessitates the defer- 
ment of the publication of the paper to a later issue of the Journal. 


Horizontal fraction signs should be avoided. Instead of them use either solidus signs / or 
negative exponents. 

Neither a solidus nor a negative exponent is needed in the symbols 3, 2 de i __, which are 
available in regular size type. ails 

Binomial coefficients should be denoted by C,” and not by parentheses. Correspondingly, 
for symbols of the type of a quadratic residue character the use of some non-vertical arrange- 
ment is usually imperative. 

Use the exponent } instead of the square root sign. 

Replace e‘? by exp( ) if the expression in the parenthesis is complicated. 

By an appropriate choice of notations, avoid ae displays. 

Simple formulae, such. as A + iB = }C* or 8s, = 4,+- ---+ should not be displayed 
(unless they need a formula number). 

Use ’ or d /dza, possibly D, but preferably not a dot, in order to denote ordinary differen- 
tiation and, as far as possible, a subscript in order to denote partial differentiation (when the 
symbol 9 cannot be avoided, it should be used as 9 /da). 

Commas between indices are usually superfluous and should be avoided if possible. 

In a determinant use a notation which reduces it to the form det a,,. 

Subscripts and superscripts cannot be printed in the same vertical column, hence the 
manuscript should be clear on whether a,* or a*, is preferred. (Correspondingly, the limits of 
summation must not be typed after the Z-sign, unless either 2:1" or 2": is desired.) If a letter 
carrying a subscript has a prime, indicate whether a,’ or a’, is desired. 

Experience shows that a tilde or anything else over a letter is very unsatisfactory. Such 
symbols often drop out of the type after proof-reading and, when they do not, they usually 
appear uneven in print. For these reasons we advise against their use. This advice applies 
also to a bar over a Greek or German letter (for the symbol of complex conjugation an asterisk 
is often allowed by the context). Type carrying bars over ordinary size italic letters of the 
Latin alphabet is available. 

Bars reaching over several letters should in any case be avoided (in particular, type 
lim sup and lim inf instead of lim with upper and lower bars). 

Repeated subscripts and superscripts should be used only when they cannot be avoided, 
since the index of the principal index usually appears about as large as the principal index. 
Bars and other devices over indices cannot be supplied. On the other hand, an asterisk or a 
prime (to be printed after the subscript) is possible on a subscript. The same holds true for 
superscripts. 

Distinguish carefully between 1. c. “oh,” cap. “oh” and zero. One way of distinguishing 
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